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Abstract. This paper is devoted to explore semi topological loops with
respect to irresoluteness. It is also investigated that how separately irres-
olute and pre semi open multiplication mapping of topological spaces are
defined on Inverse property loops. We mainly show that, semi closure of
semi discrete sub-loop of a semi Irr-topological loop is also a sub-loop; a
sub-loop of semi Irr-topological loop has semi isolated point if and only

if it is semi discrete; Image under the composition of inverse mapping
and left translation of a semi compact set in a semi Irr-topological IP-
loop is semi compact. In fact, we investigate the properties of Semi Irr-
topological loops by enfeebling the conditions of continuity and openness.

AMS (MOS) Subject Classification Codes: 22A05; 22A30; 54C08; 54H99
Key Words: Semi open set, pre semi open mapping, irresoluteness, Semi Irr-topological

loop.

1. INTRODUCTION

Relationship between topological spaces and algebraic structures always remain very
captivating. Mostly it requires the continuity of algebraic operations. Here, we join them
through the weaker form of openness and continuity. When N. Levine introduced semi
open set for the first time in 1963, many of the mathematicians examined several results
by using semi continuity and semi open set. A number of new results are being obtained
when open sets are replaced by semi open sets, continuity is replaced by irresoluteness. A
subsetM of a spaceX is called semi open set if there is an open@dh X satisfying
M C Ci(Int(M)). Set consisting of all the semi open setsXnis denoted bySO(X)
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and set of all the semi open sets containimg X is denoted bySO(X, ¢). He proved that
every union of the semi open sets always remain semi open, but their finite intersection
may not be semi open [8]. Later, it was examined by Hildebrand and Crossley that, the
intersection of a semi open and an open set is always semi open [3]. Semi closed set is
the compliment of semi open set. Every closed (open) set is semi closed (semi open). If
M; C X and M, C Y are semi open, thed/; x M is semi open inX x Y. A set
M, C X is semi open neighborhood ¢fe X, if there is aM; € SO(X) such that
t € M; C M,. Apointt € X is said to be a semi interior point éf, if there is a semi
open setM’ such that € M’ C M. Set consisting of all the semi interior pointsaf is
denoted by Int(M). For any semiopen sétl;, ¢ € sCI(M') ifand only if My N M’ # ¢.
A mappingf : X — Y is said to be
e Irresolute, if for eachVy € SO(Y) the setf~1(My) € SO(X). Equivalently,
f isirresolute if and only if for allt € X, there isM; € SO(X,t) for every
My € SO(Y, f(t)), such thatf (M;) C My ort € My C f~1(M>) [1];
e Pre semi open, if for every/ € SO(X), f(M) € SO(Y) [7];
e Semi homeomorphism, if is irresolute, pre semi open and bijective [7].
A subsetM of a spaceX is semi compact (semi-Lindelof), if there is a finite (countable)
subcover for any semi open coverlf € X [4, 17]. Aspacd L, 7) is s-regular if for every
t € L and every closed s€) C L there exists semi open neighbourhoddscontaining
t such that ¢ @ and N containing@ such that\/ N N = ¢ [9]. A point ¢ of subsetV
of topological spacéL, 7) is said to be semi isolated if there is\d € SO(L) such that
M N N = t. If every point of N is semi isolated point, thelV is said to be semi discrete
[11]. If topological spacéL, ) cannot be expressed as a union of two nonempty disjoint
semi open sets ih, thenL is called semi connected. Semi component of topological space
(L, ) are the maximal semi connected subset5.08.C.(¢) is semi component containing
t, fort € L [5]. A space(L,7) is semi homogeneous if there is a semi homeomorphism
f of L onto itself such that for every,s € L implies f(r) = s. Let M € SO(L,e) in
a semi Irr-topological loogL, *, 7). A subsetS of L is said to be M-semi disjoint if for
every disjointr, s € S impliesr ¢ s« M [1]. A groupoid(L, %) is said to be a loop, if the
following conditions are satisfied:;
e [ contains an identity element.
e For everys € L, the mappind, : L — L andr, : L — L are bijective, where
Is(t) = s*xtandry(t) =t+sforallt € L[15].

An inverse property loop (IP-loop) is a loop having two sided inversge! such that
(rxt)xt~t=r=1t"1x(txr)forallr,t € L. Left and right translations are defined on
aloop(L, x) as follows:

e Lefttranslationl;, : L — L is given byly, (t2) = t1 * to;

e Right translation, : L — L is given as, (t2) = to * t1;
wherety,to € L. Here the condition of the irresoluteness of left and right translations is
equivalent to separately irresoluteness of multiplication mapping [18]. We used the stan-
dard notions and terminologies as in [6].

In this article, we derive some significant results on semi topological loops with respect
to irresoluteness and bring into light some properties of semi Irr-topological inverse prop-
erty loops. We provide comparison which actuate us to bring out this notion. In fact we
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explore, extend and generalize the idea of M.S. Bosan [1], T. Oner [14, 12, 13] and S. Lin
[2].

2. SOME SIGNIFICANT RESULTS ON SEMI TOPOLOGICAL LOOPS WITH RESPECT TO
IRRESOLUTENESS

Definition 2.1. A triplet loop (L, , 7) is semi Irr-topological loop, if the following condi-
tions are satisfied:

(L, *) is aloop.

(L, 7) is a topological space.

Multiplication mapping is separately irresolute ¢#, *, 7).

Multiplication mapping is separately pre semi open(dnx, 7).

Remark 2.2. In a semi Irr-topological loop, right and left translations are semi homeo-
morphism.

Lemma 2.3. For a semi Irr-topological loopX . If X isanopensetiX andf : X — Y
is pre semi open. Then the restricted functjpg, : Xo — Y is also pre semi open.

Proof. LetU € SO(X) andX, € O(X). SoU N X, is a semi open set iX. Therefore,
f(U N Xo) is semi open iry’. Also U N X is semi open inX, [10] and f x, (U N Xo) is
semi open inY’. Hencef|x, is pre semi open. In the following theorem it will be proved
that in a semi Irr-topological loop, every open sub-loop is also semi Irr-topological loop.

Theorem 2.4. Every open sub-loop/ of a semi Irr-topological loopL, *, 7) is also a
semi Irr-topological loop, which is infact a semi Irr-topological sub-looplof

Proof. Since(L, *, 7) is a semi Irr-topological loop andi! is its open sub-loop, it is to be

shown that, andr, are irresolute and pre semi openfih. Since(M, x) being a loop is

openinL and(M, 7)) is a topological space, by Lemma 2,3, are pre semi open if/.

Alsol,,r, are irresolute inV/ [1]. Hence,(M, *, 7as) is Semi Irr-topological sub-loop.
The theorem given below is about the property of semi closure of a sub-loop.

Theorem 2.5. Let (L, x, 7) be a semi Irr-topological loop and/ be a sub-loop of.. Then
sCl(M) is a sub-loop of_.

Proof. It is obvious thate € sCI(M) sinceM is a sub-loop. Moreover, in Theorem 4.5
[14], it was shown that semi-homeomorphism property of; : L — L impliessCI(M) x
sCl(M) C sCI(M). Hencel,(sCl(M)) C sCl(M) andr; (sCl(M)) C sCIi(M) for
anyt € sCl(M). Therefore, for every € sCIi(M), we have bijective mappings :
sCl(M) — sCl(M) andry : sCl(M) — sCI(M) means thatCI(M) is a sub-loop of..

A property of semi open sub-loop is discussed in the next theorem.

Theorem 2.6. In a semi Irr-topological loop every semi open sub-loop is semi closed.

Proof. Suppose thad/ is semi open sub-loop of semi Irr-topological lodp Every semi
open neighbourhood gf meetsM if and only if p € sCI(M). Sincep * M is semi open
neighbourhood op, it meetsM . Thus, there is @ € M such thaty = pxr, wherer € M.
But thenp = ¢/r € M. Hence M = sCI(M).



40 Muhammad Kashif Magbool and Muhammad Awais Yousaf

Theorem 2.7. For a semi Irr-topological loof L, x, 7), if M C L is semiopenand € L
thenn x M and M * n are semi open.

Proof. As i, andr, are pre semi open in semi Irr-topological loop. So, for a semi open set
M of L, 1, (M) = nx* M andr, (M) = M xn are semi open.

Theorem 2.8. Let L be a semi Irr-topological loop. IV C L and M € SO(L), then
M.N and N.M are semi open.

Proof. As M € SO(L), so forn € N, n x M andM *n are semi open. So, by Theorem
27M x+ N =UpenM xnandN x M = U,cyn * M are semi open.

Theorem 2.9. Let(L, %, 7) be a semi Irr-topological loop and/, N be subsets df. Then,

(1) M« N andN x M are semi compact, iV is finite andM is semi compact.
(2) M« N andN x M are semi-Lindelof, ifV is countable and/ is semi-Lindelof.

Proof. (1) Since given is that\/ is semi compact, and,,r, are irresolute for all
n € N. So,l,(M) = n* M andr,(M) = M xn are semi compact [4].
FurthermoreM « N = UpeyM xn andN « M = U,cnyn* M are semi compact.

(2) Similar as above [17].

Theorem 2.10. Semi Irr-topological loop is semi homogeneous space.

Proof. Letm,n € L. Since left translation is semi homeomorphism and there must exists
t € Lsuchthat;(m) = n. This shows that semi Irr-topological loop is semi homogeneous.

Theorem 2.11. Let M be a sub-loop of a semi Irr-topological loap containing a non-
void semi open séY thenM is also semi open iik.

Proof. As N is semi open, andl,, is pre semi open ii.. So, for everym € M,[,,(N) =
m x N is semi open irL. Hence,M = U,,,cprm + N is semi open irL.

Theorem 2.12.In a semi Irr-topological loopl, semi interior of a non-empty sub-lodg
is non-empty if and only if it is semi open.

Proof. Let M is semi open non-void sub-loop &f sosint(M) = M # ¢. Conversely,
suppose that semi interior 8f is non-empty. Let € sInt(M) then there isV € SO(L)

suchthat € N C M. Foreverym € M,l,,(N) =m« N CmxM = M. As N is semi
open san x N, and we havél/ = U{m « N : m € M} is semi open.

Theorem 2.13.In a semi Irr-topological loop, if M is semiopen thef = U2, M™is
semi open.

Proof. As M is semi open, so by Theorem 208 « M = M? € SO(L) andM? x M =
M?3 € SO(L). Similarly, M*, M5, ... are semi open sets ih. Thus,S = U, M" is
semi open.

Theorem 2.14. Let L' be a sub-loop of semi Irr-topological loap. ThenLZ’ has a semi
isolated point if and only if it is semi discrete.
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Proof. Let a sub-loof.’ has a semi isolated pointSo, there isS € SO(L) such that.’ N
S = {t}. Then foreveryr € L', r = lr(l(t)zl(t)) = lr(l(t)zl(L’ ns)) = lr(l(t)zl(L’) N
liy1(8) = L1 (L)) Nl =1 (8)) = L' N7« ()7 * S). Herer x ((t);* = S)

is semi open. Hencd,’ is semi discrete. Conversely, if is semi discrete then its every
point is semi isolated.

Theorem 2.15. Consider a semi connected semi Irr-topological ldbplLet L’ is a sub-
loop of L containing a semi interior point, thenL’ = L. In particular L coincides its
semi open sub-loop.

Proof. L' € SO(L) because it contains a semi interior point [14]. Moreoléis semi
closed by Theorem 2.6 Thereforle,= L’ becausd. is semi connected.

Theorem 2.16. Let (L, *,7) be a semi connected semi Irr-topological loop ahd €
SO(L, er,) be symmetric. Theh’ generated..

Proof. Let L* be sub-loop of.. generated by.’. ThenL* consists of; * t % ... x t,, all
the products of finite number of sequences of the elemenis.ofs e, € sInt(L*), so
L* is semi open. By Theorem 2.15 = L. Hence,L is generated by.’.

Theorem 2.17.If the homeomorphisth: (L, *,71) — (M, ', 7a7) of semi Irr-topological
loops is irresolute aty, then it is irresolute ornl.

Proof. Letn be an arbitrary element édfandH € SO(M, m), wherem = f(n). Sincel,,
is irresolute inM. So, there id € SO(M, epr) such that,, (I) = m=+I C H. Moreover,
f(W) C I'forW € SO(L,er) because ag is iresolute aty. Alson « W € SO(L,n)
due to pre semi opennessipf: L — L. We havef (n«W) = f(n)xf(W) = mxf(W) C
mx I C H. Thus,f is irresolute at any arbitrary pointe L. Hence,f is irresolute onl.

Theorem 2.18. Let (L, x,7) be a semi Irr-topological loop an®.C.(e) be open semi
connected componentef. ThenS.C.(e) is sub-loop, if fort € S.C.(e)m(t)zl andr(t)gl
are open.

Proof. Lett € S.C.(e), then(S.C.(e)).(1) ;" = r(t)gl(S.C.(e)) is semi connected and
containe [16]. Sincer(t)zl is open, irresolute ansl.C.(e) is open. Hencd,S.C.(e)).(t); ' C

S.C.(e) becauses.C.(e) is maximal semi connected set. A9;* € (S.C.(e)); ", there-
fore, (S.C.(€))(S.C.(e));' C S.C.(e). Similarly, (S.C.(e))(S.C.(e))z" < S.C.(e).
Hence,S.C.(e) is sub-loop.

In the next theorem we will define some properties of the collection of semi open neigh-
bourhoods of identity element.

Theorem 2.19. Let (L, *, 7) be a semi Irr-topological loop and the collection of all semi
open neighbourhoods containikg is 3., thenvM € G.,3dN € S, such thatm « N, N x
mC M,Ym e M.

Proof. As given (L, x, ) is semi Irr-irresolute topological loop, s/ € . containing
m, 3N € (. suchthat,,(N) =mxN C M. Similarly,r,,(N) = Nxm C M,Vm € M.

Theorem 2.20. Let (L, *, 7) be a semi Irr-topological loop and collection of all the semi
open neighbourhoods containiieg be 5.. Then,
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(1) VM € B, andt € L, 3N € . such that(t « N) * (t)z' C M.
(2) VM € B. andt € L, 3N € . such that(t); ' * (N = t) C M.

Proof. (1) Asli; andr(%l are semi homeomorphisms(t)l_%l o l; is also semi home-
omorphism. Then, for alM € . and allt € L, there existsV € 3. such that
(t* N)*(t)p" € M.
(2) Similar.

Theorem 2.21.If (L, *,7) is a semi Irr-topological loop and € L, then for eachS €
SO(L,t), there isM, N € SO(L,ey) suchthat «x M C SandN xt C S.

Proof. Sincer; and!; are irresolute at;, andr.(e) = t,l:(e,) = t, for everyS €
SO(L,t), there existsV[, N € SO(L,ey,) such that;(M) =t M C S andr(N) =
N=xtCS.

3. SOME PROPERTIES OF SEMIRR-TOPOLOGICAL INVERSE PROPERTY LOOPS

Definition 3.1. A triplet loop (L, %, 7) is said to be a semi Irr-topological IP-loop, if the
following conditions are satisfied:

e (L,x)is an IP-loop.

e (L, ) is atopological space.

e Multiplication mapping is separately irresolute @, , 7).

Theorem 3.2. Let (L, ) be an IP loop and L, 7) is a topological space. If; andr; are
pre semi open il then(L, *, 7) is semi Irr-topological IP-loop.

Proof. Letl; be pre semi open for allc L. For anyM C L we have; ' (M) = l,-:(M).
Thenl, is irresolute. Similarlyy; is irresolute. Thereford,L, x, 7) is semi Irr-topological
loop.

Corollary 3.3. In a semi Irr-topological IP-loop multiplication mapping is separately pre
semi open.

Theorem 3.4. For a semi Irr-topological IP-loopL. If N=t € SO(L,e) thenN C
sCI(N) C N2,

Proof. Assume that € sCI(N). Asr* N~! € SO(L,r) so it meetsN. Furthermore,
there exists € N suchthat = rxt~1fort € N. Thenr = sxt € N+ N = N2, Hence
sCI(N) C N2, Therefore N C sCI(N) C N2

Theorem 3.5. A semi Irr-topological IP-loop L, *, 7) is s-regular ate, if u. is base at
and everyN € p,. there exists symmetrie/ € SO(L, e) such thatM « M C N.

Proof. Letr € sCI(M). Thenr x M is semi open neighbourhood of Clearly,r « M N
M +# ¢. So, there exists, t € M suchthat = rxs,r =txs ' € M« Mt = MM C
N. Thus,sCI(M) C N. It givesL is s-regular at.

Theorem 3.6. For A, B € SO(L,e) in semi Irr-topological IP-loop(L, %, 7) such that
B* C AandB~! = B. If M C L is A-semi disjoint thedm x B : m € M} is semi
discrete inL.
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Proof. To prove semi discreteness i « B : m € M}, it is enough to prove that for
everyr € L, r x B intersects at most one ¢fn « B : m € M}. Assume contrarily that for
somer € L, there exists,t € M such that x BNt * B # ¢ andr * BNs* B # ¢, then
r~lxte B%andr € sx B2 Heret =rx (r1xt) € sx B* CsxA. Hencet € sx A, a
contradiction to the fact that/ is A-semi disjoint. So{m « B : m € M} is semi discrete
in L.

Theorem 3.7. If M is semi compact thenx A/~ is semi compact in semi Irr-topological
IP-loop (L, *, 7).

Proof. Consider semi open covés; :i € I} of r« M. Sor« M~ C U;erS;, M~ C
=% UierSi = Uierr™ % S;. Hence,M C U;erS; ! # 7. By semi compactness 6,
there exists a finitdy, C I such thatd C UiEIOS;l xr, Msr~1 C UiEIOS;l. Thus,
r* M~1 C Uier, Si. Thereforey x M1 has semi open finite subcoverin

4. CONCLUSION

This paper is based on the characterization of the properties of semi topological loops
with respect to irresoluteness. We investigated that in what manner separately irresolute and
pre semi open multiplication mapping of topological spaces are defined on loops. We also
bring into light some properties of semi Irr-topological IP-loops. We provide comparison
between two algebraic structures with the weaker form of continuity and openness. As,
this paper is generalization of [1, 14, 12, 13], so it dominates all the previous results which
are examined in this field. Factually, these results have a useful contribution in the field of
Topological Algebra.
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