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Abstract. In A.Z. Abdian, Two classes of multicone graphs determined
by their spectra, J. Math. Ext.0(2016), 111-121, it was conjectured that
the complement of the multicone graphs, the join of a clique and a regular
graph,K,, v Pir andK,, 57 S, are determined by their adjacency spectra,
whereP;7 andS denote the Paley graph of order 17 and the &titgraph,
respectively. In this article, we aim to answer to these conjectures.
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1. INTRODUCTION

In this paper, graphs are simple and undirected. For some terminology not given here
see [12]. The joirG 57 H of two disjoint graphg~> and H is obtained by connecting every
vertex of G to each vertex off. We useG to show the complement @f. The adjacency
matrix of G is denoted byA(G) and\; > Ay > ... > )\, are the distinct eigenvalues
of A(G) with multiplicities my, ms, ..., m;, respectively. The multi-séipec ,(G) =
{M]™, ..., [An]™} is called the adjacency spectrum@f

Until now, only some graphs with special structures are shown tkete¥mined by their
spectra(DS, for short) (see [5, 8, 9, 10, 11] and the references cited in them). Van Dam

and Haemers [9] conjectured that almost all graphs are DS. About the background of the
question "Which graphs are determined by their spectrum?”, we refer to [9].

13



14 A.Z. Abdian, S. Pouyandeh and R. Sharafdeini

The join of a clique and a regular graph is called a multicone graph. In[1, 2, 3, 8, 9, 10,
11] some multicone graphs are shown to be determined by their adjacency spectra. In [1],
it was conjectured that the complementfof, <7 P;7 and K, 57 S are determined by their
adjacency spectrum, wherfg, and.S denote the Paley graph of order 17 and the &ftihl
graph, respectively. In this article, we prove these conjectures.

2. SOME DEFINITIONS AND PRELIMINARIES

We present some essential lemmas that help us prove the main results.

Lemma 2.1([6, 7]). The number of vertices, the number of edges and being regular can
be extracted from the adjacency spectrum of a graph.

Lemma 2.2([6]). If K is a connected proper subgraph@f then
AM(G) = Anaz(G) > A (K) = Apaa (K).

Lemma 2.3([6]). If G is ak-regular graph onn vertices with
Speca(G) = {I\]™ .-, [Aa]™2 (K]}

thenSpec, (G) = {[-1 — o)™z, [-1 =A™, ..., [n—k —1]'}.

For further information about the adjacency spectrunPgfandsS see [7, 9].

3. THE UNIQUENESS OF ADJACENCY SPECTRUM OF THK,, 7 Pi7

Itis well-known that Paley graphs are self-complementary. Héage; P17 =2 wK; +
Py (disjoint unioun), and this gives us the following result.

Proposition 3.1. The adjacency spectrum of the gragh, <7 P~ is { [8]1 , [r]8 , [0]", [r’}s},
L VIT gy = 2L VAT

2 2
Lemma 3.2. There exist no connected graph with the following spectrum

{8 01, 0", 1}
—LVIT andr — - V17 ﬁ.
2 2
Proof. Suppose by the contrary th@t is aconnectedgraph with

speea(G1) = {181, 117, [01°, 171" } .

We consider the following cases (in the following we always supposeltkaty < 3 and
1 < (¢ < aandl < 71 < 6, unless the contrary is specified. In other words, we aim to
consider the proper subgraphs@f (if available)):

Case 1. Proper subgrapli of G’ has four distinct eigenvalues. Hen&nec,(T') =
{[8]1, "], [0]°, [r’]T}. This contradicts Lemma 2.2, becausgG’) = A\ (T').

Case 2. Proper subgrapii’ of G’ has three distinct eigenvalues. So the following
four subcases holdSubcase 2.a {[O}C, [r]”, [r’]f}, Subcase 2.b {[O}C, 8", []” }

wherer =

wherer =
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Subcase 2.c{[0]<, [8]", [r]”} , Subcase 2.d {[8]1, [r]”, [r’]T}. Now we consider any
of these subcases.

~(+7) + (= VIT

Subcase 2.a.In the case, we haver + ' = 5 =0. Asa
result,—(y +7) + (y — 7)V17 = 0. So(v/17 — 1)y + (=1 — /17)7 = 0 and therefore
v 1+VIT  18+42V17 y

- = = , a contradiction, since- must be a rational number. In
T V1T -1 16 T
Subcases 2.b, 2.and2.d we have\; (G’) = A\ (T"). This contradicts Lemma 2.2.

Case 3.Proper subgraph of G’ has only one eigenvalue. @}’ has isolated vertices,
then bySubcase 2.dve get a contradiction. So, 16t hasy (1 < x < a < w) isolated
vertices. ThereforeSpec 4 (H) = {[8]1, (7], [0]*7X, [r’]T}, whereH is a subgraph of
G'. Hereafter, by a similar argument@asesl and 2, we receive a contradiction. [

Theorem 3.3. For all w, the graphk,, 57 P~ is DS with respect to its adjacency spectrum.

Proof. LetG = K, 7 Py7. It follows from Proposition 3.1 that
Spec 4 (G) = Spec (K v Pr7) = {[8]1 [P, 0, [r’]s}. We show that only the

case
8 w

{8 11, 01 o {10}
can happen. Note that only graphs with one or two distinct eigenvalue(s) are complete
graphs (if a grapti{ has one distinct eigenvalue (this eigenvalue is obviously 0), théxn
mK1, wherem denotes the multiplicity of 0. If a grapH has two distinct eigenvalues,
then H is the disjoint union of complete graphs with the same number of vertices). It is
obvious that if we discard the eigenvalue 0, tliedoes not have any subgraph with one or

two distinct the adjacency eigenvalue(Spéc 4 (K.,) = {[—1]“’_1, [w— 1]1}). Now we

consider two cases, one where a proper subgraph has spe{qﬁﬁm[r]g, [ } and the
other where a subgraph has some other spectrum with three distinct values. We show that
the second case cannot hold.

To put that another way, we prove that only the spectrum of a graph that can be ex-

tracted bySpec 4 (G) is {[8]1, 7%, ® } U {[0]“}. If there is a grapH with three dis-
tinct eigenvalues, then one of the following cases holtsse 1.{ [0]%, [7'}’6, [r’]e } Case

2. {[0]“7 8]%, [° } Case 3.{[0]@, 8], [’ },wherel <a<wandl < 3,0 <8. We
show that there does not exist such a graphising the fact that the sum of the adjacency

eigenvalues of a graph is 0.
Case 1.In this case, we have (3 + 6) + (8 — 0)v/17 = 0. So(v/17 — 1)B + (—1 —

V17)6 =0 and thereforeg _ L VAT 1842717

V17T -1 16
a rational number.
Case 2.In this case, we havis+(—1++/17)0 = 0. Sof = —1—+/17, a contradiction,
sincef must be a rational number.
Case 3.In this case, we havis+(—1—+/17)0 = 0. Sof = —1++/17, a contradiction,
sincef must be a rational number.

, a contradiction, sinc% must be
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It follows from Lemma 3.2 that there does not exist a connected gfdpbuch that
Spec , (G') = {[k]l, r)®, [0]%, [r’]e}. Therefore, we conclude that only the ca[e@é]l, r®, ® }U

{[0]“} can happen and s6 = wK; U P;; or G = K, w7 Pi7. This completes the
proof. a

4. THE UNIQUENESS OF THE ADJACENCY SPECTRUM OK,, v S

SinceSpec 4 (S) = {[10]*, [1]*°,[-5]¢}, it follows from Lemma 2.3 thabpec 4 (S) =
{[16]",[—2]*°,[4]°}. Onthe other handy,, v S = wK;+S5. HenceSpec (K, vV S) =
Spec 4 (wK1) U Spec 4(S). Therefore, we have the following result.

Proposition 4.1. The adjacency spectrum of the grafgh, 7 S'is { [16]", [—2]°°, [0]*, [4]° }
Theorem 4.2. For all w, the graphkK,, 57 S is DS with respect to its adjacency spectrum.

Proof. LetSpec ,(G1) = Spec 4(Ku v 5) = {[16]1, —2]%°, [0]*, [4]° } We use induc-

tion onw. We show that only the cas%[16]17 [—2]*, [4]6} U {[0]“} can happen. Let

w = 1. We prove the theorem in a more general case. First we prove that there is no
connectedgraphG’ with {[16]1, [—2]%, [0]", [4)° } wherel < a <20 andl < 5 < 6.

We consider the following cases:

Case 1.Proper subgraph of G’ has four distinct eigenvalues. Therefd8gec 4 (T') =
{[16]1, [—2]7, [0]", [4]" } wherel < v < aandl < ¢ < 3. This contradicts Lemma 2.2,
because\; (G') = A1 (I).

Case 2.Proper subgraph of G’ has three distinct eigenvalues. Therefore, we have the
following subcasesSubcase 2.1Spec 4 (I') = {[16]1 N [O]l}, Subcase 2.2pec ,(T') =

{[16]1 0], 4" } Subcase 2.3pec 4(T) = {[16]1 N [4]L}, Subcase 2.4Spec 4(T') =

{[—2]V Lot [4)" } For theSubcases 2.12.2and2.3, by a similar way ofCase 1 we

have a contradiction. So, we considease 2.4 We show thatCase 2.4cannot hap-
pen. On the contrary, suppose tl@zdse 2.4happens. So, we have a grafitsuch that

Spec,(Q) = {[16]17 [—2]*77, [4]B’L}, a contradiction.

It is clear that no proper subgragi has two distinct the adjacency eigenvalues, since
Spec 4 (Ky) = {[—1]“”’17 [w — 1}1} (in the adjacency spectrum @¥ there does not
exist the eigenvalue-1). Hence proper subgrap must have only one eigenvalue.

In other words, proper subgraghf must be an isolated vertex. This means t¥atis
disconnected and by what has been proved one can easily conclude that only the case

{[16]1, [—2]%°, [4]6} U {[0}1} can happen and s6’ =~ K, US or &7 = K, v S.
Now, let the theorem be true fav. In other words, one deduce thatSpec,(G1) =

Specy (K v 5), thenG, = K, 7 S, whereG, denotes an arbitrary graph cospectral
with some complements of the multicone gralgh, 7 S. We show that it follows from
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Specy(G) = Specy (Ky11 v S) thatG = K41 v S. Itis clear thatG has one ver-
tex more thanz;. On the other hand, the number of the edggsand G are equal and
Spec 4 (K7 U Gy) = Specy(G). So, we must havé? = K; U G;. Now, the inductive
hypothesis completes the proof. O
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