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1. INTRODUCTION

Let us recall the following two definitions which are well recognized throughout the
literature.

Definition 1.1. [20] Leth : [0,1] — (—o0,+400) denotes a non-negative and non-zero
function. A functiom\ : 7 C (—o00,+00) — (—00,+0), WhereZyx is an interval, is
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said to beh-convex if the inequality
Msz+ (1= 9)y) <h(s) (@) +h(1—5)A(y)
holds for allz,y € Zx ands € [0, 1].

Definition 1.2. [17] A function\ : Zr C (—o0,+00) — (—00,+00), WhereZy is an
interval, is said to be quasi convex if the inequality

A(sze+ (1 —s)y) <max{A(z),A(y)}
holds for allz, y € Zg ands € [0, 1].

In [20], Varsanec introduced the concept of the so-calle@bnvex function. It general-
izes the concept of convex, Godunova—Levin afwbnvex functions. The interested reader
is referred to [18] and [19] for further properties/ofconvex functions.

One of the most well known inequalities in the literature of mathematical inequalities is
the Hermite-Hadamard inequality, which is stated as follows:

Letd, e be some real numbers with< e, then the inequality

(1) =t [ s M0

holds, where\ : [d,e] — (—o0,+00) is a convex function. Recently, several authors
established a number of inequalities to estimate the difference betMéﬁ(—e) and
—L [7 A (t) dt, see [1]-[19] and the list of references cited there.

In [2], Hwang obtained the following weighted inequalities:

Theorem 1.3.[2] Let\ : T C (—o0,+00) — (—00,+00) be a differentiable mapping
onZy,whereZy is aninterval, and : [d, e] — [0, 00) be a continuous mapping which is
symmetric aboutt<, whered, e € I3 withd < e. If X' € Ly ([d, e]) and|\| is convex on
[d, ], then

Ad) +A(e) | i
MOEXNED) [eyan— [ewyrma
e
(s)

L) {X @+ <e>|} / / 0 dids, (L)
0 n(s)

where

1+s 1—s 1-—

1
5 d+ eandu(s) = d+ s

2 2
Theorem 1.4.[2] Let\ : Zg C (—o0,+00) — (—o0, +00) be a differentiable mapping
onZy,whereZy is aninterval, and. : [d,e] — [0, 00) be a continuous mapping which is
symmetric abou##, whered, e € I3, withd < e. If X' € Ly ([d, e]) and |\'|? is convex

n(s) = e, s €[0,1].
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onl[d,e] for g > 1, then

Ad) +A(e) | f
———— [ &@)dt— [ () A(t)dt

) a1l 1 u(s)
_(e—d) [|X(d)|q+|X(e)|qr/ £(t)dtds, (1.2)

- 2 2
n(s)

where
_ 1+s 1—s 1-—

1
0(s) = —pd e andp(s) =~ S+

2 2

In this paper, we generalize the inequalities obtained by Hwang in [2}-fmnvex and
quasi convex functions. Then we discuss some applications of these results to random
variables, special means of positive real numbers and approximation of some integrals.
Throughout this papef—co, +00) denotes the set of all real numbefg, C (—oo, +00)
denotes an interval antd : [0,1] — (—o0,+0c0) denotes a non-negative and non-zero
function. In addition, for any positive integerandd, e € Zr with d < e, the functions
Gv.des Vude : [0,] = (—o0,+00) are defined as:

buae ) = (50 ) et (Y5 ) d
e (9= (0 ) e (50 )

Moreover, the discrete power mean inequality is given as follows:
a4y <2 (@ ), 1.3)
wherez > 0,y > 0 andr < 1.

e,s €[0,1].

and

2. MAIN RESULTS

We start this section with the following Lemma which will be used repeatedly in the
sequel.

Lemma 2.1. Let\ : Tgr — (—o0, +00) be a differentiable mapping di¥, andd, e € 73
with d < e. Suppose thag : [d,e] — [0, 00) is a continuous mapping which is symmetric
aboutZe. If \ € Ly ([d, €]), then the equality

Ad) +A(e) [ /
ADEAE [ewyar— [ewawar

=<6Ld> /V wy76(5)§(f)dt [N (Wvae(8) = N (uae (s)]ds| (2. 4)
0 \¢raels)

holds for any positive integer.
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Proof. Using integration by parts, we get

v [ Yu,de(s)
n-[| [ coa| NG
0 \¢v,d,e(s)
Yu,d,e(s)
Sl B ARACL 3 PYCYIE)
Gvre(5) 0

v

+ / € (Woae () + € (Gute ()] A (e () ds.
0

Since¢ is symmetric with respect té}e, we have

3 (wu,d,e (3)) =¢ (¢V,d,e (S)) :

Hence

I, = —62_Vd (/ £(t) dt) Ae) +2 / §(Pude () AMPrde () ds.
d

0

Settingeg, 4. (s) = t, we have

o (1 wo
Ilz_efd (/f(t)dt))\(e)—i—eVd/g(t))\(t)dt. (2. 5)
d dte
Similarly,
v wu,d,e(s)
L[| [ cwa|xwa e
0 \¢v,d,e(s)

:ez_yd (/5(t)dt>>\(d)—€4_ud/ﬁ(t))\(t)dt. (2. 6)
d d

Subtracting (2. 5) from (2. 6 ) and multiplying the resulting equalityffy, we obtain
Identity 2. 4. a

Remark 2.2. InLemma 2.1
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(1) If v =1then

Ad)+A(e) [ f
ST [ e@ydt— | €)M (t)dt

1 ¥1,d,e(s)
:<e;d> / / E@t)dt | [N (Yrae(s) = N (d1,ae (s)]ds| . (2.7)
0 D1,d,e(s)

(2) If¢(t) = L forall t € [d, e], then

€

/\(d);)‘(e) - eid/)\(t)dt
d

v

- (d‘) [5IN (Wrae(9) = X (G ()]s (2.8)

412
0

for any integers > 1.
(3) If¢(t) = L forall t € [d,e] andv = 1, then

A(d);)‘(e) - eld/eA(t)dt

Theorem 2.3.Let\ : Zg — (—o0, +00) be a differentiable mapping df, andd, e € Z3,
with d < e. Suppose tha{ : [d, e] — [0, 00) is a continuous mapping which is symmetric
about®te. If X' € Ly ([d, e]) and|X'|? is h-convex or{d, e], whereg > 1, then

/g t)dt — /g t) dt

1

) /8 N (Y1,d.e — XN (¢1.ae ()] ds. (2.9)

0

1

)

v wu,d,e(s) a
v+ s V—3s
X 0/ ¢ /() E(t)dt (h( 5 >+h< 5 >)ds (2. 10)

holds for any positive integer.
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Proof. Using Lemma 2.1 and applying the power-mean integral inequality, we get

v Yude(s) a v Yu,d,e(s) a
[ [ ewaas [l [ cwde| v i
0 ¢u,a,e(s) 0 Du,d,e(S)
v [ Yuae(s) 3
T / / @yt | N (Gae (s)Tds | b, (2.11)
0 \¢v,d,e(s)

Using Inequality ( 1. 3 ) and the-convexity of|)\’|‘i on[d, e], we get

v [ Vuaes) !
€@ty dt | [N (ae ()| ds
0 Pu.d,e(5)
V[ baels) :
N / / E(t)dt | [N (Sy,ae ()| ds
0 \¢u,a.c(s)
v [ Yud,e(s) !
<o / / Wt | [IN (e ()| ds + X (b0 ()] ds
0 \¢v,d,e(s)

Q=

=275 (W (@1 + 1V (e))

v 'l/)u,d.e(s) %
v+s V—S
X / / E(t)dt (h( 2y>+h( 55 ))ds . (2.12)
0 ¢V,d,e(s)
Combining (2. 12)and (2. 11 ), we obtain ( 2. 10). O

Corollary 2.4. Under the same conditions as in Theorem 2.3 and-if 1, then

)\(d)+>\(e)/f(t)dt—/f(t)A(t)dt - (e;d) l|x(d)|q+)\/(e)qr
d

2

x /1 / ¢ (1) de (h(lJ;S)Jrh(l;S))ds A. 2. 13)

<

=

A

o

—

o 2
N

Q=
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Corollary 2.5. Under the same conditions as in Theorem 2.3,(if) = ¢, t € [0, 1], then
the inequality

Ad) +A(e) | /
ST TR Je@ydt— | €@)A(t)dt
oo
v wu,d.e(s)

§<ez—yd) [lx/(d)Iq;IA’(e)l‘T / / cydids | (2. 14)

0 ¢V,d,e(s)

Q=

holds for any positive integer.

Corollary 2.6. According to the conditions of Theorem 2.3 ift) = ¢*, t € [0, 1], where
u > 0, then the inequality

/g t)dt — /g t) dt

1

< (") [IN @1+ ¥ <e>q‘r

v Yu.d,e(s) “ w q
V—+s V—3s
2.1
VAR AR ((2v)+<2u))ds =19
0 bu,d,e(s)

holds for any positive integer.

Example 2.7.Letg > 1,v > §+1,0 <u <v,0<d < land\(t) = &t for
t > 0. Then|\ (t)|? = t*~7 is h-convex on[d,e], whereh (t) = t*,t € [0,1].

¢ : [d,e] — [0, 00) is a continuous mapping which is symmetric ab&gt, then Theorem
2.3 implies that

(dq—i—eZ)/E dt—/tqg()d S(e;{jd) [dv—«i;eu—qr

v [ Yuae(s) . . 3
vV—+s V—Ss
X / / E(t)dt <( 5y ) +( 25 ) )ds (2. 16)
0 Du,d,e(8)

for any positive integer.

Corollary 2.8. Let the assumptions of Theorem 2.3 be met@adl, then the inequality

)\(d);)\(e)/eg(t)dt—/eg(t))\(t)dt _ (;d) {X(dn;w(e)q
d

v Yu,d,e

></ / (h<”2t8>+h<”2;8>)ds 2.17)

0 Du.d,e(5)
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holds for any positive integer.

Corollary 2.9. If the assumptions of Theorem 2.3 are satisfied agdHf v = 1, then we
have

e

)\(d)+>\(e)/

2

§(t)dt — [ £() A(t)dt
/

d

< (6;d> {X ()] ;L N (e)l}
V1, (s)

x/l / € (1) dt <h<1;8>+h<1;3)>d3. 2. 18)
0

d1,d,e(s)

Theorem 2.10. Let A : Zg — (—o0,+00) be a differentiable mapping 0By, and d,
e € e° withd < e. Suppose that : [d,e] — [0,0) is a continuous mapping which is
symmetric aboutt<. If X' € Ly ([d, e]) and|)\'|? is h-convex orid, €] for § > 1, then

€

)\(d);-k(e) d/g(t)dt_d/ef(t))\(t)dt
v [ buel(s) i 7l
= (f—e_j—) / / E()ydt | ds

=

H
Q=

o (e)|‘?/h(s)ds+\x (d)r?/h(s)ds 2. 19)

1 0
2

holds for any positive integer.
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Proof. Using Lemma 2.1 and &lder’s Inequality, we get

M) +A(e) | /
cwdi— [ @A dt
o]
e 1-5
NS =
< (:U ) cydt | ds

0 Pu.d,e(s)
(/|X Yu.ae (8)]? ds) (/P\/ bu.ae (s)|* ds) . (2. 20)

By the h-convexity of|\’|? on[d, ¢], we have

o
L—
>
—

&

> T
>
]
¥+
Vo)
N———
_|_
>
7 N
]
¥l
Vo)
N———
>
\_/
T
—_
v
Wl

1 3
+ 1N (e)\q/h(s)ds—i—v\’ (d)|‘f/h(s)ds . (2.21)
1 0

Combining (2. 21 ) and ( 2. 20 ), we obtain inequality 2. 19. O
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Corollary 2.11. According to the suppositions of Theorem 2.10,ig symmetric abou%,
then

Ad)+A(e) | r
ADTAED Tewar— [ e ar
e

Q=

< <2‘21d) (jh(s) ds) O/V %76(8)5 (t) dt ﬁds

0 Yy, d,e(s)
1
< [V @I+ X @] @ 22)
holds for any positive integer.

Corollary 2.12. Suppose that the assumptions of Theorem 2.10 are satisfieek If and
h(t)=t,t €0,1], then

Ad)+A(e) | f
————= [ &@W)dt— [ E@)A(t)dt

1
q 1-3

1 #1,d,e(5) -1

()| o]

0 \Y1,d,e(s)

. [(gw <d>|@8+x <e>@>@+ <3|x<e>|‘?8+x <d>|‘j>1, (2. 23)

Theorem 2.13. Suppose that the assumptions of Theorem 2.3 are satisfied. If the mapping
|| is quasi-convex ofil, e], then the inequality

W/eg(t)dt—/eﬁ(t))\(t)dt
9 d
/\,(d—;—e) }

(58 el
v bu,d,e(s)

/\’<d;r€>‘H/ / €(t)dtds (2. 24)

0 2y, a,e(s)

Fmax ¥ (@),

holds for any positive integer.
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Proof. Using Identity ( 2. 4), we get

Ad)+A(e) | r
2D EAE [ ewyar— [ €@y A(t)dt

Du.d,e(5)

e—d , /
S( i ) / / €ty dt | [IN Wuae )]+ N (Buae (s)]ds| . (2.25)

By the quasi-convexity of\’| on [d, e], we have

X(d‘;eﬂ} (2. 26)
X(d;e)‘}, @. 27)

for all s € [0, v]. Combining the inequalities in (2. 25), (2. 26 ) and ( 2. 27 ), we obtain
Inequality ( 2. 24). d

N (Guae (5))] < max{w @I,

and

N (e (5))] < max { X ()],

Corollary 2.14. (1) If |\'| is non-decreasing in Theorem 2.13, then the inequality

Wd/ewdtd/es(t)x(t)dt
(5o ()] T o eom
0 vy q,e(s

holds for any positive integer.
(2) If |N|is non-increasing in Theorem 2.13, then the inequality

Ad)+A(e) | r
MDA L ewyar— [e@yaq)ar
e

< () (Wi

holds for any positive integer.

v ¢u,d,e(5)

X(d;re>m/ / €(t)dtds (2. 29)

0 "L’u,d‘e(s)
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Theorem 2.15. Consider the same assumptions as in Theorem 2.3. If the map;ﬁjﬁgs
quasi-convex ofd, e] for ¢ > 1, then

)‘(d);)‘(e)d/eg(t)dt—d/e‘ﬁ(t))\(t)dt
5 o
+ (max{)\/ (€)|qv N <d;re)

for any positive integer.
Proof. Using Identity ( 2. 4 ) and the power-mean integral inequality, we get

Ad) +A(e) [ f
————— [ &@®)dt— [ E(X)A(t)at
o]

()
P % v bud,e(s)
}) ]O/ / € (t)dtds (2. 30)

Yu,d,e(s)

Q|-

d v ¢u,d,e(3)
e —
<
< ( ™ ) / / & (t)dtds
0 %y d,e(s)
v Du.d,e(5) q
S [ cwd| WG oas
0 Du.d,e(8)
v bu.d,e(8) q
+ / / E@)de | [N (dv,ae (s))|*ds . (2.31)
0 \¥u,d,e(s)

By the quasi-convexity of\'|? on [d, ¢], we have

N (e ()] < max{|/\' @\, |V (d;€> } 2. 32)

and

N N q
N (doae ()| < max{|)\' @7, |\ (d;e) } (2. 33)

for all s € [0,v]. Combining the inequalities (2. 31), (2. 32 ) and ( 2. 33 ), we obtain
Inequality 2. 30. O
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Corollary 2.16. (1) If |\'| is non-decreasing in Theorem 2.15, then the inequality

ijmtdj‘g(m(t)dt
- (e4yd> [|x(e)|+ X(‘i;re)H/y ¢V76(8)§(t)dtds (2. 34)
0 Yy d.e(s)

holds for any positive integer.
(2) If |\'|is non-increasing in Theorem 2.15, then the inequality

Ad) +A(e) | /
AMDEANE fe@yar— [ewaar

v bud,e(s)
< <e4_yd) K)\’(d)Jr X(d;re)M/ / ¢(t)dtds (2. 35)
0 2y, a,e(s)

holds for any positive integer.

3. SOME APPLICATIONS

Our first application will be to random variables. Letbe a random variable taking
its values in the finite intervald, e], whered < e,with a probability density function
¢ : [d,e] — [0,1] which is symmetric abouttc. Thes-moment is defined as:

B.00= [ v

Proposition 3.1. Let x be a random variable taking its values in the finite interj¢ale]
whered < e, with a probability density functiog : [d,e] — [0, 1] which is symmetric

aboutZ£<, then
e—d
22t (u+ 1)

2
X [(ds—‘? (2vt —1) + es—‘f)% + (e (2vF — 1) + ds—ﬁ)ﬂ (3. 36)

(X)_@S;eé)é

E

o
=

Q| ®»

for eacht € [d, e] andg > 1.
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Proof. Let A (t) = 9ti,t € [d, ], wheres > G+ 2. Then|\ (¢)|? = ¢*~ is h-convex for
h(t)=1t",t € (0,1), whereu < 1. Applying Theorem 2.10 for = 1, we have

Ad) +A(e) [ f
E)dt — [ @) A(t)dt
Al
o gt
p 1 b1,d,e(t) q—1
.
§<22_é>/ cwyde | dr
0 ¥1,d,e(t)
1 3 i
< 1 @) h(t)dt+\/\’(e)\q/h(t)dt
0

=

But
ESVANLIG L)y
2 2s ’ ’
d
[ Ty ——
T E W (w4 1) 2wt
d 0
i 1 1
and
1 ¢1,d,e(t) a-1
/ €(t)dt dt <1,
0 \¥Y1,d,e(t)
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which implies that

a(di+et) 4
2s s 4

< T
2277

ds—4 1 1 es—a i
<u+1 ( - 2““) * <u+1)2"+1>
es—a 1 45— %
1- 3. 38
+<u+1< 2“+1)+(u+1)2“+1> ] ( )

()
224§ (u+1)7

) [0 (2 = 1) e )T (e (2 1) )] (3. 39)

O

(x)—(dg;reg)s

Q=

f<NEV

For our second application, recall that for positive numbkrs 0 ande > 0, the arith-
metic meanA (d, e), the geometric meat¥ (d, e) and the generalized logarithmic mean
L, (d,e) of d ande are defined as:

d
A(dve) = +67
2
G (d,e) = Vde
and
1
rHl_gr+l | T
[mem) - AL,
LT (d’e) - lng:ldnd’ r= _1’
HE) T =
Let
(th%
A(t) = fort >0,q>1. 3.40
(t) i1 qg> (3. 40)

Then, obviously\' (¢)|? = t is h-convex on(d, €] for h (t) = ¢t € [0, 1].

Moreover, the function
2
§(t)=(t—d;e> , 3. 41)

whered, e > 0 andt € [d, €], is symmetric respect t&£< on [d, e].
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Proposition 3.2. If e > d > 0 andg > 1, then

I o 343
ie—d)?A (d1+%7el+%) (4> +37+1) L, 1 (de)
q

6(G+1) 220G+ 1D (24+1)(3G+1)
qc:?(d,e)Lii(d,e) QG4(d,e)L§j(d,e) Ve fdre\t
(3G+1) o 2(G+1)(2¢+ 1) = 48 (2 ) :
(3. 42)

For our last application, recall that a partitiéhof a finite interval[d,e] ,d < e, is a
finite sequence of numbetis=dy < dy < --- < d, = e.

Proposition 3.3. Let\ : T C (—o0, +00) — (—00, +00) be a differentiable mapping on
I% andd, e € I3, with d < e. Suppose thag : [d, e] — [0, c0) is a continuous mapping
which is symmetric abo&%. LetP:d =dy < dy <--- <d, = e be a partition of
[d,e]. If X € Ly ([d, e]) and|\'|? is h-convex or{d, ¢] , ¢ > 1, then

/s(ﬂA(t)dt:A<A,5,P>+E<A,5,P>,
d

where
n—1
A(d;) + A(d;
ANEP) =2 MW(%%H),
j=0
dj+1
W (d;, dj+1) =/ £(t)dt,
dj
and
n—1 ~ L
dir — d;\ [ IV ()" + N (dj2)|?] 7
< J+1 g j v
|E<A,5,P>|_Z< - ) [ :
7=0
v ¢V7djvdj+1(s) %

></ / () dt (h(”;;S)Jrh(”Q_VS))ds . (3. 43)

0 \Yv.dj.d;,,(5)

wherev is a positive integer.
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Proof. Foreachj =0, 1,---,n — 1, applying Theorem 2.3 over the intervdl;, d; 1], we
have

A(d;) +)\ Ad) + A (dyi1) /5 b ]Hi

Ay N (@) Y ()]
= ( +2V ) [ 2 : ]

i
v ¢u,dj,dj+1 (S) q

v / / (1) dt (h(”;;s>+h(”2_ys>>ds (3. 44)

0 \Yu,a;,d;,,(s)

Note that

€

E(A@P)=/£<t>A(t>dt—A<A,5,P>

d
Z/f(t))\(t)dt—iWW(d djs1)
j=0
:71 djt1 )\(d) )\(d )dj+1
Aldy) + Aldjt1)
=J§O A(t)dt — 5 + /g(t)dt

Using the triangle inequality and inequality 3. 44 , we get that

poepi< S (B ')[X(dﬂlqzw(dm)qr
7=0

1
¢Vvdjydj+1 (3) q

P o) 6 52) o (52

Wv.dj,d;qq(8)
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