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Abstract. In this paper, we establish some Trapezoid type inequalities for
generalized fractional integral and related inequalities via exponentially
convex functions. A novel and new approach is used to obtain these results
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1. INTRODUCTION

Convex functions and their variant forms are being used to study a wide class of unre-
lated problems which arises in various branches of pure and applied sciences in a natural,
unified and general framework. For recent applications, generalizations and other aspects
of convex functions and their variant forms, see [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15, 16, 17,
21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and the references therein.

We now recall the well known and basic concepts, which are needed.
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Definition 1.1. [13, 22] The setK in R is said to be a convex set, if
1—tu+treK, YuvekK, (e€l0,1].
Definition 1.2. [13, 22]A functionf : K C R — R is said to be convex function, if
FCu+ (1 =Qv) <)+ =0f(v), Ymrvek, (elo1]. 1.1

We say thatf is a concave function i f is a convex function.

It is known that the optimality conditions of the differentiable convex functions on the
convex sets can be characterized by a class of variational inequalities, which is itself an in-
teresting field of research. For the applications and other aspects of variational inequalities,
see [13, 14, 18] and the references therein.

Let f : I = [u,v] € R — R be a convex function defined on the intervak [y, V]
with i < v. Then the following double inequality [8] holds

f(“*”) < [ fwar < LTI (L2)
2 vV— L 2

I
which is known as Hermite-Hadamard inequality and has been investigated extensively.
See [3,4,5,6,7,8,9, 10, 13, 19, 22, 24, 26, 32, 33, 34] and the references therein for
applications.

We now consider a class afconvex functions with respect to an arbitrary nonnegative
function, which was introduced and investigated by Varosanec[34].

Definition 1.3. ([34]) Leth : J — R be a non-negative and non-zero function. The
functionf : I — R is said to be ah-convex function with respect to a non-negative
functionh, if

fCu+ (1 =) <hQf(w) +h(1=Of(v), Yuvek, (e€[01]

We would like to point out that for appropriate and suitable choice of the arbitrary func-
tion h, one can obtain a wide class of convex functions and their variant forms as special
cases of.-convex functions.

We now consider the definition of exponentially convex functions, which is mainly due
to Noor and Noor [15, 16, 17], Antaczak [2] and Dragomir and Gomm[6].

Definition 1.4. (Se€[2, 6]) A positive functionf : K ¢ R — R is said to be an expo-
nentially convex function, if

ef Cut(1=0v) < (ef(“) +(1— Oef(l/)7 Vu,ve K, ¢el0,1].

For the basic properties and applications of the exponentially convex functions, see
[14, 15, 16, 24, 25, 26, 27] and the references therein.
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We now consider a new class of exponentially convex function with respect to an arbitrary
nonnegative functiona.

Definition 1.5. ([26]). A positive functiorf : I C R — R is said to be an exponentially
h-convex function with respect to an arbitrary nonnegative functiorn(0;1) C J — R,
if

of (mer-aw) < h(C)e! ™ + (1 =)™, Ve e0,1], puveK.

Exponentially convex functions played important role in the study of statistical learn-
ing, sequential prediction and stochastic optimization, see [1, 2, 20, 21] and the references
therein.

Due to the significance and importance of the exponentially convex functions, Awan et
al [3] and Pecaric et al [21] defined some other kind of exponential convex functions. They
have shown that these classes of exponential convex functions unify various concepts in
different manners.

We now recall some basic concepts and results of the generalized fractional integrals by
Sarikaya and Ertugral [32].

1

/ (‘O(Codg < 00. 1.3)

0
We define the left-sided and right sided generalized fractional integral operators, respec-
tively as:

x

o @) = [ I 0, oo (1.4
n
o Tof@) = [ D pag, w < (L 5)

xr
The most important features of generalized fractional integrals is that they include some
types of fractional integrals such as Reimann-Liouville fractional integr&eimann Li-
ouville fractional integral, Katugampola fractional integrals, conformable fractional inte-
grals, Hadamard fractional integrals as special cases. Some important special cases of the
integral operators (1. 4) and (1. 5) are listed below.

(1) If ¢(¢) = ¢, then operator (1. 4 ) and (1. 5) reduce to the Riemann integral:

L+ f(z) = / FOdC, @,
I

I f(z) = / FOdC, w <.
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(2) If p(¢) = a), then operator (1. 4 ) and (1. 5) reduce to the Riemann-Liouville
fractional integral:

1
N+f = 1—\7\/ Dt lf )d<7 T > W,
“w

1) = 1o / (€= 2)* f(Q)de, x <.

x

(3) If ©(¢) = kF (a 3> then operator (1. 4) and (1. 5) reduce to th&iemann-
Liouville fracuonal integral [11]:

x

Ly @) = g [@= O QdC >
“w
s wf @) = s [€= 20w <
where

oo

I (a) :/ga*e‘T‘»kdg Re(a) >0

0

and
T(a) = k%—lr(%), Re(a) > 0k > 0.

Sarikaya and Ertugral [32] established the Trapezoid inequalities for generalized frac-
tional integrals.

The main motivation of this paper is to establish some Trapezoid type inequalities via
generalized fractional integrals for exponentidligonvex functions. These results can be
viewed as a significantly different from the previously known results.

2. MAIN RESULTS

For our results, we need the following important fractional integral identity:
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Lemma 2.1. Let f : I — R be an absolutely continuous mapping Bnsuch that(e/)’ ¢
(L[p, v]), wherew, v € I° with < v. Then

A(0)ef @) £ v (0)ef W) 1
( )6 ( )6 o LchIgaef(V) o Lpef(l“)]

V— v—p
1
_v-u (ot =0w) o0 (1
V_MO/A(C) (G + (1= ¢w)dc
1
,x—ﬂ/v(o #leat0=0m) 1 (¢4 (1 - O)pr)de, (2.6)
v— i )
where
1
A() = /Mdu < 00 2.7
¢
and
1
¢

Proof. Consider

1
/A <z+(1 C)V) 1 ((;p +(1- C)V)dC
0

1
— M Cm+ (1-¢) ) _
. 0/ V(¢ (¢ + (1 — Q) dc.

Integrating by parts, we obtain

1
v eF (Ca+(1=C)v) 1 v—1))¢ _
nL = [A(g) I+ /s@(( . ) ef (Co+(1=0w) g

v— T —v 0 z—v

v—x {A(O)ef(") 1 /Vgo(l/ S)Ef(s)ds]

V—u V— V— Vv—s

A0Vl ) — Il

_ A0 =t e® 2.9)
V=
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and similarly, we have

I, Tl [ SOt (a1 (1= Qe
s 0
_T—H V(0)e/ o1 /@(s—ﬂ)ef(s)ds
vV—LU Tr— W r— W s—u
1
_ V(0)ef () — m_Lpef(M) 2. 10)
= p— . .
By subtracting equation (2. 9) and (2. 10 ), we have
f) fw)
I A0)e!") +V(0)e 1 [ Lef® 40 1ef®)],
V—[ v—put
which is the required result. O

Corollary 2.2. If ¢(¢) = ¢, then Lemma 2.1 reduces to a new result

el el @) 1
(= p)e!W 4+ (v —a)el™ /ef(u)du

vV— U v—pu
o

(z —p)*

-4 F(Ca+(1— C)u)f x4+ (1= p)d¢

x)2

)el CoH A=) ¢ (Ca 4 (1 — Q)v)dC.

o
Z

Corollary 2.3. If ¢(¢) = (a) , then Lemma 2.1 reduces to a new result

(z — p)*el W + (v — z)*e/) Tla+1) [

e el o ]g+ef(V)]

(v —p) vop
1
_ @t Fca+1=O)n =
= 0/(4 e W F(Ca+ (1= Q)
1
_ a+1
+(vyic)u /(1 — (el CeHA=Ow) £ (o + (1 = )v)dC.
0
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Corollary 2.4. If o(t) = kl" (a) , then Lemma 2.1 reduces to a new result

(x—p)Fel/W 4 (v —z)Fe/) ~ Tyla+k)
— 1) vV—p

(1o el W 412, T )]

(
)

HCet =0 ¢ (o + (1 — Q) p)dC

=

2) %

eI (Ce T A=0m) (¢ + (1 = Qv)dC.

e
e

Theorem 2.5. Let f : I = [u,v] € R — R be an absolutely continuous mapping Bh
such that(e’)’ € L([u,v]) with o < v. If the mapping(e/)’| is convex ory, v], then

1) o)
A0)e”™ + V() 1 I’ 4 ef®

V— v— L

V—x

— Y AT @ v AT W) v A )

o e VO f @) s V¢ 1T )]+ v V¢ O p)

where

Z1 Z1

Y1 AC = RAQOAQ)dS, w2 A = R -OA(Q)dC,
;1 ’ 71

s A ¢ = R(ORIL-OA)AS,  a V,( = h*QV(Q)dC,
2 2

s V,¢ = R1-OV(QdS, s V,¢ = h(O1—)V(C)dC,
0 0

O(z, p) = [/ ()] + 7 f'(2)],
O(z,v) = |/ f ()| + e/ ' (2)],

whereA andV are givenin(2. 7)and(2. 8).
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Proof. From Lemma 2.1 and convexity ¢ffe/)’| on [u, v], we get

A fw) F () 1
(0)e”™ + Vv(0)e”™ IR LG O

V= v—p
71
< Z:Z A(C)ef(cz+(1_<)”)f/(gl“+(1—<)V)dC
2
T—p f(Ca+(1=Cp) ¢
o V(e f(Cx+ (1= Qu)d¢
7
- % |A(Q)] & CTHE=I ' (¢a 4 (1 = Q)v) dC +
210
oy VOISO Gk (1= Op) de
0 2
- Z:Z IAQ] MO [+ h(1 =L’ R(QOIf (@) + (1 = QI f (v)] d¢
2
+% V(O O™ [+ h(1 = O’ ™| ROIF @) + R = OIf ()]
0
71
V—x

=222 1AQ1 MO @)+ hL= 0O e )

Fh(OR(L —C) [/ f W) + 1" f (@) d¢

71
+EZE 9l w(Q) 2O @)+ h (1= Q) et f ()|

V—MO

+R(OR(L = ¢) " f ()| + 1" f (@) dC

71

= o=, 1AQ1 RO @ R = Ol F )] + RO = 08, v) d¢
0

+= Z V(O P’ F (@) + > = O)le’ ™ /()] + (O = OO (w, ) dC
0

— U AP @ v AC I P W)+ s AC O(v)

s e VGO @) s V¢ 1T )]+ v V¢ Ol p)

This completes the proof. a
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Remark 2.6. Under assumptions of Theorem 2.5,
(1) if h(¢) = ¢, then Theorem 2.5 reduces to Theorem 2.28].

(2) If (¢) = h(¢) = ¢, then under the assumption of Theorem 2.5 reduces to Corol-
lary 2.4 in[23].

(3) if p(¢) = % and h(¢) = ¢ then under the assumption of Theorem 2.5 reduces
to Corollary 2.5 in[23].

4) ife(¢) = kr (a andh(¢) = ¢ then under the assumption of Theorem 2.5 reduces
to Corollary 2.6 in[23].

Corollary 2.7. If ¢(¢) = ¢ andh({) = ¢, then under the assumption of Theorem 2.5
reduces to a new result

v zv
R A G A ST (@ = w)> + (= v)°

v—p z/fau = (2s+1)(254+2)(v — p)

17§ (@)

(m = w?ef W ()] + (v — 2)*[F P f ()] RACEEY ? Oz, p) + O(z,v)
(2s + 2)(V — W) (2s+1I'(2s+ 1)

Corollary 2.8. If p(¢) = F(a andh(¢) = ¢®, then under the assumption of Theorem 2.5
reduces to a new result

el @) — el 17
(v —z)e!™ + (x — p)e’™ /ef(a:)dx
V—[U V—

n

IS fla o)
~(2s+1)(2s+a+1) v—u
[ 1 Dle+ DI@2s + 1)} { (@ = w) el W f ()| + (v — 2)* e/ W) £ (v)] }
2s+1 I'2s+a+2) (v —p)
[(F(S +1))° T(s+DI(s+a+1)

T(2s+2) F(25+a+2) ]{@(I,MH@(;E,V)}.

+

Corollary 2.9. If (¢) = kl" (a) and h(¢) = ¢*, then under the assumption of Theorem
2.5 reduces to a new result

el ®) — el 17
(v —z)el ™ + (@ — p)e! /ef(m)d:r
V— U vV—LU

o

£/ f ()] {(w—u)?ﬂﬂy_x)%“}
T (2s4+1)(F +2s5+1) v—p
LTG0+ D] [ = B )]+ (- 2) IO 1)
+[2s+1_ fc(%+2s+2) H =) }
[(F(erl))z T(s+ DI(2 +5+1)

[(2s+2) T(S + 25 +2) ]{@(:mu)—&-@(x,u)}.
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Theorem 2.10. Let f : I = [u,v] € R — R be an absolutely continuous mapping Bn
such that(e/)’ € L([u,v]), whereu, v € I° with < v. If the mapping(ef)’|?, ¢ > 1

with p~t + ¢~! = 1 is convex orju, v], then

which is the required result.

A0 f(V)+VO ) 1 y
(0)e V_#( )e - erMef( N S
vV —x zt 1z 1
<o =, lA©rd T RO @I R A= Ol )T+ RO = O v) d¢
0 0
vy Z 1z 1
o IV@PaC T RO @I+ R = Ol S 1T+ RO = (e ) de T
0 0
where
P, 1) = [/ f ()| + [T [ ()9, (2.11)
®(x,v) = [/ [ W] + /) [ (@)1, (2.12)
andA andV are givenin(2. 7 )and (2. 8).
Proof. From Lemma 2.1 and by #ider’s inequality, we get
A0 f(")+v0 £ 1 () .,
(0)e ,,,H( Je - D AL N D)
_ Z1 1 2 1
ST JaEPa T fef OO o 1 - v |7ac
voH 0 0
_ Z1 1 2 1
+2=E vpac T el tOTOR B e (1 - Qv % !
v H 0 0
Vv —x z 1z T
<o, AP T RO+ RA = 01T @I+ A= Ol )T A
0 0
o Z1 12 1
T V@ T RO R = Ol T RIS @I+ A= QI )" de
0 0
v —x z 1z
= —  laQPra ’ OIS 1 @)1 + 12 (1= Ol 1 )]
! 0 0
1
RO = Q) [T f @)+ 1T f @) d
o Z1 1 2 )
+IZE wprde P R3]’ @ ()| + k2 (1 = O’ f ()|
v 0 0
1
(O = Q) [T D F @)+ 1T f @) d¢
vV —x z 1z L
=o=,  Aorda " RIS @I+ R A= Ol 0T + RO = Q@)
0 0
o Z1 12t 1
o IV@rac T RO O S @I+ = Ol O I + ROR = O d¢ T
0 0

O
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Remark 2.11. Under the assumption of Theorem 2.10,
(1) if h(¢) = ¢, then Theorem 2.10 reduces to Theorem 2. [28].

(2) if ©(¢) = h(¢) = ¢, then Theorem 2.10 reduces to Corollary 2.728].

(3) ifp(¢) = FC(Z) andh(¢) = ¢, then Theorem 2.10 reduces to Corollary 2.§28].

@) if o(¢) = #%(a) and h(¢) = ¢, then Theorem 2.10 reduces to Corollary 2.9 in
[23].
Corollary 2.12. If p(¢) = ¢ andh(¢) = ¢*, then under the assumption of Theorem, 2.10
reduces to a new result

— el ®) — el 17
(v —z)e!™ + (& — p)e’ /ef(w)dx
V—[U V=l

m
1

1\ 7[ (2= p? [ |ef@ @)1+ e ()] (D(s+1)° E

= (1+p) {(V—,u) ( 25+ 1 EYCTESY) @(z’”))
(=2 (IO F @+ O [+1) N

+(yﬂ)( %5+ 1 T o )> ]

Corollary 2.13. If ¢(¢) = % andh(¢) = ¢*, then under the assumption of Theorem

2.10 reduces to a new result

(v — )%/ W) 4 (x — p)@e/ W - Dla+1)
v— i V—

(L N[ (O f @) [ ol (TG4 1))

“\l+ap (v —p) 2s+1 I'(2s+1)

(v —2)> L (el @ f/(2)]7 4 |ef W) f! (1)]2 (F(s+l))2 . 0
MO ( 25+ 1 s+ T )> ]

[L-ef®) 4 I, ef0)] ’

1

q

®(o.10)

Corollary 2.14. If p(¢) = % andh(¢) = ¢°, then under the assumption of Theorem

2.10 reduces to a new result
(v—x)%ef®) 4 (z — p)FefW ~ Iyla+k)
(v—mn) v—p
P — )2+ [ 1eF@ ()]0 2 eFW () e (D(s + 1))
<(_F (x—p) e/ f7(@)|7 + |/ f' ()| +( (s+1)) oz, 1)
k+ap (v—m) 2s+1 I'(2s+1)
L= (O @)+ O @l T+ D) N
(v —pu) 25 +1 I'(2s+1)
Theorem 2.15.Let f : I = [u,v] C R — R be an absolutely continuous mapping Bh
such that(e/) € L([u,v]), wherey, v € I° with u < v. If the mapping(e/)’|9, ¢ > 1

[[T’kef(u) + II+’k€f(V)i| ‘

q
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withp~! + ¢~! = 1 is convex orjy, |, then

A(0)ef ) 4 v (0)el W) 1

v —

whereA, V, &(z, u) and®(z,v) are givenin(2. 7 ), (2. 8), (2. 11 )and (2. 12 )respec-

tively.

I.ef™ B
P v etle ta

Z1

A RSP @)+ 1P = Ol )T+ RO = OB(x,v) dt

Vo R(QOPF P @)+ nP (= Ol (T + h(OR( = O)®(x, i) dt

Lpef(H)

Proof. From Lemma 2.1 and by #tder’s inequality, we get

A(0)e! ) 4 v (0)ef ™ 1

vV —x
_1/—,u

T —p
v—p

+

vV —x

=v_n

T —p
V= p

+

vV —x

v—p

+h({)h(1

T —p
v—p

Jr

+h({)h(1

V—x
v—p

4IZE
v—p

V— U vV—

71 71

1
P

1d¢ A(Q)|ef HI= 1 o+ (1 - Qv |%dC

0 0
71 Z1

=

1d¢ V(Q)le! THAmm f a4 (1 - Qv |9dC

0 0
71

A R | + b1 = (e

0
71
V h(Qle’ ™)+ h(1 - )|’
0
71

A QIO f @)+ B (L= Qe f )]

0

= O LD @)+ 1" f (@)

71

VRIS f @)+ R (1 = e f W)

0

=) "D @)+ 1" f (@)

71

A RO @)+ R = Ol W)+ (O = )P(x,v) d¢

0
yat

Vo R(Q)T P @)+ R = O’ )T+ (O — O)P(x, p) dC

0

which is the required result.

Z+I<P6f(y) 4o ]wef(u)

RO @) + h(L = QI (W]* d¢

Q=

dt

Q=

dt

Q=

Q=

RO @) + h(1 = QL (W)|* d¢

Q=

Q=

Q=

Q=

|
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Q=

Q=

)



Some generalize Reimann-Liouville fractional estimates 13

Remark 2.16. (1) If h(¢) = ¢, then Theorem 2.15 reduces to Theorem 2 [28j.
(2) If o(¢) = h(¢) = ¢, then Theorem 2.15 reduces to Corollary 2.1(28].
(3) Ifp(¢) = % andh(¢) = ¢, then Theorem 2.15 reduces to Corollary 2.1128].

4) If o(¢) = #%(a) andh(¢) = ¢, then Theorem 2.15 reduces to Corollary 2.12 in
[23].
Corollary 2.17. If ¢(¢) = ¢ andh(¢) = ¢*, then under the assumption of Theorem 2.15
reduces to a new result

el ®) — el 17
(v —z)el"™) 4 (. — p)e ™ /ef(m)dx
vV—p vV—pU

m

(o= 2 [ {Je/@ f()]7 + (25 + 9]/ O} | T(s + YI(s +2) ;
<{(y_u)( 25+ 1)(25 +2) T Tes+3) ¢@”))

(v — ) ({1 f' ()9 + (25 +2)[S O f/(V)]7} | T(s+ DI (s +2) o z
MO ( (25 + 1)(25 + 2) T sty o@ ”)> ] '
Corollary 2.18. If ¢(¢) = % andh(¢) = ¢*, then under the assumption of Theorem
2.15 reduces to a new result
(v —a)ef ) 4 (x — p)e/ W _I(a+1)
v—u v—u
(x — p)>tt alef @ f/(z)|2 I Dla+1I(2s+1)
(v —p) (2s+1)(2s+a+1) 25+ 1 T'(a+ 25+ 2)
I(s+1) % T(a+s+2T(s+1) (o, ) H L= zyott aled @ ()|
T'(2s +2) T'(a+ 25+ 2) (v —p) (2s+1)(2s+a+1)

1 T(a+DI(2s+1) ) )+ T(s+1) 2 _ T(a+s+2T(s+1)
25 + 1 I'(a+ 25+ 2) ’ I'(2s +2) I+ 25+ 2)

117 ef(lb) + I:n+ ef(“)

EERFAMIE

IN

1

P(z,v) “

+

Corollary 2.19. If p(¢) = #%(Q) andh(¢) = ¢, then under the assumption of Theorem

2.15 reduces to a new result

v—a)Fef) 4@ — )% e Tr(a+ Kk v
( ) (z —p) _ Iw( ) Ir’kefwhr[ﬁ’kef()

(v —n) V=
< @owE T # @) L DGO 4D ) ria g
= (w—p  @s+D@s+ e +1) 0 2s+1 (g +2s+2)
D(s4+1) 2 T(&4s+2)T(s+1) (s,0) %+(V—x)%+1 2|l @) f (z))4
- x,a
I(2s +2) T(%+2s+2) (v—a) (@s+D2s+E+1)
0(e + 1)I(2s + 1 M(s+1) 2 1(2 9T (s + 1 q
L L DE+1res+ 5 ()] 4 (s+1) " D +s+20(s+1) b)) ©
2s 4+ 1 (¢ +2s+2) T'(2s +2) (¢ +2s+2)

Conclusion: In this paper, we have derived the Trapezoid type inequalities via generalized
fractional operators for exponentially convex functions that incorporate a certain type of
generalized fractional integrals involving generalizes the classical exponentiatipvex

function and well known Riemann-Liouville fractional integrals. We obtained results are
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the refinements and new generalizations by adopting the technique of Mohammed [12]. We
studied the conditions under which these results are stable in the framework of classical,
Reimann-Liouville fractional integral andReimann-Liouville fractional integral. Our re-

sults can be viewed as the generalizations of the previous studies on exponentially convex
functions associated with generalized fractional integrals.
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