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1. INTRODUCTION

Let us recall the following two definitions which are well recognized throughout the
literature.

Definition 1.1. [20] Let h : [0, 1] → (−∞, +∞) denotes a non-negative and non-zero
function. A functionλ : IR ⊂ (−∞, +∞) → (−∞, +∞), whereIR is an interval, is
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said to beh-convex if the inequality

λ (sx + (1− s) y) ≤ h (s)λ (x) + h (1− s)λ (y)

holds for allx, y ∈ IR ands ∈ [0, 1].

Definition 1.2. [17] A functionλ : IR ⊂ (−∞,+∞) → (−∞,+∞) , whereIR is an
interval, is said to be quasi convex if the inequality

λ (sx + (1− s) y) ≤ max {λ (x) , λ (y)}
holds for allx, y ∈ IR ands ∈ [0, 1].

In [20], Varsanec introduced the concept of the so-calledh-convex function. It general-
izes the concept of convex, Godunova–Levin ands-convex functions. The interested reader
is referred to [18] and [19] for further properties ofh-convex functions.

One of the most well known inequalities in the literature of mathematical inequalities is
the Hermite-Hadamard inequality, which is stated as follows:

Let d, e be some real numbers withd < e, then the inequality

λ

(
d + e

2

)
≤ 1

e− d

∫ e

d

λ (t) dt ≤ λ (d) + λ (e)
2

holds, whereλ : [d, e] → (−∞,+∞) is a convex function. Recently, several authors
established a number of inequalities to estimate the difference betweenλ(d)+λ(e)

2 and
1

e−d

∫ e

d
λ (t) dt, see [1]-[19] and the list of references cited there.

In [2], Hwang obtained the following weighted inequalities:

Theorem 1.3. [2] Let λ : IR ⊆ (−∞,+∞) → (−∞, +∞) be a differentiable mapping
onI◦R, whereIR is an interval, andξ : [d, e] → [0,∞) be a continuous mapping which is
symmetric aboutd+e

2 , whered, e ∈ I◦R with d < e. If λ′ ∈ L1 ([d, e]) and|λ′| is convex on
[d, e], then

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤ (e− d)
2

[ |λ′ (d)|+ |λ′ (e)|
2

] 1∫

0

µ(s)∫

η(s)

ξ (t) dtds, (1. 1)

where

η(s) =
1 + s

2
d +

1− s

2
e andµ(s) =

1− s

2
d +

1 + s

2
e, s ∈ [0, 1] .

Theorem 1.4. [2] Let λ : IR ⊆ (−∞,+∞) → (−∞, +∞) be a differentiable mapping
onI◦R, whereIR is an interval, andξ : [d, e] → [0,∞) be a continuous mapping which is
symmetric aboutd+e

2 , whered, e ∈ I◦R with d < e. If λ′ ∈ L1 ([d, e]) and |λ′|q̂ is convex
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on [d, e] for q̂ ≥ 1, then
∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤ (e− d)
2

[
|λ′ (d)|q̂ + |λ′ (e)|q̂

2

] 1
q̂

1∫

0

µ(s)∫

η(s)

ξ (t) dtds, (1. 2)

where

η(s) =
1 + s

2
d +

1− s

2
e andµ(s) =

1− s

2
d +

1 + s

2
e, s ∈ [0, 1] .

In this paper, we generalize the inequalities obtained by Hwang in [2] forh-convex and
quasi convex functions. Then we discuss some applications of these results to random
variables, special means of positive real numbers and approximation of some integrals.

Throughout this paper,(−∞, +∞) denotes the set of all real numbers,IR ⊂ (−∞,+∞)
denotes an interval andh : [0, 1] → (−∞,+∞) denotes a non-negative and non-zero
function. In addition, for any positive integerν andd, e ∈ IR with d < e, the functions
φν,d,e, ψν,d,e : [0, ν] → (−∞, +∞) are defined as:

φν,d,e (s) =
(

s + ν

2ν

)
e +

(
ν − s

2ν

)
d

and

ψν,d,e (s) =
(

s + ν

2ν

)
d +

(
ν − s

2ν

)
e.

Moreover, the discrete power mean inequality is given as follows:

xr + yr ≤ 21−r(x + y)r, (1. 3)

wherex > 0, y > 0 andr < 1.

2. MAIN RESULTS

We start this section with the following Lemma which will be used repeatedly in the
sequel.

Lemma 2.1. Letλ : IR → (−∞,+∞) be a differentiable mapping onI◦R andd, e ∈ I◦R
with d < e. Suppose thatξ : [d, e] → [0,∞) is a continuous mapping which is symmetric
about d+e

2 . If λ
′ ∈ L1 ([d, e]), then the equality

λ (d) + λ (e)
2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

=
(

e− d

4ν

)



ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


 [λ′ (ψν,d,e (s))− λ′ (φν,d,e (s))] ds


 (2. 4)

holds for any positive integerν.
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Proof. Using integration by parts, we get

I1 =

ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


λ′ (φν,d,e (s)) ds

=
2ν

e− d




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


λ (φν,d,e (s))

∣∣∣∣∣∣∣

ν

0

+

ν∫

0

[ξ (ψν,d,e (s)) + ξ (φν,d,e (s))]λ (φν,d,e (s)) ds.

Sinceξ is symmetric with respect tod+e
2 , we have

ξ (ψν,d,e (s)) = ξ (φν,d,e (s)) .

Hence

I1 = − 2ν

e− d




e∫

d

ξ (t) dt


 λ (e) + 2

ν∫

0

ξ (φν,d,e (s)) λ (φν,d,e (s)) ds.

Settingφν,d,e (s) = t, we have

I1 = − 2ν

e− d




e∫

d

ξ (t) dt


 λ (e) +

4ν

e− d

e∫

d+e
2

ξ (t)λ (t) dt. (2. 5)

Similarly,

I2 =

ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


λ′ (ψν,d,e (s)) ds

=
2ν

e− d




e∫

d

ξ (t) dt


 λ (d)− 4ν

e− d

d+e
2∫

d

ξ (t) λ (t) dt. (2. 6)

Subtracting ( 2. 5 ) from ( 2. 6 ) and multiplying the resulting equality bye−d
4ν , we obtain

Identity 2. 4 . ¤

Remark 2.2. In Lemma 2.1
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(1) If ν = 1 then

λ (d) + λ (e)
2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

=
(

e− d

4

)



1∫

0




ψ1,d,e(s)∫

φ1,d,e(s)

ξ (t) dt


 [λ′ (ψ1,d,e (s))− λ′ (φ1,d,e (s))] ds


 . (2. 7)

(2) If ξ (t) = 1
e−d for all t ∈ [d, e], then

λ (d) + λ (e)
2

− 1
e− d

e∫

d

λ (t) dt

=
(

d− e

4ν2

) ν∫

0

s [λ′ (ψν,d,e (s))− λ′ (φν,d,e (s))] ds (2. 8)

for any integerν ≥ 1.
(3) If ξ (t) = 1

e−d for all t ∈ [d, e] andν = 1, then

λ (d) + λ (e)
2

− 1
e− d

e∫

d

λ (t) dt

=
(

d− e

4

) 1∫

0

s [λ′ (ψ1,d,e (s))− λ′ (φ1,d,e (s))] ds. (2. 9)

Theorem 2.3. Letλ : IR → (−∞,+∞) be a differentiable mapping onI◦R andd, e ∈ I◦R
with d < e. Suppose thatξ : [d, e] → [0,∞) is a continuous mapping which is symmetric
about d+e

2 . If λ′ ∈ L1 ([d, e]) and|λ′|q̂ is h-convex on[d, e], whereq̂ ≥ 1, then

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣
≤

(
e− d

2ν

) [
|λ′ (d)|q̂ + |λ′ (e)|q̂

2

] 1
q̂

×




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt




(
h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

))
ds




1
q̂

(2. 10)

holds for any positive integerν.
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Proof. Using Lemma 2.1 and applying the power-mean integral inequality, we get
∣∣∣∣∣∣
λ (d) + λ (e)

2

∫ e

d

ξ (t) dt−
e∫

d

ξ (t)λ (t) dt

∣∣∣∣∣∣
≤

(
e− d

4ν

)

×




ν∫

0

ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dtds




1− 1
q̂








ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


 |λ′ (ψν,d,e (s))|q̂ ds




1
q̂

+




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


 |λ′ (φν,d,e (s))|q̂ ds




1
q̂





. (2. 11)

Using Inequality ( 1. 3 ) and theh-convexity of|λ′|q̂ on [d, e], we get




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


 |λ′ (ψν,d,e (s))|q̂ ds




1
q̂

+




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt


 |λ′ (φν,d,e (s))|q̂ ds




1
q̂

≤ 21− 1
q̂




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt




[
|λ′ (ψν,d,e (s))|q̂ ds + |λ′ (φν,d,e (s))|q̂

]
ds




1
q̂

= 21− 1
q̂

(
|λ′ (d)|q̂ + |λ′ (e)|q̂

) 1
q̂

×




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt




(
h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

))
ds




1
q̂

. (2. 12)

Combining ( 2. 12 ) and ( 2. 11 ), we obtain ( 2. 10 ). ¤

Corollary 2.4. Under the same conditions as in Theorem 2.3 and ifν = 1, then
∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣
≤

(
e− d

2

) [
|λ′ (d)|q̂ + |λ′ (e)|q̂

2

] 1
q̂

×




1∫

0




ψ1,d,e(s)∫

φ1,d,e(s)

ξ (t) dt




(
h

(
1 + s

2

)
+ h

(
1− s

2

))
ds




1
q̂

. (2. 13)
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Corollary 2.5. Under the same conditions as in Theorem 2.3, ifh (t) = t, t ∈ [0, 1], then
the inequality

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

2ν

) [
|λ′ (d)|q̂ + |λ′ (e)|q̂

2

] 1
q̂




ν∫

0

ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dtds




1
q̂

(2. 14)

holds for any positive integerν.

Corollary 2.6. According to the conditions of Theorem 2.3, ifh (t) = tu, t ∈ [0, 1], where
u > 0, then the inequality

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣
≤

(
e− d

2ν

) [
|λ′ (d)|q̂ + |λ′ (e)|q̂

2

] 1
q̂

×




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt




((
ν + s

2ν

)u

+
(

ν − s

2ν

)u)
ds




1
q̂

(2. 15)

holds for any positive integerν.

Example 2.7. Let q̂ ≥ 1, v ≥ q̂ + 1, 0 < u < v, 0 < d ≤ 1 and λ (t) = q̂
v t

v
q̂ for

t > 0. Then |λ′ (t)|q̂ = tv−q̂ is h-convex on[d, e], whereh (t) = tu, t ∈ [0, 1]. If
ξ : [d, e] → [0,∞) is a continuous mapping which is symmetric aboutd+e

2 , then Theorem
2.3 implies that

∣∣∣∣∣∣

(
d

v
q̂ + e

v
q̂

2

) e∫

d

ξ (t) dt−
e∫

d

t
v
q̂ ξ (t) dt

∣∣∣∣∣∣
≤

(
e− d

2q̂

)[
dν−q̂ + eν−q̂

2

] 1
q̂

×




ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt




((
ν + s

2ν

)u

+
(

ν − s

2ν

)u)
ds




1
q̂

(2. 16)

for any positive integerν.

Corollary 2.8. Let the assumptions of Theorem 2.3 be met andq̂ = 1, then the inequality
∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣
≤

(
e− d

2ν

)[ |λ′ (d)|+ |λ′ (e)|
2

]

×
ν∫

0




ψν,d,e(s)∫

φν,d,e(s)

ξ (t) dt




(
h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

))
ds (2. 17)
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holds for any positive integerν.

Corollary 2.9. If the assumptions of Theorem 2.3 are satisfied and ifq̂ = ν = 1, then we
have

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣
≤

(
e− d

2

)[ |λ′ (d)|+ |λ′ (e)|
2

]

×
1∫

0




ψ1,d,e(s)∫

φ1,d,e(s)

ξ (t) dt




(
h

(
1 + s

2

)
+ h

(
1− s

2

))
ds. (2. 18)

Theorem 2.10. Let λ : IR → (−∞,+∞) be a differentiable mapping onI◦R and d,
e ∈ e◦ with d < e. Suppose thatξ : [d, e] → [0,∞) is a continuous mapping which is
symmetric aboutd+e

2 . If λ′ ∈ L1 ([d, e]) and|λ′|q̂ is h-convex on[d, e] for q̂ > 1, then

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

22− 1
q̂ ν1− 1

q̂

)



ν∫

0




φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dt




q̂
q̂−1

ds




1− 1
q̂

×





|λ′ (d)|q̂

1∫

1
2

h (s) ds + |λ′ (e)|q̂
1
2∫

0

h (s) ds




1
q̂

+


|λ′ (e)|q̂

1∫

1
2

h (s) ds + |λ′ (d)|q̂
1
2∫

0

h (s) ds




1
q̂


 (2. 19)

holds for any positive integerν.
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Proof. Using Lemma 2.1 and Ḧolder’s Inequality, we get

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)



ν∫

0




φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dt




q̂
q̂−1

ds




1− 1
q̂

×








ν∫

0

|λ′ (ψν,d,e (s))|q̂ ds




1
q̂

+




ν∫

0

|λ′ (φν,d,e (s))|q̂ ds




1
q̂





. (2. 20)

By theh-convexity of|λ′|q̂ on [d, e], we have




ν∫

0

|λ′ (ψν,d,e (s))|q̂ ds




1
q̂

+




ν∫

0

|λ′ (φν,d,e (s))|q̂ ds




1
q̂

≤



ν∫

0

[
|λ′ (d)|q̂ h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

)
|λ′ (e)|q̂

]
ds




1
q̂

+




ν∫

0

[
|λ′ (e)|q̂ h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

)
|λ′ (d)|q̂

]
ds




1
q̂

= (2ν)
1
q̂





|λ′ (d)|q̂

1∫

1
2

h (s) ds + |λ′ (e)|q̂
1
2∫

0

h (s) ds




1
q̂

+


|λ′ (e)|q̂

1∫

1
2

h (s) ds + |λ′ (d)|q̂
1
2∫

0

h (s) ds




1
q̂


 . (2. 21)

Combining ( 2. 21 ) and ( 2. 20 ), we obtain inequality 2. 19 . ¤
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Corollary 2.11. According to the suppositions of Theorem 2.10, ifh is symmetric about12 ,
then

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

2ν1− 1
q̂

) 


1∫

0

h (s) ds




1
q̂




ν∫

0




φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dt




q̂
q̂−1

ds




1− 1
q̂

×
[
|λ′ (d)|q̂ + |λ′ (e)|q̂

] 1
q̂

(2. 22)

holds for any positive integerν.

Corollary 2.12. Suppose that the assumptions of Theorem 2.10 are satisfied. Ifν = 1 and
h (t) = t, t ∈ [0, 1], then

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

22− 1
q̂

)



1∫

0




φ1,d,e(s)∫

ψ1,d,e(s)

ξ (t) dt




q̂
q̂−1

ds




1− 1
q̂

×



(
3 |λ′ (d)|q̂ + |λ′ (e)|q̂

8

) 1
q̂

+

(
3 |λ′ (e)|q̂ + |λ′ (d)|q̂

8

) 1
q̂


 . (2. 23)

Theorem 2.13. Suppose that the assumptions of Theorem 2.3 are satisfied. If the mapping
|λ′| is quasi-convex on[d, e], then the inequality

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)[
max

{
|λ′ (d)| ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
}

+max
{
|λ′ (e)| ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
}] ν∫

0

φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dtds (2. 24)

holds for any positive integerν.
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Proof. Using Identity ( 2. 4 ), we get

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)



ν∫

0




φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dt


 [|λ′ (ψν,d,e (s))|+ |λ′ (φν,d,e (s))|] ds


 . (2. 25)

By the quasi-convexity of|λ′| on [d, e], we have

|λ′ (φν,d,e (s))| ≤ max
{
|λ′ (e)| ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
}

(2. 26)

and

|λ′ (ψν,d,e (s))| ≤ max
{
|λ′ (d)| ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
}

, (2. 27)

for all s ∈ [0, ν]. Combining the inequalities in ( 2. 25 ), ( 2. 26 ) and ( 2. 27 ), we obtain
Inequality ( 2. 24 ). ¤

Corollary 2.14. (1) If |λ′| is non-decreasing in Theorem 2.13, then the inequality

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)[(
|λ′ (e)|+

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
)] ν∫

0

φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dtds (2. 28)

holds for any positive integerν.
(2) If |λ′| is non-increasing in Theorem 2.13, then the inequality

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)[(
|λ′ (d)|+

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
)] ν∫

0

φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dtds (2. 29)

holds for any positive integerν.
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Theorem 2.15. Consider the same assumptions as in Theorem 2.3. If the mapping|λ′|q̂ is
quasi-convex on[d, e] for q̂ ≥ 1, then

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

) 


(
max

{
|λ′ (d)|q̂ ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
q̂
}) 1

q̂

+

(
max

{
|λ′ (e)|q̂ ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
q̂
}) 1

q̂




ν∫

0

φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dtds (2. 30)

for any positive integerν.

Proof. Using Identity ( 2. 4 ) and the power-mean integral inequality, we get
∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)



ν∫

0

φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dtds




1− 1
q̂

×








ν∫

0




φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dt


 |λ′ (ψν,d,e (s))|q̂ ds




1
q̂

+




ν∫

0




φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dt


 |λ′ (φν,d,e (s))|q̂ ds




1
q̂





. (2. 31)

By the quasi-convexity of|λ′|q̂ on [d, e], we have

|λ′ (ψν,d,e (s))|q̂ ≤ max

{
|λ′ (d)|q̂ ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
q̂
}

(2. 32)

and

|λ′ (φν,d,e (s))|q̂ ≤ max

{
|λ′ (e)|q̂ ,

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
q̂
}

(2. 33)

for all s ∈ [0, ν]. Combining the inequalities ( 2. 31 ), ( 2. 32 ) and ( 2. 33 ), we obtain
Inequality 2. 30 . ¤
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Corollary 2.16. (1) If |λ′| is non-decreasing in Theorem 2.15, then the inequality

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)[
|λ′ (e)|+

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
] ν∫

0

φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dtds (2. 34)

holds for any positive integerν.
(2) If |λ′| is non-increasing in Theorem 2.15, then the inequality

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

4ν

)[(
|λ′ (d)|+

∣∣∣∣λ′
(

d + e

2

)∣∣∣∣
)] ν∫

0

φν,d,e(s)∫

ψν,d,e(s)

ξ (t) dtds (2. 35)

holds for any positive integerν.

3. SOME APPLICATIONS

Our first application will be to random variables. Letχ be a random variable taking
its values in the finite interval[d, e] , whered < e,with a probability density function
ξ : [d, e] → [0, 1] which is symmetric aboutd+e

2 . Thes-moment is defined as:

Es (χ) =
∫ e

d

tsξ (t) dt.

Proposition 3.1. Let χ be a random variable taking its values in the finite interval[d, e] ,
whered < e, with a probability density functionξ : [d, e] → [0, 1] which is symmetric
about d+e

2 , then

∣∣∣∣∣∣
E s

q̂
(χ)−

(
d

s
q̂ + e

s
q̂

)

2

∣∣∣∣∣∣
≤ s

q̂

(
e− d

22+ d
q̂ (u + 1)

1
q̂

)

×
[(

ds−q̂
(
2u+1 − 1

)
+ es−q̂

) 1
q̂ +

(
es−q̂

(
2u+1 − 1

)
+ ds−q̂

) 1
q̂

]
(3. 36)

for eacht ∈ [d, e] and q̂ > 1.
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Proof. Let λ (t) = q̂
s t

s
q̂ , t ∈ [d, e] , wheres ≥ q̂ + 2. Then|λ′ (t)|q̂ = ts−q̂ is h-convex for

h (t) = tu, t ∈ (0, 1) , whereu ≤ 1. Applying Theorem 2.10 forν = 1, we have

∣∣∣∣∣∣
λ (d) + λ (e)

2

e∫

d

ξ (t) dt−
e∫

d

ξ (t) λ (t) dt

∣∣∣∣∣∣

≤
(

e− d

22− 1
q̂

)



1∫

0




φ1,d,e(t)∫

ψ1,d,e(t)

ξ (t) dt




q̂
q̂−1

dt




1− 1
q̂

×





|λ′ (d)|q̂

1∫

1
2

h (t) dt + |λ′ (e)|q̂
1
2∫

0

h (t) dt




1
q̂

+


|λ′ (e)|q̂

1∫

1
2

h (t) dt + |λ′ (d)|q̂
1
2∫

0

h (t) dt




1
q̂


 (3. 37)

But

λ (d) + λ (e)
2

=
q̂
(
d

s
q̂ + e

s
q̂

)

2s
,

e∫

d

ξ (t) dt = 1,

e∫

d

ξ (t)λ (t) dt =
q̂

s
E s

q̂
(χ) ,

1
2∫

0

h (t) dt =
1

(u + 1) 2u+1
,

1∫

1
2

h (t) dt =
1

u + 1

(
1− 1

2u+1

)

and

1∫

0




φ1,d,e(t)∫

ψ1,d,e(t)

ξ (t) dt




q̂
q̂−1

dt ≤ 1,
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which implies that

∣∣∣∣∣∣
q̂
(
d

s
q̂ + e

s
q̂

)

2s
− q̂

s
E s

q̂
(χ)

∣∣∣∣∣∣

≤
(

e− d

22− 1
q̂

) [(
ds−q̂

u + 1

(
1− 1

2u+1

)
+

es−q̂

(u + 1) 2u+1

) 1
q̂

+
(

es−q̂

u + 1

(
1− 1

2u+1

)
+

ds−q̂

(u + 1) 2u+1

) 1
q̂

]
(3. 38)

∣∣∣∣∣∣
E s

q̂
(χ)−

(
d

s
q̂ + e

s
q̂

)

2

∣∣∣∣∣∣
≤ s

q̂

(
e− d

22+ d
q̂ (u + 1)

1
q̂

)

×
[(

ds−q̂
(
2u+1 − 1

)
+ es−q̂

) 1
q̂ +

(
es−q̂

(
2u+1 − 1

)
+ ds−q̂

) 1
q̂

]
. (3. 39)

¤

For our second application, recall that for positive numbersd > 0 ande > 0, the arith-
metic meanA (d, e), the geometric meanG (d, e) and the generalized logarithmic mean
Lr (d, e) of d ande are defined as:

A (d, e) =
d + e

2
,

G (d, e) =
√

de

and

Lr (d, e) =





[
er+1−dr+1

(r+1)(e−d)

] 1
r

, r 6= −1, 0,
e−d

ln e−ln d , r = −1,

1
e

(
ee

dd

) 1
e−d , r = 0.

Let

λ (t) =
q̂t1+

1
q̂

q̂ + 1
for t > 0, q̂ ≥ 1. (3. 40)

Then, obviously|λ′ (t)|q̂ = t is h-convex on[d, e] for h (t) = t, t ∈ [0, 1].
Moreover, the function

ξ (t) =
(

t− d + e

2

)2

, (3. 41)

whered, e > 0 andt ∈ [d, e], is symmetric respect tod+e
2 on [d, e].
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Proposition 3.2. If e > d > 0 and q̂ > 1, then

∣∣∣∣∣∣∣

q̂ (e− d)2 A
(
d1+ 1

q̂ , e1+ 1
q̂

)

6 (q̂ + 1)
−

q̂
(
4q̂2 + 3q̂ + 1

)
L

3+ 1
q̂

3+ 1
q̂

(d, e)

2 (q̂ + 1) (2q̂ + 1) (3q̂ + 1)

+
q̂G2 (d, e)L

1+ 1
q̂

1+ 1
q̂

(d, e)

(3q̂ + 1)
−

q̂G4 (d, e)L
1
q̂−1
1
q̂−1

(d, e)

2 (q̂ + 1) (2q̂ + 1)

∣∣∣∣∣∣∣
≤ ν

1
q̂ (e− d)3

48

(
d + e

2

) 1
q̂

.

(3. 42)

For our last application, recall that a partitionP of a finite interval[d, e] , d < e, is a
finite sequence of numbersd = d0 < d1 < · · · < dn = e.

Proposition 3.3. Letλ : IR ⊆ (−∞,+∞) → (−∞, +∞) be a differentiable mapping on
I◦R andd, e ∈ I◦R with d < e. Suppose thatξ : [d, e] → [0,∞) is a continuous mapping
which is symmetric aboutd+e

2 . Let P : d = d0 < d1 < · · · < dn = e be a partition of

[d, e]. If λ′ ∈ L1 ([d, e]) and|λ′|q̂ is h-convex on[d, e] , q̂ ≥ 1, then

e∫

d

ξ (t)λ (t) dt = A (λ, ξ, P ) + E (λ, ξ, P ) ,

where

A (λ, ξ, P ) =
n−1∑

j=0

λ (dj) + λ (dj+1)
2

W (dj , dj+1) ,

W (dj , dj+1) =
∫ dj+1

dj

ξ (t) dt,

and

|E (λ, ξ, P )| ≤
n−1∑

j=0

(
dj+1 − dj

2ν

) [
|λ′ (dj)|q̂ + |λ′ (dj+1)|q̂

2

] 1
q̂

×




ν∫

0




φν,dj,dj+1 (s)∫

ψν,dj,dj+1 (s)

ξ (t) dt




(
h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

))
ds




1
q̂

, (3. 43)

whereν is a positive integer.
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Proof. For eachj = 0, 1, · · ·, n− 1, applying Theorem 2.3 over the interval[dj , dj+1], we
have

∣∣∣∣∣∣∣
λ (dj) + λ (dj+1)

2

dj+1∫

dj

ξ (t) dt−
dj+1∫

dj

ξ (t)λ (t) dt

∣∣∣∣∣∣∣

≤
(

dj+1 − dj

2ν

) [
|λ′ (dj)|q̂ + |λ′ (dj+1)|q̂

2

] 1
q̂

×




ν∫

0




φν,dj,dj+1 (s)∫

ψν,dj,dj+1 (s)

ξ (t) dt




(
h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

))
ds




1
q̂

. (3. 44)

Note that

E (λ, ξ, P ) =

e∫

d

ξ (t)λ (t) dt−A (λ, ξ, P )

=

e∫

d

ξ (t)λ (t) dt−
n−1∑

j=0

λ (dj) + λ (dj+1)
2

W (dj , dj+1)

=
n−1∑

j=0




dj+1∫

di

ξ (t)λ (t) dt− λ (dj) + λ (dj+1)
2

dj+1∫

dj

ξ (t) dt


 .

Using the triangle inequality and inequality 3. 44 , we get that

|E (λ, ξ, P )| ≤
n−1∑

j=0

(
dj+1 − dj

2ν

) [
|λ′ (dj)|q̂ + |λ′ (dj+1)|q̂

2

] 1
q̂

×




ν∫

0




φν,dj,dj+1 (s)∫

ψν,dj,dj+1 (s)

ξ (t) dt




(
h

(
ν + s

2ν

)
+ h

(
ν − s

2ν

))
ds




1
q̂

.

¤
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