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1. INTRODUCTION

In 1960, Opial [10] presented an interesting inequality which is called Opial’s inequality
afterwards. Opial-type inequalities have importance in applications in the theory of ordi-
nary differential equations and boundary value problems. A large number of papers have
appeared in literature, for example, ([5], [8], [11]).

In 1968, D. Willett [11], considered the Opial-type inequality which involves a higher
order derivative. Later on Das [4], found a more general result but in the last twenty years
a large number of papers have been appeared in the literature which deals with the sim-
ple proves. In [12], Yang has established some interesting generalization of the Opial’s
inequality by using the Mallows method [9]. Agarwal, Alzer and Pang ([1]-[3]) studied
the variety of Opial-type inequalities including ordinary derivatives and their application in
differential equation and difference equation. Most of the writers dealt with them in diverse
directions and for numerous cases, and still it halt a most active area of research. Opial’s
inequality has been generalized to frequent dissimilar situations and setting. Recently Igbal
et al [7], gave a variety of Opial-type inequalities but particularly our interest is to give the
results for Riemann-Liouville radial fractional derivative operator, Caputo radial fractional
derivative operators.

The Opial’s inequality is stated in next theorem.

Theorem 1.1. Leta > 0,® € C'[0,a] with ®(a) = ®(0) = 0 and®(¢) > 0 0on (0, a),
then

a

12w @l < § [@ie)2a
0 0
the constant; is the best possible.

The space of all functions ofa, b] which have continuous derivatives up to order
is denoted byC"[a, b], and the space of all absolutely continuous functiongagn| is
denoted byAC[a, b]. By AC™[a,b] we denote the space of all functiolse C"~1[a, b]
with =1 € ACIa, b].

The space of all Lebesgue measurable functife which |®?| is Lebesgue integrable
on [a, b] is denoted by, [a,b],1 < p < oo, and the set of all measurable and essentially
bounded functions ofa, b] denoted by [a, b]. Clearly,L[a,b] C Ly[a,b] forallp > 1.

We say that a functio : [a,b] — R belong to the clas§/(®, k) if it admits the

representation
S

W)l < [ ke mieemidn @
where ® is a continuous function ané is an arbitrary non-negative kernel such that
®(&) > 0 implies¥(n) > 0 for every¢ € [a,b]. We also suppose that all integrals un-
der considerations exist and that they are finite.

We start with the definition of Riemann-Liouville in short R-L radial fractional deriva-
tive, given in [6].
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Definition 1.2. Assume thaBx stand for the Borel class on spaégand define the mea-
sure Ry on((0,00), B(g,0)) by

Ry (D)= [ €916, € By (1 2)
r
Now suppos@® € L;(A) = Li([R1, Ra] x SV~1). Forafixw € SV~1, we define
U (§) = @(w) = @(x), 1.3

hence

r€E A= B(O,Rg) — B(O,R1),

0<R1§£§R2,£:Im\,w:§esml. (1. 4)

The above bears to the following definition of R-L radial fractional derivative detail is
given in[6]. Assume? > 0,m := [8] + 1,® € L;(A), also A is spherical shell. Then

3
81%5;(9:) D% () { " [ €=, e SN - K (@),
0, we K(P).
Here
z=¢we AR, R we SN
K(®) = {we S"': ®(w) & Li([R1, Ra], Bir, r.]» BN}

If 3 =0, we obtain

Op, ®(x)

o¢s

agp(x) /0¢8 denotes the R-L radial fractional derivative ®fof order 3, see[6].

= ®(x).

Lemma 1.3. Assume thay + 1 < 1,0 < v,n = [v],® := A — Rwith ® € L;(A).

Suppose thab(-w) € AC™([R1, Ry]), forall w € SV, and 8y, (-w)/9E" is measur-
able on[Ry, R,] for all w € SN, Also suppose that there exif ®({w)/0¢” € R for

every¢ € [Ry, Ry], and for everyw € SV~1, and 9, ®(w)/d¢” is measurable ond. If

there existL > 0,

O, P(w)

—L I <L
19/34

— )

for all
(€,w) € [Ry1, Ry] x SN1.
Also we assume th& ® (R w)/0&7 = 0,5 =0,1,...,n — 1 forall w € SV~1, then
3
€= g o), (L 5)

Ry

1

D;/%l‘b(fw) = m

is true for allz € A, that is correct for all¢ € [R;, Rp] and for allw € SV—1 v > 0.

Next we define the Caputo radial fractional derivative given in [6].
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Definition 1.4. Suppos@® : A — R, v > 0, n := [v], such thatb(-w) € AC™([R1, Rs)),
for everyw € SN¥~1 whereA = [Ry, Ry] x S¥~1for N e NandSV~! := {z e RV :
|z| = 1}. Then the Caputo radial fractional derivative is defined by

0, ®(x) 1 j O (nw)
<R, P\T) _ pyn-v—19"20w)
Ry
whencer € A, thatisz = ¢w, ¢ € [Ry, Ry),w € SV 1. Obviously,
aSqu)(x)
5750 = ®(z),

N ®x)  9"d(x)
ocv  o¢r
In the upcoming section, we give the Opial-type inequalities involving R-L radial and
Caputo radial fractional derivative operators.

,if v € N, the usual radial derivative.

2. OPIAL-TYPE INEQUALITIES FORRIEMANN-LIOUVILLE RADIAL FRACTIONAL
DERIVATIVE OPERATOR

First we shall give the results for R-L radial fractional derivative operator.

Theorem 2.1. Suppose/ > 0, D;Y%l U (£w) be the R-L radial fractional derivative operator.
Suppose > 0, A > 0 be measurable functions ¢R;,z]. If s > 1,5 > ¢ > 0alsop > 0
and (D}, ®1)(Ew), (D, V) (§w) € L[Ry, Ro]. Then

x

/)\(5) (ID%, U(&w)[P|(DR, ®)(w)|? + | Dy, (€w)P|(DF, ©)(Ew)]?) d€
Ry

<ot (g —28) (qu) (! [Z(f)]ss“df) |

x (ﬂ/ o(n) (I(D, ®)(nw)|* + (D, @) (1) *) dn) ,

1

where
p(s—1)

1 s(v=y—1)

3
Z(¢) = GG (ﬂ/ (€—n) [@(n)]llsdn)

T =P

Proof. Let¢ € [Ry, x], using the inequality (1. 1), and the identity ( 1. 5) and applying
Holder’s inequality for{ ==, s} we get

s—17
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| D, W(Ew)]

= [o(n)]* | D%, W (1w)|dy

5 = H
T (n/ <§—n>“”s”1”[g<n>]fsdn) (ﬁ/ g(mmvmq,(nwﬂsdn)

- F = P T IO,
where
£
L) = [ en)|D, Wor)*dn.
R1
Let
3
M(© = [ otn)\D, Bl
Ry
then
M'(€) = o(¢)| D, D(€w)]",
that is

—49

| D, ®(6w)|* = [M'(€)]*[0(6)] =
Now (2. 7)and (2. 11) imply that

MDY, W (Ew)[P| Dy, (6wl < Z(E)[L(E] M (€))7,

where
1

[T(v—)P

p(s—1)

Z(¢) = O[O 7 [P()] =

Integrating (2. 12 ) and applyingdtder’s inequality for{ =, =} we obtain

s—q
/ AE) D}, W (Ew) | DY, D (Ew)|1de

R,

< (ﬂ/ [Z(&)]fqdﬁ) (R/ [L(&)}’SM’(@df) .

2.7)

2. 8)

2. 9)

(2. 10)

2. 11)

2. 12)

(2. 13)

2. 14)
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Similarly we get

/ A(E)| D}, B(€w)|P| DY, U (Ew) | de
Ry

< (R/ [Z(f)s%df) (R/ [M(g)]é’L'@)ds) . (2. 15)

Now we use inequality

ce(A+0) <A+ 0O <d(A+O),(A,0>0), (2. 16)
where
. 1, 0<e<;
Ce = 2l=¢ > 1.
And
2176, 0<e<;
de = { 1 e>1. (2. 17)
Therefore from (2. 14 ), (2. 15) and ( 2. 16 ), with> ¢ we have
/A(E) (IDR, ¥ (w)|?| D, @(§w)|?dE + | D, @(§w)|P| D, T (€w)|?) d€
Ry
< (R/ 2(©)" qdf) (! FIMEEL©) dé) @)

SinceL(R;) = M(R;) = 0 then with (2. 16 ) we have

€T

[l + nrenire) e

Ry

= [ im0t + prent] e + Mg - [ [TEnFLe + )] g

Ry
=4 / (L&) + ME)F[L(6) + M@} de — - [Lia)F + M ()]
Ry
_4q 241 _ _a T 241 " 241
= g slk@) + M(@)] i erq[L() 4 M(x) +}
q b
S p+q(dp —27)[L(x) + M(z)]s . 2 19)
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From (2. 18) and ( 2. 19 ) we conclude

x

//\(5) (IDR, W (Ew)[P| DR, ®(Ew)|? + | D, P(Ew)[P| D, U (Ew)|?) dE
Ry

ot (1) (o) (Jiarad

pt+q

s—q

x (R/ o(n) (ID%, B(w)|* + [ DY, ¥ (w)[*) dn)

This complete the proof. O

If we taker = 1 and~y = 0 in the above theorem we get the next corollary.

Corollary 2.2. Assume thaty > 0, and letp > 0, A > 0 be measurable functions on
[Ri,z].1fs>1,s>¢g>0andp > 0and®’'(¢w), V' (¢w) € Ls[Ry, Rs]. Then

/A(é) (1W(Ew)P|®" ()| + [R(§w) [P [9(§w)|?) d€

Ry
<ot (ay 27%) (piq> (R/ [Z(f)]sfqu)
. Q o(n) (1&' (nw)|® + I‘If’(nw)s)dn) S , (2. 20)

whereZ anddg are define in (2. 13), (2. 17 ) respectively.

Example 2.3. If we takeA(§) = 1,0(¢) = 1,s =2, R; = 0,7 =0, in (2. 20 ) we obtain

and
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where0 < g < 2andp > 0. If ', ¥’ € Lya, b], then for allz € [a, b], we get

x

/(|‘1’(€w)|p\¢”(§w)|q + |2 (Ew) P W' (Ew)|?) d€
g (g o) () 2
<2178 (dp —277) (pﬂ) =

< [ 0w mar s waor)an) @.21)
0

The related extreme case of Theorem 2.1 is given in next theorem.

Theorem 2.4. Assume that > 1,72 > 0 andD]?I\If(fw) be the R-L fractional derivative

operator. supposg > 0 be a measurable function dRy, z]. If p,i1,l2 > 0 and suppose
DY &, DY U € Loo[Ry, Ry]. Then

x

/A(E)[IDE‘I’(EW)IHIDE‘P(ﬁw)\ZQIDz”a‘I’(&w)I”

Ry
+ |DR ®(¢w)|?| DY, W (Ew) [ | D, U (Ew)[P]dE

< Vi [ Dk, OIX P + || Dy, @[22 + || Dy, W + | D, w2+
where

N = (2 — Rt o

2[0(v —y + D] (v — 92+ D] (v — ) + (v —72) + 1]

Proof. Let¢ € [Ry, z], using identity (1. 5) the triangle inequality andlder’s inequality,
fori = 1,2 we have

¢ b
i < v — ) DY ®(n)|d
S (R[(ﬁ n) [ D, ®(n)] n)

l;

E 3
1 i v .
<o (ﬂ/ (€=t | DR, @l

(5 - Rl)li(uivi) ||Dl/ q)
N -+
By analogy fori = 1,2 we get

| D, ®(§w)

= L

[oon

(6~ R0

DY W(gw)| < || Dy, @
f D —y+1 ™

b (2. 22)
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Also
|D, ®(€w)|” < [ Dy, @5,
and
Dy, (W) < || DY, .
Hence
|DY, ®(¢w)|" | DR W (¢w)| 2| D, P(Ew) P
11 (v— lo(v—
< A el s @2
v—y+ 1T —
Similarly
DY ®(Ew)|?| DY, U (Ew)|" | D, ¥ (Ew)[?
(€ — Rl)l2(V*W2)+ll(V*’Yl) . ,
= 1D%, @2 [| D, |2 (2. 24)

TP =+ D) M@ =2 +1)]
From (2. 23) and ( 2. 24 ) follows

x

[ NODR @) 1D, wiew) 1D, Blew)”
Ry
+ |DJ; ®(w)|?| DY, ¥ (&w) || D, ¥ (w)[P]dE
— li(v—y1)+l2(v—2)+1
_ (2 = R
v—m V=" 1V—mn 2V — 72

[I( + 1™ I + D] [l ( )+ 1a( ) +1]

1 v v ‘ v v
x 5 [IDk, B2+ 4 |1y, B2 + D, W2 + | Dy, w2 )]

< N [|ID%, @K1 ) + || D, |22 + | Dy, W22 + || Dy, I+

The proof is complete.

In upcoming the counterpart of Theorem 2.1 is given.

Theorem 2.5. Assumey > 0, D}, ¥(£w) be the R-L radial fractional derivative operator.

Suppose\ > 0,0 > 0 be measurable functions dRy,z]. If s < 0,¢ > 0 alsop > 0.
If (D%, @), (D%, V) € Ls[Ry, Ry, each of which is of fixed sign a.e. @R, Ry with
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1 1
(D% #)Ew) (D5, 81w € Lslf, Ra]. Then

x

//\(f) (D%, ¥ (€w)IP|(DR, ®)(§w)|* + [Dg, ®(6w) (D, ¥)(£w)|?) dg

Ry

ZTZ&i_Q_ﬁg(piq>gwa@ﬂﬁa@>:§

ptq

B,

x (! o(n) (I(D%, @) (nw)[* + [(Dg, V) (nw)|*) dn)

Proof. Let ¢ € [Ry,«] using the identity ( 1. 5 ) and reversedlder’s inequality for

S

s_—l,s} we get

| D, W(Ew)|

¢
“ T ,y)R/(f — )" o)) T lo(n)]* | D%, (nw)|dn

& = H
> 5 (q/ (- )" [g(n)}f—sdn) Q Q(H)IDE%AI’(W)ISdn)

= m[f’l(f)]f@(f)]ﬂ (2. 25)

whereL(¢) is defined by(2.8). SinceM (¢) and M’ (¢) are defined by (2. 9) and (2. 10)
respectively therefore we can have

| D, ®(&w)|? = [M (€))% [0(6)] = (2. 26)

Now (2. 25) and ( 2. 26 ) imply that
NO)IDR, U(€w) D, B(6w)| = Z(E)LE)* [M (9], (2. 27)
where Z(¢) defined by ( 2. 13 ). Integrating ( 2. 27 ) and applying revergéder’s

inequality for{sjq, 3} we obtain

x

/ A(E)| DY, U (€w)|P| DY, B(6w) |2

Ry

> (R/ [Z(&)Mdf) (ﬂ/ [L(f)]’iM’@)df) . (2. 28)
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Similarly we get

/ &) DY, @ (Ew) | DY, U (€w)|1de

() (o

) . (2. 29)
The inequality for negative power is given
AX +O0X > 217X(A +0)X, (x < 0;A,0 > 0), (2. 30)
thus from (2. 28 ), (2. 29) and (2. 30 ) fgr< 0 with 2 < 0 we have

»n\-u

/)\(f) [[DR, U (Ew)[P| DR, ®(€w)|?dE + |DF, @(Ew)[P| D, ¥ (Ew)|7] d€
Ry

q

> (R/ [Z(f)]sfqdf) (ﬂ/ (©+ ML ©) dé) . @3
M(Ry)

1

For” > 0 and sincel(R;) = 1) = 0 then with (2. 16 ) we have

[ lizniar © + oz ©)] de = Sy - 2%)L() + M)

p+gqg
Ry
(2. 32)

From (2. 31) and ( 2. 32) we conclude that

/A(é“) [|DR, ¥ (6w)[P| DF, @(6w)|? + | D, @(§w)[P| D, W(Ew)|?] dE

Ry

_4 q % =P % r s B

>t () (e -27) (R/ ) qde)

x Q o(n) [|D%, 2(2)|* + | D, W) dn) .
This complete the proof. O

3. OPIAL-TYPE INEQUALITIES FORCAPUTO RADIAL FRACTIONAL DERIVATIVE
OPERATOR

In this section we shall give inequalities involving Caputo radial fractional derivative.
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Theorem 3.1. Let L denote the Caputo radial fractional derivative operator. Suppose

0>0,\>0be measurable functions Ry, z]. If s > 1,5 > ¢ > 0 alsop > 0. Suppose
8’”\Iv(sw) " P(Ew)

q

)

oen 0 oen € Ly [Rl, RQ] Then

R/ AE) (

1

ooy () (e
X (j o(n) ( a”g’g’“’) S+ 3n;;€(:w)

1

P

R, Y (&)
oEv

I"o(Ew) |
den

g, @)
DEv

Y (Ew)
8571,

q

e d§>
) dn) , (3. 33)

p(s 1)

1 stnovo)
CO) = T Q £~ n) T [oln)] dn)

Proof. Let ¢ € [Ry,z], using the inequality ( 1. 1), the identity ( 1. 6 ) andIHer’s

inequality for{ 25, s} we get.
3531‘11(5)‘
dEv
3
1 n—v—1 _1 an\I’(U )
< Foe )R/@ " o) 7 felm] | T
1 stmeon 17 onv nw i
T =) (R/(E ) [o(n)] dn) (R/ oen ‘ )
1 —1 1
= By PO T MA@ (3. 34
where
§ S
4© = [ otn| “ 2 an,
Ry
and
f S
56 = [ o) "5 an.




Opial-Type Inequalities Involving Radial Fractional Derivative Operators

Then .
B = o0 | "5 |
that is
GG . 35)
Now ( 3. 34) and ( 3. 35) imply that
g |Zt O |V cgaertis @), @30

where

1 —a p(a=1)
C(§) = m)\(f)@(ﬁ)] = [Pa(8)] :

Integrating (3. 36 ) and applyingdttler's inequality for{ =, 2

/z/\(é“)

Ry

o

Similarly we get

/A

ol o)

Therefore from (3. 37), (3. 38) and ( 2. 16 ) with> ¢ we have

] A©) { 0, VO " |0"(&w) |, | 92r, 2(©) || 0" W () |
8§y 65" agy 8§n

< (R/ @) «dg) L/ +1BENA ) dﬁ)s- (3. 39)

1

I, ()|
aEv

" (Ew) |
aé‘n

dg

(3. 37)

m\"*
wQ

v
a*Rl

85”

Plonw(ew)|?
ocn

dg

mw

}df

SinceA(R;) = B(Ry) = 0 then with (2. 16 ) we have

J_— Bt q =P 2q
[ (415 © + Be1F 4 ©)] de < —L(ap 27 (@) + B@)E . 3. 40)
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q
|«

From( 3. 39)and ( 3. 40) we conclude

[0

0Zr, (&) "
ogv

" P (¢w)

0"V (¢w)
ocn

oEn

0, (6
| "o

s—4q
s

(el e

The proof is complete.

()"
aev

oD (Ew)|"
oEn

Remark 3.2. If v € N, then the inequality ( 3. 33) takes the form:
0" (€w)

] 3@ u
<2 (g 2) (piq> (j[%)]ssqdf)s
(R/ (|75 + e dn) -

and particularly forr = 0 we get

0"2(9)|”
aev

‘Z> dé_

x

/A(f) (I [@(Ew)|* + [ [W(£w)[T) dE

(dpr_’ f p+q (q/ ng)
(ﬂ/ ) (@) + 2] )

The next theorem is the related extreme case of the Theorem 3 Hao

—9q

Theorem 3.3. Assumer > ~1,v2 > 0 and

65" be the Caputo radial fractional differen-
tial operator. Let\ > 0 be a measurable function d®;, x]. Suppose, l1,l> > 0 and let
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9b(Ew) 9"VEW) ¢ I, [Ry, Ry]. Then

DE™ 9E™
/ AE | | P2 |25, T | |0 egw)
(9§”1 agyg 8€n
Ry
0Lk, @) * | 02k, V) " | 0" &) ]
agug 85”1 8£n
(li+p) 2l 212 2(l1+p)
< g I G 120+ NS0 1 S e+ 1 G )
where
Np = (2 = Ry)htnmr e 7 Ao

2[0(n— w1+ 1)) [Dn— vy + D)2 [lh(n — 11) + lo(n — v3) + 1]
Proof. Let £ € [Ry,z], using inequality ( 1. 1) and the identity ( 1. 6 ) andlHer's

inequality, fori = 1, 2 we have
9"®(n)
d
8571 ‘ n)

€
1 .
N (_/ o
1 16 ' o P
’nfl/ifl li
Tl (R/ €~ dn) 12l

_ E- RO g,
[T(n—uv;+ 1)) 06
By analogy fori = 1,2 we get

P 1)
iz

l;
l;

9.r, 2(6)
iz

(é‘ Rl) ) 6 v l;

S o (3. 41)

Also
81’7,

() |
< gl

oEn

and
o (¢w) I
oEn

122
<10

Hence

I lo

9k, ®(6)
ogv

O, V() [* |07 D (Ew) 7
351/2 6571
(f _ Rl)l1(7L—u1)+l2(n—y2) |8”<I)
[T(n—v1+ 1)) [D(n— vy + 1)]? | o

oV

11—
23

2. (3. 42)
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Likewise we can write

D03, D(E) |0, W) | |0mw(Ew) [P
6€V2 6£u1 8§n
é‘ R lz’l’L I/2)+ll(n l/1) \Ij .
< - R ST T (@.43)
[T(n—v1+1))" [D(n—vy+1)])2" 0 3
From (3. 42) and ( 3. 43) follows
/ o [| 22O |25 2O i)
51/1 aguz agn
O3, @) | |00k, W(©) | |0m ¥ (6w) [P i«
85112 851/1 85”
(z = Ry o
[ (n—’/1+1)] [T (n—V2+ D)% [li(n = v1) + la(n — ) + 1]
1 2(l1+p) 215 o 2 4 onv 2(l1+p)
x5 [ R e 122 + 15 e B
P
Y n2(i+p) 2l 212 2(l1+p)
2 (NG 4 1 e 4 1S 2+ 1 G )
This complete the proof. O

Now for s < 0 we give the counterpart of the Theorem 3.1.

Theorem 3.4. Let 6;;,1 be the Caputo radial fractional derivative operator. Supppse
0, A > 0 be measurable functions dR;, z|. Also suppose that < 0,4 > 0, p > 0 and
0 g’f“’), 9 gz(ﬁ“’) € L,[Ry, Ry], each of which is of fixed sign a.e. @R, R,]. Assume

8”‘1(&w)7 Bnl(gw) € L [RlvRQ} Then
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Proof. Let ¢ € [Ry, z], using the identity ( 1. 6 ) and the reversélter’s inequality for
{=%:, s} we get.

Or, Y (6)
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Now ( 3. 44 ) and ( 3. 45) imply that
IR, W(E) " |om®(Ew) | B e
O | =5 gen | = CEOMOIFB ), (3. 46)
where

1 p(s—1)

C(§) = m)\(f)[g(f)]T[Pﬂﬁ”

Integrating ( 3. 46 ) and applying reversélder's inequality for{ =, 3} we obtain

jA(f)
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> (R/ [C(&)Md&) (R/ [A(&)]ZBX&)d&) . (3. 47)
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Similarly we get
a:Rl
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Therefore from (3. 47), (3. 48) and (2. 30), fer< 0 with £ < 0 we have
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Forp > 0andA(R;) = B(R;) = 0 then with (2. 16 ) we have
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From (3. 49) and ( 3. 50 ) we conclude
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The proof is complete. a
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