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AMS (MOS) Subject Classification Codes: 55R10; 53C15
Key Words: g-lift, complete lift, connection, curvature tensor, musical isomorphism, tan-

gent bundle, cotangent bundle.

1. INTRODUCTION

Musical isomorphism is provided between the tangent and cotangent bundles on the
Riemannian Manifold. The exact origin of the term musical isomorphism is unknown. In
1971, the musical isomorphism was seen in the Berger and his collaborators’ study and the
term musical isomorphism was not encountered before this year [3]. So it is thought that
the musical isomorphism was first studied by Berger and his collaborators. The musical
isomorphism defined by metric tensor was extended by Poor [7]. Making use of the
complete lifts oril"’ M tangent bundles, Cakan and her collaborators construct the complete
lifts of some tensor fields with different type @i M cotangent bundles by means of a
musical isomorphism [4]. The g-lifts of tensor fields are described via musical isomorphism
newly by Cakan and Salimov [8]. Also the Riemannian manifolds and the tangent bundles
studied a lot of authors [1, 2, 5, 6, 9, 10, 11, 12, 13] too. In the study that follows we solve

two problems. Firstly we obtain the componentgefiift of affine connectiorf*V via the
musical isomorphism in the cotangent bundle)/. Secondly we obtain components of

g—lift of curvature tensoPl*% via the musical isomorphism in the cotangent buridta/.

Let M be a pseudo-Riemannian manifold wittdimension. The tangent bundle ath
is denoted byI'M = U,ea T, M.The local coordinates oM are (z¢,2") = (z,4")
where (") are local coordinates o/ and (y*) are vector space coordinates according
to the basi®)/dz', i.e. y, = y'32: € T, M. The cotangent bundle ol is denoted by
T*M = UgenT*M. The local coordinates ofi* M are (z¢,7) = (z,p;) where (%)
are local coordinates ol andp; are vector space coordinates according to the l@asis
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i.e. p, = pidz’ € T M. We use the ranges of the indekeing{1,...,n} and the index
being{n +1,...,2n}.

Let g be a pseudo Riemannian metrig. : 7*M — T M is the musical isomorphism
associated witly pseudo Riemannian metric with inverse givengy TM — T*M.

The musical isomorphisny¥ is described by

gﬁ . ‘%JVI _ (Cll’m,.i'm) _ <$7'L7pm) - .’EJ _ (.”L’j,.’lfj) _ (67jn$'m7yj _ gjmpm)

whered is the Kronecker delta.

In music notation, the sharp symbpincreases a note by a half step. Similar to this
musical notation, the musical isomorphigfincreases the indice of the vector space co-
ordinate.

The musical isomorphisny is described by

g al = (ah,2") = (¢ y') = &5 = (2, 7) = (6Fa", pr = griv)).-

In another music notation, the flat symbolowers a note by a half step. Similar to
this musical notation, the musical isomorphigfnlowers the indice of the vector space
coordinate.

The Jacobian matrices gf is obtained by [4]

~ ozM 5m 0
b M
(A — J 1.1
(g*) ( d ) <al“]> < ysajgms Imyj ) ( )
and the Jacobian matrices gfis obtained by
# . J - 5$J - 5¥TL 0

Let V be an affine connection ol and“V be the complete lift of7. Then®V is an
affine connection of"M tangent bundle. We denote Wj the components o affine
connection with respect to the local coordinate$) in M and“T’}; the components 6fV
affine connection according to the induced coordingt€s y") in M. The g—lifts are
described newly by Cakan and Salimov. Thelifts of some tensor fields are obtained by
transferring complete lifts of some tensor field frdm/ tangent bundle t@* M cotangent

bundle via the musical isomorphism [8]. In this study we obtainedgthlift ¢V of V
affine connection to th&™ M/ cotangent bundle via the musical isomorphism.

Let R be curvature tensor d¥ affine connection wittk}!;; components o/ manifold.

3
&R the g—lift of R curvature tensor is obtained to ti& A/ cotangent bundle via the
musical isomorphism.

2. THE G-LIFT OF AFFINE CONNECTION
Let M be a manifold withV affine connection. There exists a unidu¥ affine con-
nection inT'M which satisfies

“Vey ©Z = Y (Vy2)
foranyY, Z € ¢ (M) [15].
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Let ', be components oV according to the local coordinat¢s”) in M. Let “T7;
be components of the complete v according to the induced coordmal(eéz Y )
T M. The components of tHeV are given by

)

“r} =1, Cr;% =0, Crgi =0 Cr% =0
B (2. 3)
CF?’L _ ysa Fh

B OTh =Tl CTE=Th CTL=0

jis jis
according to the induced coordinates', y") in TM [14]. And LetCF - be components
of the complete lift®V according to the induced coordlnatésﬂph) in T*M. The

components of th& % are given by

CF ;Lz = F;lm CF f‘L" = 03 CF LL = O’ F Q O (2 4)
i J Jt
Tl = py(0nT3 — 015, — 0L, + Qth ji)
cin Chh o i
I = T TH=-Th =0

according to the induced coordinates’, p;,) in T M [15].

Theorem 2.1. Let M be an—dimensional pseudo Riemannian manifold with pseudo Rie-
mannian metrig;. Let®vV andC% be complete lifts ofV affine connection td’M and
T*M, respectively. Then the differential 6tV by ¢°, i.e. ag—lift G% in the cotangent
bundleT™ M, coincides with the complete Iﬁ% in the cotangent bundl&* M if Visa
Riemannian connection which is a metric connection with vanishing torsion.

Proof. Using(1.1) and(1.2) from AJI a Ja + equation we obtain the components

Ak = 0, Ak =0, Ak =0, AL =0 (2. 5)
Jr J J
o ~62gks o ) o . o
O F_9.b AR — 9. AR —
Ji - 8x33xl ’ Ajl - ]g ) A]Z =097, AJ’L - O

Using(1.1), (1.2), (2.3) and(2.5) the components cﬁ% are obtained from equation

2.7 = (OF ) = A AT AR OTEs + A,

whereH, I,...=1,...,2n:

GTh = AMAS AR OTk, + A AT AL OTE 4 ATAZ AR CTE 4+ Am AT AL OTk

+AmA Ah Crk_ 4 AmA Ah CTE, + AmATALCTE 4 AT AT Ag Crk_
AhAk AhAk

— 6m555h Fk Fh
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o= AMASAR CTh 4+ AmASALOTE 4 ATASAR CTE 4 AmATAL OTE
~ o~ k ~ ~ — ~ o~ — ~ o~ _
m AS Ah C m As Ah CTk m AS Ah C1k m AS Ah C1k
—|—Aj 14;141@ Fms—i—Aj A{Ag e, + Aj A?AE Iy s+ Aj A{AE | R
—i—AZA’i. + Al Ak
Jt k™ g1
-0

GTh = Am A AL OT%, + A A AR COTE 4 ATAz AL OTE, 4 AmATAl Tk
+AmA5Ah Ok + AT AT AR CTE + ApAFA Orh s+ AT ATAL CTE
CARE AR
_0 Jt k™ g1

ar jﬁ = AT ASAL OTE 4+ AmASARCTE 4 ATAS AR OTE 4 AmASAR CTE
+AmASAh Crk s+ AmASAh Crk o+ AmASARCTE 4 ATATAL CTE
AhA'c AhAk |
J
= 6m9819hk1—‘m5 + gk 09" 4
= 91 2 5 (0395 + Osgnj — Ongjs) — 9" gnk
= 59" (=0jgsh — Ongjs + Osgnj)
= —59% (9jgsh + Ongjs — Osnj)

OT% = AP ATA} OTh,, + A A; AR OTE  + AT AT AL CTh, + A ATAL OT} 5
+AmASAh Crk_ 4 AmASAh Ok, + AnATAR CTE 4+ AT ATAL OTS
+AhA’c + AhAk

=g™ 559hk1—‘m5 + Ink0ighd

= gmjghkal 9" 0;gnr,

= 9" gnm 7 — g’“ Oignk _

= kj* (akghz + Dignk — Ongri) — 9™ Dignk

= —59™ (Ongki + Dignk — Ongni)
= _F-I]zi

GTh = Am A2Ap OT%, + A A AR CTE 4 AmAs Al OTE, 4 AmATAl OTh
AmASAh Crk A;,'LZ;A% Tk, + AR ATAR CTE 4+ ATAZAR OTS
AhA’“ A
0 4 ji k™ g1
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OTh = AP AR A OTh, + Am As AR OTF 4+ AT AL AL CTh + A AZAL OT)
+ATATAL OTh + AT AL AR OTE 4 A ATAL OT] 4 AT ATAL CTE
+APAE 4 AR AR

~0 Ji k™ g

Or% = AP A AL OT},, + AP A AL CTY 4+ AT A3 AL OTE + AP ATA] OT)
+ATATA OTh + AT A AR OTE 4 AP ATAR OT), -+ AT ATAL OTE
+ARAY, + ARAE,

= 0765y O gen g + 676 gniy Lk, + pe05 g™ 65 gl iy

+07"0:0ig* gniLhs + gnipi 059"

=" (Okgen) T%; + gniey O L%, + 005 g™ gnilkys + pe0ig®* gni ¥,
+9nipe039™"

=y (Okgen) T%; + gney 0%, 4+ 00 (959™) gnilhi + pe (9ig®") gna L%,
—pe (O;T%) — gnepelt,0;9° — gnipe (0,TE) 6™ — griepiT'E, 0,9

= —p: (0;T%;,) + ¥ (Okgen) T5; + gniy' 0T + pi (0ig™) gni T
—gnepeU,0;9%F — gnipe (0;TF,) g'*

= —pe (8;Th,) + y' (Okgen) T + gnay' 0% — gnape (9;TF,) 9

+p¢ (059°") gni L%, — grrpe Lt (059°%)

= —pe (0;1%,) + y* Okgen) T%; + gni (9°ps0e T, — peg'*0,Tk)

+pt (~T5,9™ = T6,,9°™) gnil5s — gnipeThg (—T5,,9™" = T5,,9™)

= —pe (8;T8,) + y" (Orgen) T + gnrg"ps (0,15 — 0,T%)

—gnkps (L, THg™ + 15, T5.g") + gneps (T30, 9™F + 15,08 ™)

= —pe (0;T8,) + 9% s (T gmn + Tisgem) U5 4+ gnrg™*ps (8:T% — 0,TF)
—gnkDs (ThnT5g™ +T5,050"™) + gnips (D505,9™" + 1515, g™)

= —pi (9;T%),) + psT5,T%; +k9“9mhpsf};’éfﬁ + ghkgtsp]: (0% - ;%)
~GnkDs (Fﬁmfjggms + 15, T%g"™) + gnips (05,0%,,,9™% + T5,T% g™)
TPl — Pe By

=Ds (ahrfj — 015, — 015, + 2F?Lkri'€j> +9nkg"ps (0: T, — 9;T%)
—piRh; — gnkg™ Ll T, — gnkg™ pol5, Th,

+9nkg" P L5, + gmng" TS,

=Ds (ahrfj - air;’h —0;T5, + ZF}SLkaJ - ptRfu'j + 9nkg" " ps (antl_‘;i —T4,0% )

im= jt
+ kg™ s (L5, — 5. 0%) 4+ ghig™ psOmls; — greg™ ps0;T%,
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=Ds (&vrfj — o5, — 0,15, + QFZICFZ) —peRy;
+9nkg™"Ps (6mrki - Off" + FfmF}fi — T4, % )

+9ng™ ps (D515, — Ff’nlz??t) e

=ps (Ol — 015, — O;1, + QF}ikaj - ptR;n'j + ps Lt 5

= ps (OnT5; — OiT%), — 0,15, + 205, T8 ) — ylgus Ry + vl gus R,
=ps (O3 — 0T, — 0;T5, + 2F,’°’Lk1"§j + y'(—Rnije + Rijin)
= ps (OWT3; — 0,15, — 0,15, + 215, T8 ) + (= Rnije + Rintj)

= ps (OnT5; — 015, — 0,15, + 215, T% ) + (—Ruije + Rnije)

= ps (O3, — O3, — 015, + 205, T

We have seen that the components of the complet€& Witto the cotangent bundI&* M
are given in the forn{2.4) according to the induced coordinateslih}/. So we obtain

*

Gy = Oy,

3. THE G-LIFT OF CURVATURE TENSOR

Let R be a curvature tensor &f affine connection o/ manifold. The components
R}, of R are given by

(2

RZﬁ = 8kF§L¢ — ;T + FZtF§i - F;'ltrll&ci .

There exists a complete lift of curvature ten§ak in TM which satisfies

“R(“X,°Y) “Z=C°(R(X,Y)Z)

forany X,Y, Z € S} (M).
Let “RY be components of” R according to the induced coordinatgs®, y") in
TM. The components of tHeR are given by

C pm _ m Cpm _ s m

Rtsn - Rtsn7 Rtsn =Y athsn? (3 6)
C pm _ m Cpm _ pm Cpm _ pm

Rtsﬁ - Rtsn? Rtgn - Rtsn’ Rfsn - RtS"

according to the induced coordinates', y") in 7M. And the other components are zero.
* *
Let “R 4\ be components dof R according to the induced coordinatgs”, p;,) in

T*M. According to the induced coordinatgs”, p;,) in 7 M, the components of tHéR
are given by
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*
CRm

tsn Rgna
“R zn = p(l(vmlftasn - Vn}b%?sm b b (3 7)
. +anbRtsn j— 1—‘?bfinms + F;lerrg‘nt + FZbRtsm)
°“R :‘Zﬁ = _R;ﬂsnfw °R gn = _Rfm'rw CR?Z” = _ansn

whereVy = V,,. And the other components are zero [15].

Theorem 3.1. Let M be an—dimensional pseudo Riemannian manifold with pseudo Rie-
mannian metrigy. Let®R and“R be complete lifts of R curvature tensor t@'M and
T*M, respectively. Then the differential 6fR by ¢°, i.e. ag—lift “R in the cotangent

bundleT™ M, coincides with the complete IftR if V is a Riemannian connection which
is a metric connection with vanishing torsion.

Proof. Using(1.1), (1.2) and(3.6) the components f R are obtained from equation

0.0R= (Rt ) = (A A% A3 A7 Ry
whereH, I,...=1,...,2n:

CRp; = AMALAATORY 4 Ab AL ASAT ORT 4 Al

A} ASAT R

tsn

+AR AL ASAT ORE + AL AL ASAT ORI + AL AL AZAT R

tsn tsm tsn
Ah At A5 An C pm Ah At pAs Am C pm Ah At A5 pn C pm
+ARAL AJAY T R, + A AL ASAY T RiG: + A Ay ASA] Tsn

Ah At A5 A7 C pm Ah At As g C pm Ah At A5 A7 C pm
AL Ay ASAY T R + Ap Ay AJAY T Ry + Ap Ay ASA; Tsm

+AL A} ASAY CRT 4+ AL AL ASAT ORI+ AL AL ASAT R
+ARAL ASATCRT

tsn
_ h st ¢s snpm
- 5m5k($] 51 Rtsn
_ h
- Rkji

= Al A ASATORp, + AL AL ASAT ORTT 4+ A AL ASAT ORI

tsn tsn tsn
tsn tsT tsn
Ah At A5 gAn C pm Ah At pAs Am C pm AR At A5 An C pm
+ALAL ATA? CRT 4 Ah AL ASAT ORI 4 AR AT ATAD O

+AR AL ASAT ORI + Al AL ASAT ORI+ Al AL ATAT R

tsn tsm tsn

+AR AL ASAT CRT + A AL ASAT ORI+ AR AL ASAT R

+AL AL ATAT ORT 4 AR AL ASAT ORI+ AL AL ASAT R

+ALAL ASATCR

tsn
= 0
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Z =
2

2=
=

=
=

Al AL ASAT OR, + AL AL ASAT ORYT + AR AL ASAT ORI

tsn tsn tsn
+AR AL ATAT ORE + AL AL ASAT ORI + AL AL ASAT R

+AL AL ASA? ORT, + AL AL ASAT ORI+ AR AL ATAT ORI

tsn tsm tsn
+AR AL ATAT R+ Al AL ASAT ORI 4 Al AT ATAT ORI

FAR AL ATAT ORI AL AL ASAT ORI 4 AL AL ATAT ORI
+AL AL ATAT ORI

tsm
ycamghcaltc(S;(S?Rgn + ghmdi(S;(S?ydangn + gh'rnpeakgteéiaan?;n
+9hm61pa0;g° 67 Ryt + ghm 0185 pu0:9™ Ry,
ps (ViR};; — ViR, + Ty Ry + T3 Ry + U5 Ry + TRy

Ab AL AsAT C R+ ALAL A AT ORT 4 Al AL ASAT ORI

tsn tsn
AL AL ATAT ORE 4+ AR AL ASAT ORI+ Al AL ASAT ORTT
+ALAL ATA? ORT + AL AL ASAT ORI + AR AL ASAT ORI
+AL AL ATAT ORp 4+ AR AL ASAT ORI+ AR AL ATAT ORI
+AL AL ASAT ORT 4+ AL AL A AT ORI

tsn tsm

+ Al AL ATAT ORI

Ah AT A5 A7 C
—I—AWAE Ain Ry
tk $s sn pm

9hm9 5j o R

tsn
k
thi

* — . * —
Gph _ pi Gph _ pi
R Kji Rypis TR ki = Dkjn

Al AL AA} OR, + Al AL A2AT R, + Al AL A2AT ORY

tsn tsn

+AN AL ASAT ORE, + Al AL ASAT ORy + A AL ASAT ORTT
+ALAL ASAT ORE, + Al AL ASAT OR + Ab AL ASAT ORE
tsn

Ah At A5 Am C pm Ah At As Am C pm Ah At A5 g C pm
FAN AL ASAT R + A AL ASAT ORI+ AL AL ASAT R

Ah At A4S C pm Ah At n C pm
+AL AL ATA? ORT 4 Al AL ATAT ORI

+ Al AL AZAT OREZ

tsn

+ALAL ASAT ORT

tsn
0
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* * —
Gph Gph Gph _ G _
* — * * —
“Rh. = 0, CRI.-=0, “RI_.=0.
J1 e kji

We have seen that the components of the completé lit to the cotangent bundIE* A/
is given in the form(3.7) according to the induced coordinatesl/ih}. So we obtain

*

R = R,

4. CONCLUSION

In this paper, we have studied the g-lift of affine connection and curvature tensor in the
T* M cotangent bundle. Obtained the lift G% and compared with the complete I‘ﬁl%
in the 7" M cotangent bundle. Obtained thelift G]*% and compared with the complete
lift C;E in theT* M cotangent bundle. It was seen that thdifts G% and G;E coincide
with the complete Iift§6 andcﬁ, respectively, ifV is a Riemannian connection.
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