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Abstract. We consider a class of autonomous planar polynomial differ-
ential systems on the plane, we provide sufficient conditions for the exis-
tence of hyperbolic non algebraic limit cycle. Additionally, limit cycle is
explicitly given in polar coordinates.
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1. INTRODUCTION

An important problem in the qualitative theory of differential equations [5] is to deter-
mine the limit cycles and its number of a polynomial differential systems of the form:

{
x′ = dx

dt = F (x, y)
y′ = dy

dt = G(x, y)
, (1. 1)

whereF andG are real polynomial in the variablesx andy. We define the degree of system
(1.1) by p = max {deg(F ), deg(G)}.

The idea of limit cycles appeared in the works of the mathematician Henri Poincaré
([14],[15]), the statement of the Sixteen Hilbert’s problem [9], and the discovery by Liénard
[12]. A limit cycle of a planar vector field given by ( 1. 1 ) is an isolated periodic trajectory
(isolated compact leaf of the corresponding foliation). In other words, a periodic trajectory
of a vector field is a limit cycles, if it has annular neighbourhood free from other periodic
trajectories, what’s more, it is said to be algebraic [11] if it is contained in the zero level set
of a polynomial function, see for example [4], [7], [10]. Generally, the orbits of a system (
1. 1 ) comprised in analytical curve which are non algebraic, see for example [3], [2], [6].
To recognize when a limit cycle is algebraic or not, usually, it is not always easy. Thus, the
well-known limit cycle of the van der Pol differential system displayed in1926 (see [16])
was not demonstrated until 1995 by Odani [13] that it was non-algebraic. The Van der Pol
differential system can be formulated as a systems ( 1. 1 ) as is a degree three, but its limit
cycle isn’t known explicitly. The initial models were explicit non algebraic limit cycles
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appeared are those of A.Gasull, Giacomini and Torregrosa [6] and J.Giné and M.Grau [8],
Al-Dossary [1] forp = 5.

In this work, we are concerned in studying the integrability and the limit cycles of a
multi-parameter polynomial differential system

{
x′ = x

(−h + x4 + y4
) (

ax2 + ay2 − 4bxy
)− (

x2 + y2
) (−x + 4x2y3 + 4y5

)
y′ = y

(−h + x4 + y4
) (

ax2 + ay2 − 4bxy
)

+
(
x2 + y2

) (
y + 4x3y2 + 4x5

) .

(1. 2)
wherea, b, h are real constants. We demonstrate the existence of a non-algebraic limit cy-
cle. Additionally this limit cycle is expressly given in polar coordinates. Concrete example
exhibiting the applicability of our result are introduced.

We define the trigonometric functions

ϕ(ξ) =
3a + 4 sin 4ξ + a cos 4ξ − 5b sin 2ξ − b sin 6ξ

cos 4ξ + 3
. (1. 3)

φ(ξ) =
(4− 4ah + 8bh sin 2ξ)

cos 4ξ + 3
. (1. 4)

2. MAIN RESULT

We prove the following result.

Theorem 1. Consider a multi-parameter polynomial differential system ( 1. 2 )
Then the following statements hold
1) The system ( 1. 2 ) is Darboux integrable with the Liouvillan first integral

L(x, y) =
(
x2 + y2

)2
exp

(
−

∫ arctan y
x

0

ϕ(ξ)dξ

)
−

(∫ arctan y
x

0

φ(ξ) exp

(
−

∫ ξ

0

ϕ(w)dw

)
dξ

)
.

2) If 3a + 4 + |a|+ 6 |b| < 0 and4− 4ah− 8 |bh| > 0, then the system ( 1. 2 ) has limit
cycle which non algebraic explicitly presented in polar coordinates(τ, θ) by:

τ(θ, τ∗) =

(
exp

(∫ θ

0

ϕ(ξ)dξ

)(
τ4
∗ +

∫ θ

0

φ(ξ) exp

(
−

∫ ξ

0

ϕ(w)dw

)
dξ

)) 1
4

,

(2. 5)
where

τ∗ =




∫ 2π

0
φ(ξ) exp

(
− ∫ ξ

0
ϕ(w)dw

)
dξ

exp
(
− ∫ 2π

0
ϕ(ξ)dξ

)
− 1




1
4

.

Additionally, this limit cycle is unstable hyperbolic limit cycle.

Proof. Firstly we have

y′x− x′y =
(
(2x)2 + (2y)2

) (
x2y2(x2 + y2) + x6 + y6

)
,
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hence the pointO(0, 0) is the unique critical point of the differential system ( 1. 2 ) at finite
distance.

1) To demonstrate our results we write the differential system ( 1. 2 ) in polar coordinates
(τ, θ), defined byx = τ cos θ, y = τ sin θ, then the differential system ( 1. 2 ) becomes.
{

τ ′ = 1
4τ3

(
4− 4ha + 8bh sin 2θ + (4 sin 4θ + 3a + a cos 4θ − 5b sin 2θ − b sin 6θ) τ4

)
,

θ′ = τ6 (cos 4θ + 3) .
(2. 6)

We take an independent variable the coordinateθ, then the differential system ( 2. 6 )
becomes

dτ

dθ
=

(4 sin 4θ + 3a + a cos 4θ − 5b sin 2θ − b sin 6θ)
4 (cos 4θ + 3)

τ +
4− 4ha + 8bh sin 2θ

4 (cos 4θ + 3)
1
τ3

,

(2. 7)
that is a Bernoulli equation. By changing variablesρ = τ4 we get the linear equation

dρ

dθ
=

4 sin 4θ + 3a + a cos 4θ − 5b sin 2θ − b sin 6θ

cos 4θ + 3
ρ +

4− 4ha + 8bh sin 2θ

cos 4θ + 3
, (2. 8)

the general solution of linear differential equation ( 2. 8 ) is

ρ(θ) = exp

(∫ θ

0

ϕ(ξ)ds

)(
k +

∫ θ

0

φ(ξ) exp

(
−

∫ ξ

0

ϕ(w)dw

)
dξ

)
, (2. 9)

whereϕ, φ two trigonometric functions defined in ( 1. 3 ) and ( 1. 4 ) respectively.
Then

τ(θ) =


exp

(∫ θ

0

ϕ(ξ)dξ

) 
k +

∫ θ

0

φ(ξ)dξ

exp
(∫ ξ

0
ϕ(w)dw

)






1
4

, (2. 10)

wherek ∈ R, from these solution we can obtain a first integral in the variables(x, y)
of the form

L(x, y) =
(
x2 + y2

)2
exp

(
−

∫ arctan y
x

0

ϕ(ξ)dξ

)
−

(∫ arctan y
x

0

φ(ξ)dξ

exp
(∫ s

0
ϕ(w)dw

)
)

.

For the reason that this first integral is a function that can be expressed by quadratures
of elementary functions, it is a Liouvillian function, and accordingly system 1. 2 ) is
Darbouxt integrable.

The curveL = l with l ∈ R, which are shaped by trajectories of the differential system
( 1. 2 ), in Cartesian coordinates are formulated as

(
x2 + y2

)2
= exp

(∫ arctan y
x

0

ϕ(ξ)dξ

)(∫ arctan y
x

0

ϕ(ξ)dξ

exp
(∫ s

0
ϕ(w)dw

)
)

+l exp

(∫ arctan y
x

0

ϕ(ξ)dξ

)
.

Hence, statement (1) is proved.
2- We note that the system ( 2. 6 ) has a periodic orbit if and only if equation ( 2. 7 ) has

a strictly positive2π periodic solution. This, moreover, is equivalent to the existence of a
solution of ( 2. 7 ) that satisfiesτ(0, τ∗) = τ(2π, τ∗) andτ(θ, τ∗) > 0 for anyθ ∈ [0, 2π] .
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It is anything but difficult to watch that the solutionτ(0, τ0) = τ0 is

τ(θ, τ0) =

(
exp

(∫ θ

0

ϕ(ξ)dξ

) (
τ4
0 +

∫ θ

0

φ(ξ) exp

(
−

∫ ξ

0

ϕ(w)dw

)
dξ

)) 1
4

,

(2. 11)
whereτ0(0) = τ0 > 0. A periodic solution of system ( 2. 6 ) must satisfy the condition

τ(2π, τ0) = τ(0, τ0), which leads to a single valueτ0 = τ∗ given by

τ∗ =




∫ 2π

0
φ(ξ) exp

(
− ∫ ξ

0
ϕ(w)dw

)
dξ

exp
(
− ∫ 2π

0
ϕ(ξ)dξ

)
− 1




1
4

> 0, (2. 12)

because3a + 4 + |a|+ 6 |b| < 0, 4− 4ah− 8 |bh| > 0 we have

ϕ(ξ) =
3a + 4 sin 4ξ + a cos 4ξ − 5b sin 2ξ − b sin 6ξ

cos 4ξ + 3
< 0,

and

φ(ξ) =
(4− 4ah + 8bh sin 2ξ)

cos 4ξ + 3
> 0,

for all ξ ∈ R, hence1− exp
(
− ∫ 2π

0
ϕ(ξ)dξ

)
< 0 andφ(ξ) exp

(
− ∫ ξ

0
ϕ(w)dw

)
> 0.

After the substitution of the valueτ∗ in ( 2. 11 ), we obtain

τ(θ, τ∗) =







∫ 2π

0
φ(ξ) exp

(
− ∫ ξ

0
ϕ(w)dw

)
dξ

exp
(
− ∫ 2π

0
ϕ(ξ)dξ

)
− 1


 +

∫ θ

0

φ(ξ)

exp
(∫ ξ

0
ϕ(w)dw

)dξ




1
4

×
(

exp

(∫ θ

0

ϕ(ξ)dξ

)) 1
4

.

We haveτ(θ, τ∗) > 0, for all θ ∈ [0, 2π] , because3a + 4 + |a|+ 6 |b| < 0, 4− 4ah−
8 |bh| > 0 hence

∫ 2π

0
−φ(ξ) exp

(
− ∫ ξ

0
ϕ(w)dw

)
dξ

1− exp
(
− ∫ 2π

0
ϕ(ξ)dξ

) > 0 andφ(ξ) > 0 for all ξ ∈ R.

More precisely, in Cartesian coordinatesτ4(θ, τ∗) = (x2 + y2)2 andθ = arctan
(

x
y

)
,

the curve equation determined by this limit cycle it is as follows

u(x, y) = (x2+y2)2−exp

(∫ arctan x
y

0

ϕ(ξ)dξ

)(
r4
∗ +

∫ arctan x
y

0

φ(ξ) exp

(
−

∫ ξ

0

ϕ(w)dw

)
dξ

)
= 0.



Non algebraic limit cycles for family of autonomous polynomial planar differential systems 61

But there is no integern for which both∂(n)f
∂xn (x, y) and ∂(n)f

∂yn (x, y) vanish identically.

To be convinced by this fact, one has to compute for example∂u
∂x (x, y), that is

∂u

∂x
(x, y) =

yϕ(arctan x
y ) exp

(∫ arctan x
y

0 ϕ(ξ)dξ
)

x2 + y2

(
τ4
∗ +

∫ arctan x
y

0

φ(ξ) exp

(
−

∫ ξ

0

ϕ(w)dw

)
dξ

)

+exp

(∫ arctan x
y

0

ϕ(ξ)dξ

) (
yφ(arctan x

y )

x2 + y2
exp

(
−

∫ arctan x
y

0

ϕ(w)dw

))
+ 4x(x2 + y2).

The expression

exp

(∫ arctan x
y

0

ϕ(ξ)dξ

)(
τ4
∗ +

∫ arctan x
y

0

φ(ξ) exp

(
−

∫ ξ

0

ϕ(w)dw

)
dξ

)
,

already exists inu(x, y) and still reappears when partial derivatives of arbitrary order
are performed, which means thatu(x, y) is not a polynomial and that this limit cycle are
non algebraic.

So as to demonstrate the hyperbolicity of the limit cycle notice that the Poincaré return
mapτ0 →

∏
(2π, τ0) = r(2π, τ0), for more details see ([5] ). We compute

d
Q

dτ0
(2π, τ0)

∣∣∣
τ0=τ∗

= exp
(∫ 2π

0
ϕ(ξ)dξ

)
< 1,

because
∫ 2π

0
ϕ(ξ)dξ < 0 for all ξ in [0, 2π] .

Accordingly the limit cycle of the Bernoulli equation ( 2. 7 ) is stable and hyperbolic, for
more details see ([5]). This finishes the confirmation of articulation (2) of theorem (1).¤

3. EXAMPLES

Example 1. If we takea = −6 andh = b = 1, then system ( 1. 2 ) reads
{

x′ = x
(−1 + x4 + y4

) (−6x2 − 6y2 − 4xy
)− (

x2 + y2
) (−x + 4x2y3 + 4y5

)
,

y′ = y
(−1 + x4 + y4

) (−6x2 − 6y2 − 4xy
)

+
(
x2 + y2

) (
y + 4x3y2 + 4x5

)
.

(3. 13)
The system ( 3. 13 ) possess a limit cycle which non algebraic whose articulation in

polar coordinates is(τ, θ)

τ(θ, τ∗) =

(
τ4
∗ +

∫ θ

0

28 + 8 sin 2ξ

cos 4ξ + 3
exp

(
−

∫ s

0

−18 + 4 sin 4w − 6 cos 4w − 5 sin 2w − sin 6w

cos 4w + 3
dw

)
dξ

) 1
4

× exp

(
1
4

∫ θ

0

−18 + 4 sin 4ξ − 6 cos 4ξ − 5 sin 2ξ − sin 6ξ

cos 4ξ + 3
dξ

)
,

whereθ ∈ R, what’s more the intersection of the limit cycle with the horizontal axis is

τ∗ =




∫ 2π

0
− 28+8 sin 2ξ

cos 4ξ+3 exp
(
− ∫ ξ

0
−18+4 sin 4w−6 cos 4w−5 sin 2w−sin 6w

cos 4w+3 dw
)

dξ

1− exp
(
− ∫ 2π

0
−18+4 sin 4ξ−6 cos 4ξ−5 sin 2ξ−sin 6ξ

cos 4ξ+3 dξ
)




1
4

' 2.14484.
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FIGURE 1. The phase portrait in the Poincar disc of the system (3. 13 )

Example 2. If we takea = −4, b = 0 andh = 1, then system ( 1. 2 ) reads

{
x′ = x

(−1 + x4 + y4
) (−4x2 − 4y2

)− (
x2 + y2

) (−x + 4x2y3 + 4y5
)
,

y′ = y
(−1 + x4 + y4

) (−4x2 − 4y2
)

+
(
x2 + y2

) (
y + 4x3y2 + 4x5

)
.

(3. 14)

FIGURE 2. The phase portrait in the Poincar disc of the system (3. 14 )

The system ( 3. 14 ) possess a limit cycle which non algebraic whose articulation in polar
coordinates is(τ, θ)

τ(θ, τ∗) =

(
τ4
∗ +

∫ θ

0

20
cos 4ξ + 3

exp

(
−

∫ ξ

0

−12 + 4 sin 4w − 4 cos 4w

cos 4w + 3
dw

)
dξ

) 1
4

× exp

(
1
4

∫ θ

0

−12 + 4 sin 4ξ − 4 cos 4ξ

cos 4ξ + 3
dξ

)
,

whereθ ∈ R, what’s more the intersection of the limit cycle with the horizontal axis is

τ∗ =




∫ 2π

0
− 20

cos 4ξ+3 exp
(
− ∫ ξ

0
−12+4 sin 4w−4 cos 4w

cos 4w+3 dw
)

dξ

1− exp
(
− ∫ 2π

0
−12+4 sin 4ξ−4 cos 4s

cos 4ξ+3 dξ
)




1
4

' 1.99214.
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