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1. INTRODUCTION

Musical isomorphism is provided between the tangent and cotangent bundles on the
Riemannian Manifold. The exact origin of the term musical isomorphism is unknown. In
1971, the musical isomorphism was seen in the Berger and his collaborators’ study and the
term musical isomorphism was not encountered before this year [3]. So it is thought that
the musical isomorphism was first studied by Berger and his collaborators. The musical
isomorphism defined byg metric tensor was extended by Poor [7]. Making use of the
complete lifts onTM tangent bundles, Cakan and her collaborators construct the complete
lifts of some tensor fields with different type onT ∗M cotangent bundles by means of a
musical isomorphism [4]. The g-lifts of tensor fields are described via musical isomorphism
newly by Cakan and Salimov [8]. Also the Riemannian manifolds and the tangent bundles
studied a lot of authors [1, 2, 5, 6, 9, 10, 11, 12, 13] too. In the study that follows we solve

two problems. Firstly we obtain the components ofg−lift of affine connectionG
∗
∇ via the

musical isomorphism in the cotangent bundleT ∗M . Secondly we obtain components of

g−lift of curvature tensorG
∗
R via the musical isomorphism in the cotangent bundleT ∗M .

Let M be a pseudo-Riemannian manifold withn dimension. The tangent bundle onM

is denoted byTM = ∪x∈MTxM .The local coordinates onTM are(xi, xi) = (xi, yi)
where

(
xi

)
are local coordinates onM and

(
yi

)
are vector space coordinates according

to the basis∂/∂xi, i.e. yx = yi ∂
∂xi ∈ TxM . The cotangent bundle onM is denoted by

T ∗M = ∪x∈MT ∗x M . The local coordinates onT ∗M are(xi, x̃i) = (xi, pi) where
(
xi

)
are local coordinates onM andpi are vector space coordinates according to the basisdxi,
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i.e. px = pidxi ∈ T ∗x M . We use the ranges of the indexi being{1, ..., n} and the indexi
being{n + 1, ..., 2n}.

Let g be a pseudo Riemannian metric.g] : T ∗M → TM is the musical isomorphism
associated withg pseudo Riemannian metric with inverse given byg[ : TM → T ∗M .

The musical isomorphismg] is described by

g] : x̃M = (xm, x̃m) = (xm, pm) → xJ = (xj , xj) = (δj
mxm, yj = gjmpm)

whereδ is the Kronecker delta.
In music notation, the sharp symbol] increases a note by a half step. Similar to this

musical notation, the musical isomorphismg] increases the indice of the vector space co-
ordinate.

The musical isomorphismg[ is described by

g[ : xI = (xi, xi) = (xi, yi) → x̃K = (xk, x̃k̄) = (δk
i xi, pk = gkiy

i).
In another music notation, the flat symbol[ lowers a note by a half step. Similar to

this musical notation, the musical isomorphismg[ lowers the indice of the vector space
coordinate.

The Jacobian matrices ofg[ is obtained by [4]

(g[
∗) =

(
ÃM

J

)
=

(
∂x̃M

∂xJ

) (
δm
j 0

ys∂jgms gmj

)
(1. 1)

and the Jacobian matrices ofg] is obtained by

(g
]

∗) =
(
AJ

M

)
=

(
∂xJ

∂x̃M

)
=

(
δj
m 0

ps∂mgjs gjm

)
. (1. 2)

Let∇ be an affine connection onM andC∇ be the complete lift of∇. ThenC∇ is an
affine connection onTM tangent bundle. We denote byΓk

ij the components of∇ affine
connection with respect to the local coordinates

(
xh

)
in M andCΓk

ij the components ofC∇
affine connection according to the induced coordinates

(
xh, yh

)
in TM . Theg−lifts are

described newly by Cakan and Salimov. Theg−lifts of some tensor fields are obtained by
transferring complete lifts of some tensor field fromTM tangent bundle toT ∗M cotangent

bundle via the musical isomorphism [8]. In this study we obtained theg−lift G
∗
∇ of ∇

affine connection to theT ∗M cotangent bundle via the musical isomorphism.
LetR be curvature tensor of∇ affine connection withRh

kji components onM manifold.

G
∗
R the g−lift of R curvature tensor is obtained to theT ∗M cotangent bundle via the

musical isomorphism.

2. THE G-LIFT OF AFFINE CONNECTION

Let M be a manifold with∇ affine connection. There exists a uniqueC∇ affine con-
nection inTM which satisfies

C∇CY
CZ = C (∇Y Z)

for anyY, Z ∈ =1
0 (M) [15].
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Let Γh
ji be components of∇ according to the local coordinates

(
xh

)
in M . Let CΓH

JI

be components of the complete liftC∇ according to the induced coordinates
(
xh, yh

)
in

TM . The components of theC∇ are given by

CΓh
ji = Γh

ji,
CΓh

ji
= 0, CΓh

ji
= 0, CΓh

ji
= 0

CΓh
ji = ys∂sΓh

ji,
CΓh

ji
= Γh

ji,
CΓh

ji
= Γh

ji,
CΓh

ji
= 0

(2. 3)

according to the induced coordinates
(
xh, yh

)
in TM [14]. And LetC

∗
Γ H

JI be components

of the complete liftC
∗
∇ according to the induced coordinates

(
xh, ph

)
in T ∗M . The

components of theC
∗
∇ are given by

C
∗
Γ h

ji = Γh
ji,

C
∗
Γ h

ji
= 0, C

∗
Γ h

ji
= 0, C

∗
Γ h

ji
= 0 (2. 4)

C
∗
Γ h

ji = ps

(
∂hΓs

ji − ∂jΓs
ih − ∂iΓs

jh + 2Γs
htΓ

t
ji

)

C
∗
Γ h

ji
= −Γi

jh, C
∗
Γ h

ji
= −Γj

hi,
C
∗
Γ h

ji
= 0

according to the induced coordinates
(
xh, ph

)
in T ∗M [15].

Theorem 2.1. LetM be an−dimensional pseudo Riemannian manifold with pseudo Rie-

mannian metricg. Let C∇ andC
∗
∇ be complete lifts of∇ affine connection toTM and

T ∗M , respectively. Then the differential ofC∇ by g[, i.e. ag−lift G
∗
∇ in the cotangent

bundleT ∗M , coincides with the complete liftC
∗
∇ in the cotangent bundleT ∗M if ∇ is a

Riemannian connection which is a metric connection with vanishing torsion.

Proof. Using(1.1) and(1.2) from ÃK
JI = ∂2xK

∂xJ∂xI equation we obtain the components

Ãk
ji = 0, Ãk

ji
= 0, Ãk

ji
= 0, Ãk

ji
= 0 (2. 5)

Ãk
ji =

ps∂
2gks

∂xj∂xi
, Ãk

ji
= ∂jg

ki, Ãk
ji

= ∂ig
kj , Ãk

ji
= 0.

Using(1.1) , (1.2) , (2.3) and(2.5) the components ofG
∗
∇ are obtained from equation

g[
∗

CΓ =
(

G
∗
Γ H

JI

)
= ÃM

J ÃS
I AH

K
CΓK

MS + AH
KÃK

JI

whereH, I, ... = 1, ..., 2n:

G
∗
Γ h

ji = Ãm
j Ãs

i A
h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms

+Ãm
j Ãs

i A
h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms

+Ah
kÃk

ji + Ah
k
Ãk

ji

= δm
j δs

i δ
h
k Γk

ms = Γh
ji



56 Rabia Cakan and Esen Kemer

G
∗
Γh

ji
= Ãm

j Ãs
i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms

+Ãm
j Ãs

i
Ah

k
CΓ

k

ms
+Ãm

j Ãs
i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms

+Ah
kÃk

ji
+ Ah

k
Ãk

ji

= 0

G
∗
Γh

ji
= Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms

+Ãm
j

Ãs
i A

h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h

k

CΓk
ms+Ãm

j
Ãs

i A
h
k

CΓk
ms

+Ah
kÃk

ji
+ Ah

k
Ãk

ji

= 0

GΓh
ji

= Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms

+Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms + Ãm
j Ãs

i
Ah

k
CΓk

ms

+Ah
kÃk

ji
+ Ah

k
Ãk

ji

= δm
j gsighkΓk

ms + ghk∂jg
ki

= gsi 1
2 (∂jgsh + ∂sghj − ∂hgjs)− gki∂jghk

= 1
2gsi (−∂jgsh − ∂hgjs + ∂sghj)

= − 1
2gsi (∂jgsh + ∂hgjs − ∂sghj)

= −Γi
jh

G
∗
Γh

ji
= Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms

+Ãm
j

Ãs
i A

h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms + Ãm

j
Ãs

i A
h
k

CΓk
ms

+Ah
kÃk

ji
+ Ah

k
Ãk

ji

= gmjδs
i ghkΓk

ms + ghk∂ig
kj

= gmjghkΓk
mi − gkj∂ighk

= gkjghmΓm
ki − gkj∂ighk

= gkj 1
2 (∂kghi + ∂ighk − ∂hgki)− gkj∂ighk

= − 1
2gkj (∂hgki + ∂ighk − ∂kghi)

= −Γj
hi

G
∗
Γh

ji
= Ãm

j
Ãs

i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms

+Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms

+Ah
kÃk

ji
+ Ah

k
Ãk

ji

= 0
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G
∗
Γh

ji
= Ãm

j
Ãs

i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms

+Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms + Ãm
j

Ãs
i
Ah

k
CΓk

ms

+Ah
kÃk

ji
+ Ah

k
Ãk

ji

= 0

G
∗
Γh

ji = Ãm
j Ãs

i A
h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms

+Ãm
j Ãs

i A
h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms + Ãm

j Ãs
i A

h
k

CΓk
ms

+Ah
kÃk

ji + Ah
k
Ãk

ji

= δm
j δs

i y
t∂kgthΓk

ms + δm
j δs

i ghkyt∂tΓk
ms + pt∂jg

mtδs
i ghkΓk

ms

+δm
j pt∂ig

stghkΓk
ms + ghkpt∂

2
jig

tk

= yt (∂kgth) Γk
ji + ghkyt∂tΓk

ji + pt∂jg
mtghkΓk

mi + pt∂ig
stghkΓk

js

+ghkpt∂
2
jig

tk

= yt (∂kgth) Γk
ji + ghkyt∂tΓk

ji + pt (∂jg
mt) ghkΓk

mi + pt (∂ig
st) ghkΓk

js

−pt (∂jΓt
ih)− ghkptΓt

is∂jg
sk − ghkpt

(
∂jΓk

is

)
gts − ghkptΓk

is∂jg
ts

= −pt (∂jΓt
ih) + yt (∂kgth) Γk

ji + ghkyt∂tΓk
ji + pt (∂ig

st) ghkΓk
js

−ghkptΓt
is∂jg

sk − ghkpt

(
∂jΓk

is

)
gts

= −pt (∂jΓt
ih) + yt (∂kgth) Γk

ji + ghkyt∂tΓk
ji − ghkpt

(
∂jΓk

is

)
gts

+pt (∂ig
st) ghkΓk

js − ghkptΓt
is

(
∂jg

sk
)

= −pt (∂jΓt
ih) + yt (∂kgth) Γk

ji + ghk

(
gtsps∂tΓk

ji − ptg
ts∂jΓk

is

)
+pt (−Γs

imgmt − Γt
imgsm) ghkΓk

js − ghkptΓt
is

(−Γs
jmgmk − Γk

jmgms
)

= −pt (∂jΓt
ih) + yt (∂kgth) Γk

ji + ghkgtsps

(
∂tΓk

ji − ∂jΓk
it

)
−ghkps

(
Γt

imΓk
jtg

ms + Γs
imΓk

jtg
tm

)
+ ghkps

(
Γs

itΓ
t
jmgmk + Γs

itΓ
k
jmgmt

)
= −pt (∂jΓt

ih) + gtsps (Γm
ktgmh + Γm

khgtm) Γk
ji + ghkgtsps

(
∂tΓk

ji − ∂jΓk
it

)
−ghkps

(
Γt

imΓk
jtg

ms + Γs
imΓk

jtg
tm

)
+ ghkps

(
Γs

itΓ
t
jmgmk + Γs

itΓ
k
jmgmt

)
= −pt (∂jΓt

ih) + psΓs
hkΓk

ji + gtsgmhpsΓm
ktΓ

k
ji + ghkgtsps

(
∂tΓk

ji − ∂jΓk
it

)
−ghkps

(
Γt

imΓk
jtg

ms + Γs
imΓk

jtg
tm

)
+ ghkps

(
Γs

itΓ
t
jmgmk + Γs

itΓ
k
jmgmt

)
+ptR

t
hij − ptR

t
hij

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
+ghkgtsps

(
∂tΓk

ji − ∂jΓk
it

)

−ptR
t
hij − ghkgmspsΓt

imΓk
jt − ghkgmtpsΓs

imΓk
jt

+ghkgmtpsΓs
itΓ

t
jm + gmhgtspsΓm

ktΓ
k
ji

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
− ptR

t
hij + ghkgmsps

(
Γk

mtΓ
t
ji − Γt

imΓk
jt

)

+ghkgmtps

(
Γs

itΓ
k
jm − Γs

imΓk
jt

)
+ ghkgmsps∂mΓk

ji − ghkgmsps∂jΓk
im
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= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
− ptR

t
hij

+ghkgmsps

(
∂mΓk

ji − ∂jΓk
im + Γk

mtΓt
ji − Γt

imΓk
jt

)
+ghkgmtps

(
Γs

itΓ
k
jm − Γs

imΓk
jt

)

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
− ptR

t
hij + psR

s
hji

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
− ytgtsR

s
hij + ytgtsR

s
jih

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
+ yt(−Rhijt + Rtjih)

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
+ (−Rhijt + Rihtj)

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)
+ (−Rhijt + Rhijt)

= ps

(
∂hΓs

ij − ∂iΓs
jh − ∂jΓs

ih + 2Γs
hkΓk

ij

)

We have seen that the components of the complete liftC
∗
∇ to the cotangent bundleT ∗M

are given in the form(2.4) according to the induced coordinates inT ∗M . So we obtain

G
∗
∇ = C

∗
∇.

¤

3. THE G-LIFT OF CURVATURE TENSOR

Let R be a curvature tensor of∇ affine connection onM manifold. The components
Rh

kji of R are given by

Rh
kji = ∂kΓh

ji − ∂jΓh
ki + Γh

ktΓ
t
ji − Γh

jtΓ
t
ki .

There exists a complete lift of curvature tensorCR in TM which satisfies

CR
(

CX, CY
)

CZ = C (R (X,Y )Z)

for anyX,Y, Z ∈ =1
0 (M).

Let CRM
TSN be components ofCR according to the induced coordinates

(
xh, yh

)
in

TM . The components of theCR are given by

CRm
tsn = Rm

tsn, CRm
tsn = ys∂sR

m
tsn, (3. 6)

CRm
tsn = Rm

tsn, CRm
tsn = Rm

tsn, CRm
tsn = Rm

tsn

according to the induced coordinates
(
xh, yh

)
in TM . And the other components are zero.

Let C
∗
R M

TSN be components ofC
∗
R according to the induced coordinates

(
xh, ph

)
in

T ∗M . According to the induced coordinates
(
xh, ph

)
in T ∗M , the components of theC

∗
R

are given by
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C
∗
R m

tsn = Rm
tsn,

C
∗
R m

tsn = pa(∇mRa
tsn −∇nRa

tsm

+Γa
mbR

b
tsn + Γa

tbR
b
nms + Γa

sbR
b
mnt + Γa

nbR
b
tsm)

C
∗
R m

tsn = −Rn
tsm, C

∗
R m

tsn = −Rs
tmn, C

∗
R m

tsn
= −Rt

msn

(3. 7)

where∇∂m
= ∇m. And the other components are zero [15].

Theorem 3.1. LetM be an−dimensional pseudo Riemannian manifold with pseudo Rie-

mannian metricg. Let CR and C
∗
R be complete lifts ofR curvature tensor toTM and

T ∗M , respectively. Then the differential ofCR by g[, i.e. ag−lift G
∗
R in the cotangent

bundleT ∗M , coincides with the complete liftC
∗
R if ∇ is a Riemannian connection which

is a metric connection with vanishing torsion.

Proof. Using(1.1) , (1.2) and(3.6) the components ofG
∗
R are obtained from equation

g[ C
∗ R =

(
G
∗
R H

KJI

)
=

(
ÃH

M AT
K AS

J AN
I

CR M
TSN

)

whereH, I, ... = 1, ..., 2n:

G
∗
R h

kji = Ãh
mAt

k As
jA

n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn

+Ãh
mAt

k As
jA

n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn

+Ãh
mAt

k As
jA

n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn

+Ãh
mAt

k As
jA

n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn

+Ãh
mAt

k As
jA

n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn

+Ãh
mAt

k As
jA

n
i

CRm
tsn

= δh
mδt

kδs
j δ

n
i Rm

tsn

= Rh
kji

G
∗
R h

kji
= Ãh

mAt
k As

jA
n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i
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mAt
k As

jA
n
i

CRm
tsn

+Ãh
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mAt
k As

jA
n
i

CRm
tsn + Ãh

mAt
k As

jA
n
i

CRm
tsn

+Ãh
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mAt
k As

jA
n
i

CRm
tsn

+Ãh
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+Ãh
mAt

k
As

jA
n
i

CRm
tsn + Ãh
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mAt
k

As
jA

n
i

CRm
tsn

+Ãh
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mAt

k
As

j
An

i
CRm

tsn

+Ãh
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G
∗
R h

kji
= 0, G

∗
R h

kji
= 0, G

∗
R h

kji
= 0, G

∗
R h

kji
= 0,

G
∗
R h

kji
= 0, G

∗
R h

kji
= 0, G

∗
R h

kji
= 0 .

We have seen that the components of the complete liftC
∗
R to the cotangent bundleT ∗M

is given in the form(3.7) according to the induced coordinates inT ∗M . So we obtain

G
∗
R = C

∗
R.

¤

4. CONCLUSION

In this paper, we have studied the g-lift of affine connection and curvature tensor in the

T ∗M cotangent bundle. Obtained theg−lift G
∗
∇ and compared with the complete liftC

∗
∇

in theT ∗M cotangent bundle. Obtained theg−lift G
∗
R and compared with the complete

lift C
∗
R in theT ∗M cotangent bundle. It was seen that theg−lifts G

∗
∇ and G

∗
R coincide

with the complete liftsC
∗
∇ andC

∗
R, respectively, if∇ is a Riemannian connection.
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