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1. INTRODUCTION

Inequalities and theory of convex functions have a great dependency on each other. This
relationship is the main sanity behind the vast literature published using convex functions.
The following double inequality holds:

a+ i 1 A w(a) +w(B)
w( 5 >§ﬁ_a/aw(t)dt§ 5 , 1.1)
for convex functionsv : J C R — R, know as the Hermite-Hadamard inequality. The
inequality ( 1. 1) holds in reverse directionduifis a concave function. A number of the
papers have been written on this inequality providing new proofs, noteworthy extensions,
generalizations and numerous applications and the references cited therein [5]-[8], [10]-
[13], [15]-[22], [25]-[31] and [36].

Recently, several authors have worked on the generalization of classical inequalities
through different mathematical approaches. One of the most popular and useful way is the
use ofs-convex functions. Dragomir et al. [9] derived Hermite-Hadamard type inequali-
ties by s-convex function in second sense. Xi et al. [33] considered a new extension and
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produced Hermite-Hadamard inequalities with the helpsofn)-convex functions. Jiang
et al. [35] proved generalization of Hermite-Hadamard integral inequalities for a class of
n-times differentiable functions viés, m)-convex functions in second sense. Latif et al.
studied Hermite-Hadamard type integral inequalitysietimes differentiable functions-
logarithmically and ¢, m)-logarithmically convex functions for more detail see, [23, 24].
Zafar et al. [38] and Zhang et al. [34] made significant contributions and have produced
some Hermite-Hadamard types inequalities farm)-geometrically and--geometrically
convex functions. The role of fractional integral can be found as one of the best ways to
generalize the classical inequalities. Al-Mdallal et al. [3] proposed algorithm is a spec-
tral Galerkin method based on fractional-order Legendre functions. For more information
about fractional integral and fractional differentiable equation see [1, 2, 4, 32].

In this papers, we have established some new Hermite - Hadamard type inequalities
for n-times differentiables-logarithmically convex functions. We have divided the paper
in three main sections. This section is for the literature review. In the second section,
we dicuss some relevant definitions from the available literature. In the third section, we
have given the proofs of our main results and as a consequence we have concluded some
well-known inequalities for such type of the functions.

2. PRELIMINARIES

Many mathematicians are trying to generalize the classical convexity in a number of
ways defined by: A functiow : J — R is called convex on, if

wlta + (1 - 1)8) < tw(a) + (1 - hw(B), 2.2)

holds forw, 5 € J and0 < t < 1. The inequality(2.2) holds in reverse direction if is
a concave function. Hudzik et al. [14] defined the class of functions knowr-asnvex
functions in the second sense as:

Definition 2.1. A functionw : [0, 00) — R is said to bes-convex in the second sense if
wita+ (1-1)8) < tPw(a) + (1 —t)*w(B), 2. 3)
holds fora, 8 € [0,00),0 <t < 1land0 < s < 1.

Definition 2.2. [37] A functionw : J C R — (0, 00) is said to be logarithmically convex
onJ, if

w(ta+ (1 =1)p) < [w(@)) [w(@)', 2.4
holds fora, 8 € J and0 < ¢ < 1. If the inequality(2.4) holds in reverse order, then is
called logarithmically concave o

In [37], Xi et al. defined the cocept af-logarithmically convex functions and derived
some Hermite-Hadamard type integral inequalities for such type of functions.

Definition 2.3. [37] A positive functionw : J C R — (0, 00) defined as:
w(ta+ (1 -1)B) < [w(@)] w(@)]" "
is calleds—logarithmically convex oy for o, S € J,0 <t <1 and0 < s < 1.

It may be noted that fog = 1 Definition 2.3, reduces to Definition 2.2.
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3. MAIN RESULTS
The following Lemma is useful to establish our main results.
Lemma 3.1. [38] Letw be a real valuedu-times differentiable function ofa, 3) such that

w™(z) is absolutely continuous duy, 3]; let v(2) : [a, 8] — [a, 8] and¢(2) : [a, B] —
[, B] be such that)(z) < z < ¢(z), , then

”+1/ K (2, )™ A+ (1 = X\)B)dA
nq ) (3.5)
- / w(t)dt = Y- — [Ru(2™ V() + Sn(2)] V2 € [0, 8],

provided that kernekK, : [«, 3] x [0,1] — R is defined by

O3 ae [o B }
Kn(2,\) i= S S
VT R e (52 ]
Moreover,
R (2) = (¢(2) = 2)™ + (=1)" "1z = (=)™,
Sm(2) = (¥(2) = a)"w™V(a) + (1)1 (B = ¢(2)) "™V ().

Theorem 3.2. Letw : J C [0,00) — (0, 0) be ann—times differentiable function o’
and integrable orja, 3] for o, § € J andn € N; If |w(™)|? is s-logarithmically convex on
[a, B] for0 < s < 1landg > 1, then

/ﬁw(t)dt B i % {Rm(z)w(m_l)(z) i Sm(z)}‘
a -1

D (s, 0137, (=), 6(2)),

<

(B—a)" (n+
(n+1)!

provided that:M,, (s, ¢, n39, (), ¢(2))

W™ (B)]* G (n39, q, (), (2)), it 0 < [w™(a),l™ (@) <1,
o™ @) W™ (B)] G, g0 (2), (), i 1< W™ (@), w™(B)],
T ™ 8)] Gunzt, 4, (=), 6(2), it 0<w™(@) <1< ™),
|0 (@)™ W™ (B)]* G (n3?, ¢, 10(2), 6(2)), i 0 < [w™(B)] <1< |w™(a)
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Gn(nfﬂq?qad)(z)ﬂgb(z))

(B = ()" + (6(2) = 2)™F + (2 = ()" + ((2) — a)" 1)
B—o(

" (11(77)* (1 oy (o 1 g5 L)))

o +ni7q% Z’H—l <( 1™ 1<¢; )az>'f? mt1 (- 1)2nL+1(zﬁw£¥))n m+1)

1 (n—mA D (D™

e.qﬁ

—(z) q
— (¥R«
+ﬁil(nsw (n' + ( 1)n+1’7 (n + 1, lnnf;q ( B—a )>) ) 5 fOI’ 0< 'I’]fl’q <1

(=N +(6(2)=2) P+ () W)™ for mEd =1
((n+1)(B—a)t1)a
)

where, R (z) and Sy, (z) are defined as in Lemma 3.1 and the lower incomplete gamma
function is defined as:

5 ") (a)
T,z)= t* te7tat; Sl = ’w
Proof. Taking the absolute value on both sides of the equat®®). Applications of

Holder inequality andw(™ |7 as ans-logarithmically convex orjc, 3] yield the follow-
ing inequalities:

5q

1
q

/ | Ky (2, ) [w™ (A + (1= N3 |de>

< (8- o)t (/11(”(“ |d/\) (/ 1K (2, \)] ‘ (n)( ‘AS ‘w(”)(ﬁ) S d/\);,
0

provided that:

1 _ (B9 4 (6() — 2 (2 = Y 4 () — o)
), Ve = (B— ) i(n+ 1) '

(3. 6)

6(2)

S,q —¢(2)

= / ‘K z, )\ |nS qu)\— (17(7’”(19(1)“ (TL'( )n—i—l —i—’)/ (n—l— 1 lnnsqﬁﬁfa ))
nmy ", )"

m— Z)—=z n—m+l m z—(z)\n—m+1
w (ot () P ()

B—a
s qﬁ o
i Z (n—m+ )!n(pyh)™

m=1

B—(2)

77751-,11 B—a | nal s 7(74;(2)—@)
I (!4 (—1 L,Inps? "o )
Ty (”” e

(3.7)



Some Hermite-Hadamard type integral inequalitiessfdmgarithmically convex functions

69

K, (z,)\)isdefined asinLemma3.1. Let< ( <1 <v,0<t<1land0 < s <1.Then
U< ¢t oand Wb < pttlos, (3. 8)

Case 1.Consider) < |w™(a)], |w™(B)| < 1, then from(3.7) — (3.8), we have

/a Bw(t)dt - zn: % [Rm(z)le)(z) + sm(z)}‘

m=1
1 Y q(1-X)*
< [ Kz @ @) ax
0
1 n sgA n sq(1—X) 3.9
< / KM [ ()] [ ) (3.9)

= o) / (e iy
=[] Gulnit 0.0, 0(2)).

Case 2.Consider,l < |w(™(a)],|w™(B)|, then from(3.7) — (3.8), we have

/ Nttt = 3" L [Ra(e o) + Sm<z>}‘

! ax°® q(1-2)°
< [ 1Kz @) o™ () dA
0
1
< [ 1] @)
0

‘q(lfs)

(sA+1—s) (s(1=X\)+1—s)
a a N (3. 10)

W' )(ﬁ

1
~ @) [ ()" / K (2 )7
0

q(1—s)

SO Gl a.6(2).0(2).

:‘w()a

Case 3.Consider) < |w™(a)] < 1 < |w™(B)], then from(3.7) — (3.8), we have

/a 5w(t)dt - f: % [Rm(z)w(m_l)(z) + sm(z)}‘

! qr’® q(1=2)°

< [ 1Ea o @[ o) ay
0

s\ w(n) ) q(s(1=X)+1—s) I\ (3 11)

< [ 1Kae N o

1
q ,
= @@ [ 1K A
0

_ ‘w(”)(ﬁ)‘an(nZ’q,q,¢(Z)7¢(Z))-
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Case 4.Consider) < |w™ ()| < 1 < |w™ ()|, then from(3.7) — (3.8), we have
B 1 _
OSSR R sm<z>}‘

e (1-2)*
/|K 2 ) a ‘ ‘d’”(ﬁ)}q X

q(sA+1—s)

e

sq(1—X)
N o) )] [V @12)
)

(1-s)
= ‘w(")(a)‘q w

s 1
" [ 1t 0l
0

= @) | B)[ " Gulni . . 012, 0(2).

A combination of inequalitie$3.9) — (3.12), yields the desired result. O

Corollary 3.3. Let the conditions of Theorem 3.2 be satisfiedsfer 1, then the following
inequality holds

B n 1
/ witydt =y — [Rm(z)le)(z) n Sm(z)]‘
o m=1
< (ﬂ_a()nlinlﬂ)qM (Lg,ny9,¥(2), ¢(2)),
provided that:M,, (1, ¢, n3%,4¢(z), ¢(2))
W™ (B)] Gy q,9(2),6(2)), i 0<|w™(a)], w™(B) <1,
W™ (B)|? G, q,%(2),6(2)), i 1< |w™(a)],0™(B)],
|w™ (8 )\qG (39, 0,0(2),0(2)), if 0<|w™(a)] <1< |w™(B)],
W (B)|" Gz, q.¥(2), 6(2)), if 0<]w™(B)]<1<|w™ (),

Corollary 3.4. Let the conditions of Theorem 3.2 be satisfiedifoz) = 7z + (1 — 7«
and¢(z) = 7z + (1 — 7) 8, then the following inequality holds

+r" ((z —a)"w™ D(a) 4+ (-1)" (8 z)mw((m)_l)(ﬁ)) } ‘
ntl 1
T M),

provided that:M,, (s, q, 759, 2, T)

W™ ()" G(ng?, g, 2,7), it 0< w™(a)],lw™(B)] < 1
@@ e @) Gy g,z ), 1< W™ (@) w™ (@),

W™ (B)]* G039, 4,2,7), it 0<w™(a) <1< w™(3)

™ (@) "7 W™ (8)| Cu(ny, g, 2,7), 0 < [w™M(B)] < 1 < 0™ ()]
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Gn (772’(17 Q7 Z, f)

((77”"1‘1 + (1 _ 7:7L+1)) ((/6 _ Z>n+1 + (Z _ a)n_;’_l))l
F(B=z)
x (W (n!(*l)nﬂ +’Y(n+ 1,Inn39 o= )) +nS =

n—m-+1 n—m+1
XZM( G ) T o il G o) )

(n—m+1)!'n(ny )™

T(z—a)

nw(l* B—a F(z—a)

i (nt+ 0oty (o4 e 55 ))> o for D<ot <1
(7 (=) ((B=2)" T+ (z—a)" )

((71+1)(ﬁ—o¢)”L+1) a

; for ny?=1.

Corollary 3.5. Letthe conditions of Corollary 3.4 for = 1 be satisfied, then the following
inequality holds

L e ) #((2 — a)w(a) + (8 — 2)w(8))

/Bia/a w(B)dt — (1 — Fw(z) + s
21
S %Ml(ni’(;{?qa‘z?F)a
27 g
provided that:M; (n)"?, ¢, z, 7)

W B G g 2,7, it 0<|w () (8) <1,

’ (75) . ’ /

@ e @) @, 1< W @ B))

W B)| i, g, 2 7), if 0<w(a)<1<w(B)
S @@ g s, i 0< W (B <1< W (@)

s Fﬁ a ( q—7 5 s, F(B—z)

%(14_”” (lnnq (ﬁﬁ )_1+nq[3a))
s 5t (=) (5= Z) _ (=N(z—a) _ 2

= 1 kil (( —a)Inny™  (B—a) Inny” ln(nf’q)"’)

(1_7“(27@)

Q=

(7+01-72) ((8-2)2+(z-0)?)

(2(8-a)2) @

) for ny?=1.

—a (B=z) 7?(27(1)
_;’_771(%2)(1_;'_ S, 35—« (hln gt /5 a _1+,,7 B—a ))) , for 0<,’7i87q<1
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Remark 3.6. (1) By settingF — 0andz — “%ﬁ in Corollary 3.5, we get the follow-
ing midpoint type inequality:

B8 _ -5
s s (55 ¢ (252) () o (i)

Ml (37q 7]1 q7 a+6 O)

7 Sq s e} . 7 ’
(B G (m 0, 552,0), it 0< (@) lw'(B) <1,

’ q(1-s) s . ’ ’
(@) W @) Gr (n7a, 242,0), i 1< (@) (B)];
= ! q s . ’ !
(@) G (0,0, %2,0) it 0<w(a) <1<l (B
7 q(li‘s) ’ sq o . ’ 7
W (a) @6 (e 520), it 0< W () <1< ()],
. 1
2+2nf4n§ ¢ s,q
Gy <n1 ,q,a;6,0> = ( lri(ni’q)z > for 0 <my™ <1
(z)7,  for mp?=1.

(2) By setting — 1 andz — QT*B in Corollary 3.5, we get the following trapezoidal

type inequality:
1B - 1\«
[t S (Bo) (1) (g 28

00—«

Ml (8 q, 771’an )

W' () Gl(m a.%52,1), it 0< (@) ' (8)] <1,
’ q(1— . ’ ’
S @) @) 6 (i 520), 1< 1 (@) (B,

= ’ q s « : !
(@) Gi(ni 0, %21) it 0<w'(a) <1< (B,
/ q(l=s) | , sq o . , ,
W (@) w(ﬁ)‘ Gl(n1 q, 58 1) it 0<|w(8) <1<l ().

(n=1)Innj "—2(n2 —1)2 | * 5,q
Gy (771 ,q,a;ﬁJ) = ( Tn(; )2 ) ,  for 0<n <1

(L), for ppt=1.

(3) By setting — 1 andz — QT”’ in Corollary 3.5, we get the following average of
midpoint and trapezoid type inequality:

= Cottyar- wla) +20(257) +w<6>}|

1
g —« 1\ = a+0 1
< = 9 —
_( 4 2 Ml 57‘]77’1 ) 9 72 )
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M1<5 a7, 258, %)
! Sq . !/ !
W (9) Gl(nl 0552, 4), it 0< ()]l (8) <1,
’ q(17 . ’ ’
S| @) G (n%e 52, 5), i 1< (@) (8)],
= / q s . ’ ’
S @) G (0 e, 252, 5) it 0< (@) <1< (B
poo|a=s) o, ysq o /
W (@) W (B) Gl( q7q,%ﬁ7%)7 it 0<|w(B) <1< |w(a)
3 1 1 1 1
—4n+8n1 =81 2 480 T +4(n) =D Inny a4 | ¢
(3)*, for n=1.

2
(4) By settingr — 1 andz — 212 in Corollary 3.5, we get the following Simpson
type inequality:

5_% /jw(t)dt - % [w(a) + 4w (a;rﬁ> +w(ﬁ)} ‘

1
5(8—a) 1\ ¢ a+p8 1
< _ 7\1 5,9 -
>~ 18 (2> 1|84, 2 u3 )

Ml (57 q,1, 04-2‘!-57 ;)

S @) Gl(m 021, it 0< (@)W (B) <1,
@ @ e (e =28), 1< W @) 9,
@) e (nite 52 %) it 0< (@) <1<w(B),
S )| G1(771’,q7757%), it 0< (@) <1< (),
9(—275 T 44798 —4nS9E +4nS9E +2(nS 0 —1) In g5 —2) . ;
G(niq, a;ﬂ;) _ ( I ) L for o<t <,
(3)", for ny?=1.

4. CONCLUSIONS

Some new results of Hermite-Hadamard type inequalityrfdimes differentiables-
logrithamically convex functions have been established. Special cases were also discussed.
It is expected that the results of the paper will inspire interested readers.
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