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1. INTRODUCTION

Inequalities and theory of convex functions have a great dependency on each other. This
relationship is the main sanity behind the vast literature published using convex functions.

The following double inequality holds:

ω

(
α + β

2

)
≤ 1

β − α

∫ β

α

ω(t)dt ≤ ω(α) + ω(β)
2

, (1. 1)

for convex functionsω : J ⊆ R → R, know as the Hermite-Hadamard inequality. The
inequality ( 1. 1 ) holds in reverse direction ifω is a concave function. A number of the
papers have been written on this inequality providing new proofs, noteworthy extensions,
generalizations and numerous applications and the references cited therein [5]-[8], [10]-
[13], [15]-[22], [25]-[31] and [36].

Recently, several authors have worked on the generalization of classical inequalities
through different mathematical approaches. One of the most popular and useful way is the
use ofs-convex functions. Dragomir et al. [9] derived Hermite-Hadamard type inequali-
ties bys-convex function in second sense. Xi et al. [33] considered a new extension and
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produced Hermite-Hadamard inequalities with the help of(s,m)-convex functions. Jiang
et al. [35] proved generalization of Hermite-Hadamard integral inequalities for a class of
n-times differentiable functions via(s, m)-convex functions in second sense. Latif et al.
studied Hermite-Hadamard type integral inequality forn-times differentiable functionss-
logarithmically and (α,m)-logarithmically convex functions for more detail see, [23, 24].
Zafar et al. [38] and Zhang et al. [34] made significant contributions and have produced
some Hermite-Hadamard types inequalities for (ρ,m)-geometrically ands-geometrically
convex functions. The role of fractional integral can be found as one of the best ways to
generalize the classical inequalities. Al-Mdallal et al. [3] proposed algorithm is a spec-
tral Galerkin method based on fractional-order Legendre functions. For more information
about fractional integral and fractional differentiable equation see [1, 2, 4, 32].

In this papers, we have established some new Hermite - Hadamard type inequalities
for n-times differentiables-logarithmically convex functions. We have divided the paper
in three main sections. This section is for the literature review. In the second section,
we dicuss some relevant definitions from the available literature. In the third section, we
have given the proofs of our main results and as a consequence we have concluded some
well-known inequalities for such type of the functions.

2. PRELIMINARIES

Many mathematicians are trying to generalize the classical convexity in a number of
ways defined by: A functionω : J → R is called convex onJ, if

ω(tα + (1− t)β) ≤ tω(α) + (1− t)ω(β), (2. 2)

holds forα, β ∈ J and0 ≤ t ≤ 1. The inequality(2.2) holds in reverse direction ifω is
a concave function. Hudzik et al. [14] defined the class of functions known ass−convex
functions in the second sense as:

Definition 2.1. A functionω : [0,∞) → R is said to bes-convex in the second sense if

ω(tα + (1− t)β) ≤ tsω(α) + (1− t)sω(β), (2. 3)

holds forα, β ∈ [0,∞), 0 ≤ t ≤ 1 and0 < s ≤ 1.

Definition 2.2. [37] A functionω : J ⊆ R → (0,∞) is said to be logarithmically convex
onJ, if

ω(tα + (1− t)β) ≤ [ω(α)]t[ω(β)]1−t, (2. 4)

holds forα, β ∈ J and0 ≤ t ≤ 1. If the inequality(2.4) holds in reverse order, thenω is
called logarithmically concave onJ.

In [37], Xi et al. defined the cocept ofs−logarithmically convex functions and derived
some Hermite-Hadamard type integral inequalities for such type of functions.

Definition 2.3. [37] A positive functionω : J ⊆ R→ (0,∞) defined as:

ω(tα + (1− t)β) ≤ [ω(α)]t
s

[ω(β)](1−t)s

is calleds−logarithmically convex onJ for α, β ∈ J, 0 ≤ t ≤ 1 and0 < s ≤ 1.

It may be noted that fors = 1 Definition 2.3, reduces to Definition 2.2.



Some Hermite-Hadamard type integral inequalities fors-logarithmically convex functions 67

3. MAIN RESULTS

The following Lemma is useful to establish our main results.

Lemma 3.1. [38] Letω be a real valuedn-times differentiable function on(α, β) such that
w(n)(z) is absolutely continuous on[α, β]; let ψ(z) : [α, β] → [α, β] andφ(z) : [α, β] →
[α, β] be such thatψ(z) ≤ z ≤ φ(z), , then

(β − α)n+1

∫ 1

0

Kn(z, λ)ω(n)(λα + (1− λ)β)dλ

=
∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]
∀z ∈ [α, β],

(3. 5)

provided that kernelKn : [α, β]× [0, 1] → R is defined by

Kn(z, λ) :=





(λ− β−φ(z)
β−α )n

n! , if λ ∈
[
0, β−z

β−α

]

(λ− β−ψ(z)
β−α )n

n! , if λ ∈
(

β−z
β−α , 1

]

Moreover,

Rm̄(z) := (φ(z)− z)m̄ + (−1)m̄−1(z − ψ(z))m̄,

Sm̄(z) := (ψ(z)− α)m̄ω(m̄−1)(α) + (−1)m̄−1(β − φ(z))m̄ω(m̄−1)(β).

Theorem 3.2. Letω : J ⊆ [0,∞) → (0,∞) be ann−times differentiable function onJ0

and integrable on[α, β] for α, β ∈ J andn ∈ N; If |ω(n)|q is s-logarithmically convex on
[α, β] for 0 < s ≤ 1 andq ≥ 1, then

∣∣∣∣∣
∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]∣∣∣∣∣

≤ (β − α)
n+1

q (n + 1)
1
q

(n + 1)!
Mn(s, q, ηs,q

n , ψ(z), φ(z)),

provided that:Mn(s, q, ηs,q
n , ψ(z), φ(z))

:=





∣∣ω(n)(β)
∣∣sq

Gn(ηs,q
n , q, ψ(z), φ(z)), if 0 < |ω(n)(α)|, |ω(n)(β)| ≤ 1,∣∣ω(n)(α)

∣∣q(1−s) ∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, ψ(z), φ(z)), if 1 ≤ |ω(n)(α)|, ω(n)(β)|,∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, ψ(z), φ(z)), if 0 < |ω(n)(α)| ≤ 1 < |ω(n)(β)|,∣∣ω(n)(α)
∣∣q(1−s) ∣∣ω(n)(β)

∣∣sq
Gn(ηs,q

n , q, ψ(z), φ(z)), if 0 < |ω(n)(β)| ≤ 1 < |ω(n)(α)|.
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Gn(ηs,q
n , q, ψ(z), φ(z))

:=





(
(β − φ(z))n+1 + (φ(z)− z)n+1 + (z − ψ(z))n+1 + (ψ(z)− α)n+1

)1− 1
q

×
(

ηs,q
n

β−φ(z)
β−α

ln(ηs,q
n )n+1

(
n!(−1)n+1 + γ

(
n + 1, ln ηs,q

n

β−φ(z)
β−α

))

+ηs,q
n

β−z
β−α

∑n+1
m̄=1

(
(−1)m̄−1(φ(z)−z

β−α )n−m̄+1
+(−1)2m̄+1( z−ψ(z)

β−α )n−m̄+1

(n−m̄+1)! ln(ηs,q
n )m̄

)

+ηs,q
n

β−ψ(z)
β−α

ln(ηs,q
n )n+1

(
n! + (−1)n+1γ

(
n + 1, ln ηs,q

n
−(ψ(z)−α

β−α )
)) ) 1

q

, for 0 < ηs,q
n < 1

(β−φ(z))n+1+(φ(z)−z)n+1+(z−ψ(z))n+1+(ψ(z)−α)n+1

((n+1)(β−α)n+1)
1
q

, for ηs,q
n = 1

where,Rm̄(z) andSm̄(z) are defined as in Lemma 3.1 and the lower incomplete gamma
function is defined as:

γ(x̄, z) =
∫ z

0

tx̄−1e−tdt; ηs,q
n =

∣∣∣∣
ω(n)(α)
ω(n)(β)

∣∣∣∣
sq

Proof. Taking the absolute value on both sides of the equation(3.5). Applications of
Hölder inequality and|ω(n)|q as ans-logarithmically convex on[α, β] yield the follow-
ing inequalities:
∣∣∣∣∣
∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]∣∣∣∣∣

≤ (β − α)n+1

(∫ 1

0

|Kn(z, λ)|dλ

)1− 1
q

(∫ 1

0

|Kn(z, λ)||ω(n)(λα + (1− λ)β|qdλ

) 1
q

≤ (β − α)n+1

(∫ 1

0

|Kn(z, λ)|dλ

)1− 1
q

(∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
qλs ∣∣∣ω(n)(β)

∣∣∣
q(1−λ)s

dλ

) 1
q

,

provided that:
∫ 1

0

|Kn(z, λ)|dλ =
(β − φ(z))n+1 + (φ(z)− z)n+1 + (z − ψ(z))n+1 + (ψ(z)− α)n+1

(β − α)n+1(n + 1)!
.

(3. 6)

⇒
∫ 1

0

|Kn(z, λ)|ηs,q
n

λdλ =
1
n!

(
ηs,q

n

β−φ(z)
β−α

ln(ηs,q
n

s,q
n )n+1

(
n!(−1)n+1 + γ

(
n + 1, ln ηs,q

n

β−φ(z)
β−α

))

+ ηs,q
n

β−z
β−α

n+1∑
m̄=1




(−1)m̄−1
(

ψ(z)−z
β−α

)n−m̄+1

+ (−1)2m̄+1
( z−ψ(z)

β−α

)n−m̄+1

(n− m̄ + 1)! ln(ηs,q
n )m̄




+
ηs,q

n

β−ψ(z)
β−α

ln(ηs,q
n )n+1

(
n! + (−1)n+1γ

(
n + 1, ln ηs,q

n
−
(

ψ(z)−α
β−α

))))
.

(3. 7)
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Kn(z, λ) is defined as in Lemma 3.1. Let0 < ζ ≤ 1 ≤ ν, 0 ≤ t ≤ 1 and0 < s ≤ 1. Then

ζts ≤ ζst and νts ≤ νst+1−s. (3. 8)

Case 1.Consider,0 < |ω(n)(α)|, |ω(n)(β)| ≤ 1, then from(3.7)− (3.8), we have
∣∣∣∣∣
∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]∣∣∣∣∣

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
qλs ∣∣∣ω(n)(β)

∣∣∣
q(1−λ)s

dλ

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
sqλ ∣∣∣ω(n)(β)

∣∣∣
sq(1−λ)

dλ

=
∣∣∣ω(n)(β)

∣∣∣
sq

∫ 1

0

|Kn(z, λ)|ηs,q
n

λdλ

=
∣∣∣ω(n)(β)

∣∣∣
sq

Gn(ηs,q
n , q, ψ(z), φ(z)),

(3. 9)

Case 2.Consider,1 ≤ |ω(n)(α)|, |ω(n)(β)|, then from(3.7)− (3.8), we have
∣∣∣∣∣
∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]∣∣∣∣∣

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
qλs ∣∣∣ω(n)(β)

∣∣∣
q(1−λ)s

dλ

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
q(sλ+1−s) ∣∣∣ω(n)(β)

∣∣∣
q(s(1−λ)+1−s)

dλ

=
∣∣∣ω(n)(α)

∣∣∣
q(1−s) ∣∣∣ω(n)(β)

∣∣∣
q
∫ 1

0

|Kn(z, λ)|ηs,q
n

λdλ

=
∣∣∣ω(n)(α)

∣∣∣
q(1−s) ∣∣∣ω(n)(β)

∣∣∣
q

Gn(ηs,q
n , q, ψ(z), φ(z)).

(3. 10)

Case 3.Consider,0 < |ω(n)(α)| ≤ 1 ≤ |ω(n)(β)|, then from(3.7)− (3.8), we have
∣∣∣∣∣
∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]∣∣∣∣∣

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
qλs ∣∣∣ω(n)(β)

∣∣∣
q(1−λ)s

dλ

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
qsλ ∣∣∣ω(n)(β)

∣∣∣
q(s(1−λ)+1−s)

dλ

=
∣∣∣ω(n)(β)

∣∣∣
q
∫ 1

0

|Kn(z, λ)|ηs,q
n

λdλ

=
∣∣∣ω(n)(β)

∣∣∣
q

Gn(ηs,q
n , q, ψ(z), φ(z)).

(3. 11)
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Case 4.Consider,0 < |ω(n)(β)| ≤ 1 ≤ |ω(n)(α)|, then from(3.7)− (3.8), we have∣∣∣∣∣
∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]∣∣∣∣∣

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
qλs ∣∣∣ω(n)(β)

∣∣∣
q(1−λ)s

dλ

≤
∫ 1

0

|Kn(z, λ)|
∣∣∣ω(n)(α)

∣∣∣
q(sλ+1−s) ∣∣∣ω(n)(β)

∣∣∣
sq(1−λ)

dλ

=
∣∣∣ω(n)(α)

∣∣∣
q(1−s) ∣∣∣ω(n)(β)

∣∣∣
sq

∫ 1

0

|Kn(z, λ)|ηs,q
n

λdλ

=
∣∣∣ω(n)(α)

∣∣∣
q(1−s) ∣∣∣ω(n)(β)

∣∣∣
sq

Gn(ηs,q
n , q, ψ(z), φ(z)).

(3. 12)

A combination of inequalities(3.9)− (3.12), yields the desired result. ¤
Corollary 3.3. Let the conditions of Theorem 3.2 be satisfied fors = 1, then the following
inequality holds ∣∣∣∣∣

∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[
Rm̄(z)ω(m̄−1)(z) + Sm̄(z)

]∣∣∣∣∣

≤ (β − α)
n+1

q (n + 1)
1
q

(n + 1)!
Mn(1, q, ηs,q

n , ψ(z), φ(z)),

provided that:Mn(1, q, ηs,q
n , ψ(z), φ(z))

:=





∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, ψ(z), φ(z)), if 0 < |ω(n)(α)|, |ω(n)(β)| ≤ 1,∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, ψ(z), φ(z)), if 1 ≤ |ω(n)(α)|, ω(n)(β)|,∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, ψ(z), φ(z)), if 0 < |ω(n)(α)| ≤ 1 < |ω(n)(β)|,∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, ψ(z), φ(z)), if 0 < |ω(n)(β)| ≤ 1 < |ω(n)(α)|,
Corollary 3.4. Let the conditions of Theorem 3.2 be satisfied forψ(z) = r̄z + (1 − r̄)α
andφ(z) = r̄z + (1− r̄)β, then the following inequality holds∣∣∣∣∣

∫ β

α

ω(t)dt−
n∑

m̄=1

1
m̄!

[ (
(1− r̄)m̄(β − z)m̄ + (−1)m̄−1(z − α)m̄

)
ω(m̄−1)(z)

+ rm̄
(
(z − α)m̄ω(m̄−1)(α) + (−1)m̄−1(β − z)m̄ω((̄m)−1)(β)

) ]∣∣∣

≤ (β − α)
n+1

q (n + 1)
1
q

(n + 1)!
Mn(s, q, ηs,q

n , z, r̄),

provided that:Mn(s, q, ηs,q
n , z, r̄)

:=





∣∣ω(n)(β)
∣∣sq

Gn(ηs,q
n , q, z, r̄), if 0 < |ω(n)(α)|, |ω(n)(β)| ≤ 1,∣∣ω(n)(α)

∣∣q(1−s) ∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, z, r̄), if 1 ≤ |ω(n)(α)|, ω(n)(β)|,∣∣ω(n)(β)
∣∣q Gn(ηs,q

n , q, z, r̄), if 0 < |ω(n)(α)| ≤ 1 < |ω(n)(β)|,∣∣ω(n)(α)
∣∣q(1−s) ∣∣ω(n)(β)

∣∣sq
Gn(ηs,q

n , q, z, r̄), if 0 < |ω(n)(β)| ≤ 1 < |ω(n)(α)|,
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Gn(ηs,q
n , q, z, r̄)

:=





((
r̄n+1 + (1− r̄n+1)

) (
(β − z)n+1 + (z − α)n+1

))1− 1
q

×
(

ηs,q
n

r̄(β−z)
β−α

ln(ηs,q
n )n+1

(
n!(−1)n+1 + γ

(
n + 1, ln ηs,q

n

r̄(β−z)
β−α

))
+ ηs,q

n

β−z
β−α

×∑n+1
m̄=1

(
(−1)m̄−1( (1−r̄)(β−z)

β−α )n−m̄+1
+(−1)2m̄+1

(
(1−r̄)(z−α)

β−α

)n−m̄+1

(n−m̄+1)! ln(ηs,q
n )m̄

)

+ηs,q
n

(1− r̄(z−α)
β−α )

ln(ηs,q
n )n+1

(
n! + (−1)n+1γ

(
n + 1, ln ηs,q

n
− r̄(z−α)

β−α

)) ) 1
q

, for 0 < ηs,q
n < 1

(r̄n+1+(1−r̄n+1))((β−z)n+1+(z−α)n+1)(
(n+1)(β−α)n+1

) 1
q

, for ηs,q
n = 1.

Corollary 3.5. Let the conditions of Corollary 3.4 forn = 1 be satisfied, then the following
inequality holds

∣∣∣∣∣
1

β − α

∫ β

α

ω(t)dt− (1− r̄)ω(z) +
r̄
(
(z − α)ω(α) + (β − z)ω(β)

)

β − α

∣∣∣∣∣

≤ (β − α)
2
q−1

21− 1
q

M1(η
s,q
1 , q, z, r̄),

provided that:M1(η
s,q
1 , q, z, r̄)

:=





∣∣∣ω′(β)
∣∣∣
sq

G1(η
s,q
1 , q, z, r̄), if 0 < |ω′(α)|, |ω′(β)| ≤ 1,

∣∣∣ω′(α)
∣∣∣
q(1−s) ∣∣ω(n)(β)

∣∣q G1(η
s,q
1 , q, z, r̄), if 1 ≤ |ω′(α)|, ω′(β)|,∣∣∣ω′(β)

∣∣∣
q

G1(η
s,q
1 , q, z, r̄), if 0 < |ω′(α)| ≤ 1 < |ω′(β)|,

∣∣∣ω′(α)
∣∣∣
q(1−s) ∣∣∣ω′(β)

∣∣∣
sq

G1(η
s,q
1 , q, z, r̄), if 0 < |ω′(β)| ≤ 1 < |ω′(α)|.

G1(η
s,q
1 , q, z, r̄)

:=





((
r̄2 + (1− r̄)2

)(
(β − z)2 + (z − α)2

))1− 1
q

×
(

ηs,q
1

r̄(β−z)
β−α

ln(ηs,q
1 )2

(
1 + ηs,q

1

−r̄(β−z)
β−α

(
ln ηs,q

1
− r̄(β−z)

β−α − 1 + ηs,q
1

r̄(β−z)
β−α

))

+ηs,q
1

r̄(β−z)
β−α

(
(1−r̄)(β−z)
(β−α) ln ηs,q

1
− (1−r̄)(z−α)

(β−α) ln ηs,q
1
− 2

ln(ηs,q
1 )2

)

+ηs,q
1

(
1− r̄(z−α)

β−α

)

ln(ηs,q
1 )2

(
1 + ηs,q

1

r̄(β−z)
β−α

(
ln ηs,q

1

r̄(z−α)
β−α − 1 + ηs,q

1

−r̄(z−α)
β−α

))
) 1

q

, for 0 < ηs,q
1 < 1

(
r̄2+(1−r̄)2

)(
(β−z)2+(z−α)2

)
(
2(β−α)2

) 1
q

, for ηs,q
1 = 1.
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Remark 3.6. (1) By settinḡr → 0 andz → α+β
2 in Corollary 3.5, we get the follow-

ing midpoint type inequality:
∣∣∣∣∣

1
β − α

∫ β

α

ω(t)dt− ω

(
α + β

2

)∣∣∣∣∣ ≤
(

β − α

2

)(
1
2

)1− 1
q

M1

(
s, q, ηs,q

1 ,
α + β

2
, 0

)
,

M1

(
s, q, ηs,q

1 , α+β
2 , 0

)

:=





∣∣∣ω′(β)
∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 0
)

, if 0 < |ω′(α)|, |ω′(β)| ≤ 1,
∣∣∣ω′(α)

∣∣∣
q(1−s) ∣∣ω(n)(β)

∣∣q G1

(
ηs,q
1 , q, α+β

2 , 0
)

, if 1 ≤ |ω′(α)|, ω′(β)|,∣∣∣ω′(β)
∣∣∣
q

G1

(
ηs,q
1 , q, α+β

2 , 0
)

if 0 < |ω′(α)| ≤ 1 < |ω′(β)|,
∣∣∣ω′(α)

∣∣∣
q(1−s) ∣∣∣ω′(β)

∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 0
)

, if 0 < |ω′(β)| ≤ 1 < |ω′(α)|,

G1

(
ηs,q
1 , q,

α + β

2
, 0

)
:=





(
2+2η−4η

1
2

ln(ηs,q
1 )2

) 1
q

for 0 < ηs,q
1 < 1

(
1
2

) 1
q , for ηs,q

1 = 1.

(2) By settinḡr → 1 andz → α+β
2 in Corollary 3.5, we get the following trapezoidal

type inequality:
∣∣∣∣∣

1
β − α

∫ β

α

ω(t)dt +
ω(α) + ω(β)

2

∣∣∣∣∣ ≤
(

β − α

2

) (
1
2

)1− 1
q

M1

(
s, q, ηs,q

1 ,
α + β

2
, 1

)
,

M1

(
s, q, ηs,q

1 , α+β
2 , 1

)

:=





∣∣∣ω′(β)
∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 1
)
, if 0 < |ω′(α)|, |ω′(β)| ≤ 1,

∣∣∣ω′(α)
∣∣∣
q(1−s) ∣∣ω(n)(β)

∣∣q G1

(
ηs,q
1 , q, α+β

2 , 1
)
, if 1 ≤ |ω′(α)|, ω′(β)|,∣∣∣ω′(β)

∣∣∣
q

G1

(
ηs,q
1 , q, α+β

2 , 1
)

if 0 < |ω′(α)| ≤ 1 < |ω′(β)|,
∣∣∣ω′(α)

∣∣∣
q(1−s) ∣∣∣ω′(β)

∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 1
)
, if 0 < |ω′(β)| ≤ 1 < |ω′(α)|.

G1

(
ηs,q
1 , q,

α + β

2
, 1

)
:=





(
(η−1) ln ηs,q

1 −2(η
1
2−1)2

ln(ηs,q
1 )2

) 1
q

, for 0 < ηs,q
1 < 1

(
1
2

) 1
q , for ηs,q

1 = 1.

(3) By settinḡr → 1
2 andz → α+β

2 in Corollary 3.5, we get the following average of
midpoint and trapezoid type inequality:∣∣∣∣∣

1
β − α

∫ β

α

ω(t)dt− 1
4

[
ω(α) + 2ω

(α + β

2

)
+ ω(β)

]∣∣∣∣∣

≤
(

β − α

4

)(
1
2

)1− 1
q

M1

(
s, q, ηs,q

1 ,
α + β

2
,
1
2

)
,
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M1

(
s, q, ηs,q

1 , α+β
2 , 1

2

)

:=





∣∣∣ω′(β)
∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 1
2

)
, if 0 < |ω′(α)|, |ω′(β)| ≤ 1,

∣∣∣ω′(α)
∣∣∣
q(1−s) ∣∣ω(n)(β)

∣∣q G1

(
ηs,q
1 , q, α+β

2 , 1
2

)
, if 1 ≤ |ω′(α)|, ω′(β)|,∣∣∣ω′(β)

∣∣∣
q

G1

(
ηs,q
1 , q, α+β

2 , 1
2

)
if 0 < |ω′(α)| ≤ 1 < |ω′(β)|,

∣∣∣ω′(α)
∣∣∣
q(1−s) ∣∣∣ω′(β)

∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 1
2

)
, if 0 < |ω′(β)| ≤ 1 < |ω′(α)|,

G1

(
ηs,q
1 , q,

α + β

2
,
1
2

)
:=





(
−4η+8η

3
4−8ηs,q

1
1
2 +8ηs,q

1
1
4 +4(ηs,q

1 −1) ln ηs,q
1

1
4−4

ln(ηs,q
1 )2

) 1
q

, for 0 < η < 1,

(
1
2

) 1
q , for η = 1.

(4) By settingr̄ → 1
3 andz → α+β

2 in Corollary 3.5, we get the following Simpson
type inequality:

∣∣∣∣∣
1

β − α

∫ β

α

ω(t)dt− 1
6

[
ω(α) + 4ω

(
α + β

2

)
+ ω(β)

]∣∣∣∣∣

≤ 5(β − α)
18

(
1
2

)1− 1
q

M1

(
s, q, ηs,q

1 ,
α + β

2
,
1
3

)
,

M1

(
s, q, η, α+β

2 , 1
2

)

:=





∣∣∣ω′(β)
∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 1
3

)
, if 0 < |ω′(α)|, |ω′(β)| ≤ 1,

∣∣∣ω′(α)
∣∣∣
q(1−s) ∣∣ω(n)(β)

∣∣q G1

(
ηs,q
1 , q, α+β

2 , 1
3

)
, if 1 ≤ |ω′(α)|, ω′(β)|,∣∣∣ω′(β)

∣∣∣
q

G1

(
ηs,q
1 , q, α+β

2 , 1
3

)
if 0 < |ω′(α)| ≤ 1 < |ω′(β)|,

∣∣∣ω′(α)
∣∣∣
q(1−s) ∣∣∣ω′(β)

∣∣∣
sq

G1

(
ηs,q
1 , q, α+β

2 , 1
3

)
, if 0 < |ω′(β)| ≤ 1 < |ω′(α)|,

G1

(
ηs,q
1 , q,

α + β

2
,
1
3

)
:=





(
9(−2ηs,q

1 +4ηs,q
1

5
6−4ηs,q

1
1
2 +4ηs,q

1
1
6 +2(ηs,q

1 −1) ln ηs,q
1

1
6−2)

5 ln(ηs,q
1 )2

) 1
q

, for 0 < ηs,q
1 < 1,

(
1
2

) 1
q , for ηs,q

1 = 1.

4. CONCLUSIONS

Some new results of Hermite-Hadamard type inequality forn-times differentiables-
logrithamically convex functions have been established. Special cases were also discussed.
It is expected that the results of the paper will inspire interested readers.
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