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Abstract. The objective of this paper is to derive Fejér inequality for
generalized preinvex functions. Some new integral inequalities related to
Hermite-Hadamard type for the class of preinvex functions, whose second
derivative at certain powers, are established. It is shown that our results
contain several known results as applications. The technique of this paper
may enhance further research in this field.
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1. INTRODUCTION

Recently, the theory of convex functions has recieved much attention. A significant and
important class of convex function is that of preinvex functions, which was developed by
Ben-Israel and Mond [2]. It has been shown in [2] that preinvex functions and invex sets
may not be convex functions and convex sets. Recently many authors have established a
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number of inequalities by using the technique of [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15, 16,
17, 19, 20, 21, 22, 23, 24, 25, 28, 29, 30, 31, 32, 33, 34] and proved Fejér type inequality,
see [6, 8, 14, 17, 18, 27, 31].
Inspired by the recent development in this field, Noor et al. [19] investigated a class of
(~1, ~2)-preinvex functions involving two nonnegative arbitrary functions~1 and~2, which
is called(~1, ~2)-preinvex function or generalized preinvex functions. Consequently, the
concept of inequalities for generalized preinvex functions have been studied in [19]. The
purpose of this paper is to derive some new classes of Hermite-Hadamard-Fejér inequalities
for twice differentiable generalized preinvex functions. For suitable choice of the arbitrary
functions~1 and~2, one can obtain new results for preinvex functions and their variant
forms such as midpoint, Trapezoidal and Simpson type inequalities for twice differentiable
generalized preinvex function. From our results, a wide class of new inequalities for gen-
eralized preinvex functions can be obtained as special cases. Some of the results obtained
in this work may be viewed as generalizations and refinement of the well known results.

2. NOTATIONS AND PRELIMINARIES

Let W be a nonempty set inRn. Let ϕ : W −→ R be a continuous function and
%(·, ·) : W ×W −→ Rn be an arbitrary continuous bifunction. For the sake of simplicity,
we always suppose thatW = [µ, µ + %(ν, µ)].
We recall some results and concepts, which are essential in the derivation of our main
results.

Definition 2.1. [2, 34]. ”A setW ⊂ R is said to be an invex set, if and only if, there exists
a bifunction%(·, ·) such that

µ + κ%(ν, µ) ∈ W, ∀µ, ν ∈ W , κ ∈ [0, 1].”

We now consider a new class of preinvex function with respect to two arbitrary nonnegative
functions.

Definition 2.2. [19]. ”Let ~1, ~2 : (0, 1) ⊆ J −→ R be two nonnegative functions. A
functionϕ : W −→ R is said to be generalized preinvex function with respect to~1 and
~2, if

ϕ(µ + κ%(ν, µ)) ≤ ~1(1− κ)~2(κ)ϕ(µ) + ~1(κ)~2(1− κ)ϕ(ν), ∀µ, ν ∈ W, κ ∈ [0, 1].”(2. 1)

Forκ = 1
2 , we have the Jensen type generalized preinvex functions.

ϕ

(
2µ + %(ν, µ)

2

)
≤ ~1

(
1
2

)
~2

(
1
2

)
[ϕ(µ) + ϕ(ν)] , ∀µ, ν ∈ W, κ ∈ [0, 1] (2. 2)

Some special cases of generalized preinvex functions as follows:

(I). If ~1(1 − κ) = κ, ~2(κ) = ψ(κ) and%(ν, µ) = ν − µ, in Definition 2.2, then
we have a Definition due to Dragomir [7].

(II). Let s ∈ [0, 1] be a real number. If~1(κ) = κs and~2(κ) = κs in Definition 2.2,
then
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Definition 2.3. [4]. ”A function ϕ : W −→ R is said to bes-preinvex function, if

ϕ(µ + κ%(ν, µ)) ≤ κs(1− κ)s[ϕ(µ) + ϕ(ν)], ∀µ, ν ∈ W, κ ∈ [0, 1].”

(III). If ~1(1− κ)~2(κ) + ~2(1− κ)~1(κ) = 1 in Definition 2.2, then

Definition 2.4. [30]. A functionϕ : W −→ R is said to be Toader like generalized preinvex
function with respect to%(·, ·) if

ϕ(µ + κ%(ν, µ)) ≤ ϕ(µ) + ~1(κ)~2(1− κ)[ϕ(ν)− ϕ(µ)], ∀µ, ν ∈ W, κ ∈ [0, 1].

We would like to emphasize that for appropriate and suitable choice of the non-negative
functions~1 and~2, one can obtain a variety of new classes of preinvex and convex func-
tions as special cases of the generalized preinvex functions. This shows that the general-
ized preinvex(generalized preinvex) functions are quite general and unified ones. See also
[20, 25, 28, 29, 30, 31, 32, 33].

Definition 2.5. [26]. ”Two functionsϕ and ψ are said to be similarly ordered (ϕ is ψ-
monotone), if and only if,

〈ϕ(µ)− ϕ(ν), ψ(µ)− ψ(ν)〉 ≥ 0, ∀ µ, ν ∈ Rn.” (2. 3)

We also need the following assumption, which is due to Mohan and Neogy [13].

Condition C. The bifunction%(·, ·) satisfies the assumptions,

%(µ, µ + κ%(ν, µ)) = −κ%(ν, µ), ∀ µ, ν ∈ W, κ ∈ [0, 1]. (2. 4)

%(ν, µ + κ%(ν, µ)) = (1− κ)%(ν, µ), ∀ µ, ν ∈ W, κ ∈ [0, 1]. (2. 5)

We are viewing the functions which are known as Gamma function and Beta function
respectively.

Γ(µ) =

∞∫

0

e−κκµ−1dκ,

B(µ, ν) =

1∫

0

κµ−1(1− κ)ν−1dκ =
Γ(µ)Γ(ν)
Γ(µ + ν)

, µ, ν > 0

We need the following result, which can be proved using the technique of Ozdemir [25].
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Lemma 2.6. ”Let ϕ : W −→ R be a differentiable preinvex function on the interiorW◦ of
W with %(ν, µ) > 0. If ϕ

′′ ∈ L[µ, µ + %(ν, µ)] is generalized preinvex function, then

ϕ
(2µ + %(ν, µ)

2

)
− 1

%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)dx

= − (%(ν, µ))2

16

[ 1∫

0

κ2ϕ
′′(

κ
(2µ + %(ν, µ)

2

)
+ (1− κ)µ

)
dκ

+

1∫

0

(κ− 1)2ϕ
′′(

(1− κ)
(2µ + %(ν, µ)

2

)
+ κ(µ + %(ν, µ)

)
dκ

]
.”

3. MAIN RESULTS

In this section, we establish our main results.

Theorem 3.1. Letϕ andψ be two similarly ordered generalized preinvex functions. Then
their productϕψ is also a generalized preinvex function provided that

~1(1− κ)~2(κ) + ~2(1− κ)~1(κ) ≤ 1.

Proof. Let ϕ andψ be similar ordered generalized preinvex functions. Then

ϕ(µ + κ%(ν, µ))ψ(µ + κ%(ν, µ))

≤ [~1(1− κ)~2(κ)ϕ(µ) + ~2(1− κ)~1(κ)ϕ(ν)][~1(1− κ)~2(κ)ψ(µ) + ~2(1− κ)~1(κ)ψ(ν)].

= [~1(1− κ)~2(κ)]2ϕ(µ)ψ(µ) + [~2(1− κ)~1(κ)]2ϕ(ν)ψ(ν)

+ ~1(1− κ)~2(κ)~2(1− κ)~1(κ)[ϕ(µ)ψ(ν) + ϕ(ν)ψ(µ)]

≤ [~1(1− κ)~2(κ)]2ϕ(µ)ψ(µ) + [~2(1− κ)~1(κ)]2ϕ(ν)ψ(ν)

+ ~1(1− κ)~2(κ)~2(1− κ)~1(κ)[ϕ(µ)ψ(µ) + ϕ(ν)ψ(ν)]

= [~1(1− κ)~2(κ)ϕ(µ)ψ(µ) + ~2(1− κ)~1(κ)ϕ(ν)ψ(ν)][~1(1− κ)~2(κ) + ~2(1− κ)~1(κ)]

≤ [~1(1− κ)~2(κ)]ϕ(µ)ψ(µ) + [~1(κ)~2(1− κ)]ϕ(ν)ψ(ν), (3. 6)

where we have used ( 2. 3 ) and the fact that~1(1− κ)~2(κ) + ~2(1− κ)~1(κ) ≤ 1. ¤

Theorem 3.2. Let ϕ,ψ : W = [µ, µ + %(ν, µ)] ⊂ R −→ R be two similarly ordered
generalized preinvex functions. Ifϕψ ∈ L[µ, µ + %(ν, µ)], then

1
%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx

≤ ϕ(µ)ψ(µ)

1∫

0

~1(1− κ)~2(κ)dκ + ϕ(ν)ψ(ν)

1∫

0

~1(κ)~2(1− κ)dκ.
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Proof. From inequality ( 3. 6 ), we have

ϕ(µ + κ%(ν, µ))ψ(µ + κ%(ν, µ))

≤ [~1(1− κ)~2(κ)]ϕ(µ)ψ(µ) + [~1(κ)~2(1− κ)]ϕ(ν)ψ(ν).

Integrating the above inequality on[0, 1], we obtain

1
%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx

≤
1∫

0

{
~1(1− κ)~2(κ)ϕ(µ)ψ(µ) + ~1(κ)~2(1− κ)ϕ(ν)ψ(ν)

}
dκ

= ϕ(µ)ψ(µ)

1∫

0

~1(1− κ)~2(κ)dκ + ϕ(ν)ψ(ν)

1∫

0

~1(κ)~2(1− κ)dκ,

the required result. ¤

Some special cases of Theorem 3.2 are:
(IV). If ~1(1 − κ)~2(κ) + ~2(1 − κ)~1(κ) = 1, then Theorem 3.2 reduces to a new

result

1
%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx

≤ ϕ(ν)ψ(ν) + [ϕ(µ)ψ(µ)− ϕ(ν)ψ(ν)]

1∫

0

~1(1− κ)~2(κ)dκ.

(V). If ~1(κ) = κs1 and~2(κ) = κs2 , then Theorem 3.2 reduces to a new result

1
%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx ≤ [ϕ(µ)ψ(µ) + ϕ(ν)ψ(ν)]B(1 + s1, 1 + s2),

whereB(x, y) is the beta function.

(VI). If ~(κ1) = κ−s1 and~(κ2) = κ−s2 , then Theorem 3.2, reduces to a new result.

1
%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx

≤ ϕ(µ)ψ(µ)

1∫

0

~1(1− κ)~2(κ)dκ + ϕ(ν)ψ(ν)

1∫

0

~1(κ)~2(1− κ)dκ

≤ [ϕ(µ)ψ(µ) + ϕ(ν)ψ(ν)]B(1− s1, 1− s2).
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We need the following result, which is essential in deriving the Fejér type inequality for
generalized preinvex functions.

Lemma 3.3. Letϕ be a generalized preinvex function. Then

ϕ(2µ + %(ν, µ)− x) ≤ [~1(1− κ)~2(κ) + ~2(1− κ)~1(κ)][ϕ(µ) + ϕ(ν)]− ϕ(x).

Proof. Let x = µ + (1− κ)%(ν, µ) ∈ W. Then

ϕ(2µ + %(ν, µ)− x)
= ~1(1− κ)~2(κ)ϕ(µ) + ~1(κ)~2(1− κ)ϕ(ν).
≤ [~1(1− κ)~2(κ) + ~1(κ)~2(1− κ)][ϕ(µ) + ϕ(ν)]
− ~1(1− κ)~2(κ)ϕ(µ)− ~1(κ)2(1− κ)ϕ(ν).
= [~1(1− κ)~2(κ) + ~1(κ)~2(1− κ)][ϕ(µ) + ϕ(ν)]− ϕ(µ + κ%(ν, µ))
= [~1(1− κ)~2(κ) + ~1(κ)~2(1− κ)][ϕ(µ) + ϕ(ν)]− ϕ(x).

¤
We now derive the Fejér type inequality, which is the main motivation of our next result.

Theorem 3.4. Let ϕ : W −→ R be a generalized preinvex function with%(ν, µ) > 0,
~1( 1

2 ) 6= 0, ~2( 1
2 ) 6= 0. If ψ : [µ, µ + %(ν, µ)] −→ R is a nonnegative, symmetric about

µ + 1
2%(ν, µ) integrable function and conditionC holds, then

1
2~1( 1

2 )~2( 1
2 )

ϕ

(
2µ+%(ν,µ)

2

) µ+%(ν,µ)∫
µ

ψ(x)dx ≤
µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx

≤ ϕ(µ)+ϕ(ν)
2

µ+%(ν,µ)∫
µ

[
~1(1− κ)~2(κ) + ~2(1− κ)~1(κ)

]
ψ(x)dx.

Proof. Let ϕ be a generalized preinvex function. Then, by virtue of Lemma 3.3, we have

1
2~1( 1

2 )~2( 1
2 )

ϕ

(
2µ + %(ν, µ)

2

) µ+%(ν,µ)∫

µ

ψ(x)dx.

=
1

2~1( 1
2 )~2( 1

2 )

µ+%(ν,µ)∫

µ

ϕ

(
2µ + %(ν, µ)

2

)
ψ(x)dx.

=
1

2~1

(
1
2

)
~2

(
1
2

)
µ+%(ν,µ)∫

µ

ϕ

(
2µ + %(ν, µ)− x + x

2

)
ψ(x)dx

≤ 1
2~1( 1

2 )~2( 1
2 )

µ+%(ν,µ)∫

µ

[
~1(

1
2
)~2(

1
2
)[ϕ(2µ + %(ν, µ)− x) + ϕ(x)]

]
ψ(x)dx

=
1
2

µ+%(ν,µ)∫

µ

ϕ(2µ + %(ν, µ)− x)ψ(2µ + %(ν, µ)− x)dx +
1
2

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx.
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=

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx

=
1
2

µ+%(ν,µ)∫

µ

ϕ(2µ + %(ν, µ)− x)ψ(2µ + %(ν, µ)− x)dx +
1
2

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx.

=
1
2

µ+%(ν,µ)∫

µ

ϕ(2µ + %(ν, µ)− x)ψ(x)dx +
1
2

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx

≤ 1
2

µ+%(ν,µ)∫

µ

[(
~1(1− κ)~2(κ) + ~2(1− κ)~1(κ)

)
[ϕ(µ) + ϕ(ν)]− ϕ(x)

]
ψ(x)dx

+
1
2

µ+%(ν,µ)∫

µ

ϕ(x)ψ(x)dx.

≤ ϕ(µ) + ϕ(ν)
2

[
~1(1− κ)~2(κ) + ~2(1− κ)~1(κ)

] µ+%(ν,µ)∫

µ

ψ(x)dx.

This complete the proof. ¤

We derive a new Hermit-Hadamard inequality (HHI) for differentiable generalized prein-
vex functions.

Lemma 3.5. Letϕ : W = [µ, µ + %(ν, µ)] −→ R be a differentiable preinvex function on

the interiorW◦ ofW with %(ν, µ) > 0. If ϕ
′′ ∈ L[µ, µ + %(ν, µ)] and

∣∣∣ϕ′′
∣∣∣ is generalized

preinvex function on[µ, µ + %(ν, µ)], then

ϕ
�2µ + %(ν, µ)

2

�
− 1

%(ν, µ)

µ+%(ν,µ)Z

µ

ϕ(x)dx

= − (%(ν, µ))2

16

h 1Z

0

κ2ϕ
′′�

κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

�
dκ

+

1Z

0

(κ− 1)2ϕ
′′�

(1− κ)
�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ))

�
dκ
i
.
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Proof. Integrating by parts, we get

I1 =

1∫

0

κ2ϕ
′′(

κ
(2µ + %(ν, µ)

2

)
+ (1− κ)µ

)
dκ

= κ2
ϕ
′
(
κ
(

2µ+%(ν,µ)
2

)
+ (1− κ)µ

)

%(ν,µ)
2

∣∣∣
1

0
− 4

%(ν, µ)

1∫

0

κf
′(

κ
(2µ + %(ν, µ)

2

)
+ (1− κ)µ

)
dκ.

=
2

%(ν, µ)

[
ϕ
′(2µ + %(ν, µ)

2

)]
− 4

%(ν, µ)

[
κ

ϕ
(
κ
(

2µ+%(ν,µ)
2

)
+ (1− κ)µ

)

%(ν,µ)
2

∣∣∣
1

0

− 2
%(ν, µ)

1∫

0

ϕ
(
κ
(2µ + %(ν, µ)

2

)
+ (1− κ)µ

)
dκ

]

=
2

%(ν, µ)
ϕ
′(2µ + %(ν, µ)

2

)
− 8

(%(ν, µ))2

[
ϕ

(
2µ + %(ν, µ)

2

)

−
1∫

0

ϕ
(
κ
(2µ + %(ν, µ)

2

)
+ (1− κ)µ

)
dκ

]

=
2

%(ν, µ)
ϕ
′(2µ + %(ν, µ)

2

)
− 8

(%(ν, µ))2
ϕ

(
2µ + %(ν, µ)

2

)
+

16
(%(ν, µ))3

2µ+%(ν,µ)
2∫

µ

ϕ(x)dx.

Similarly

I2 =

1Z

0

(κ− 1)2ϕ
′′�

(1− κ)
�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ)

�
dκ

= (κ− 1)2
ϕ
′�

(1− κ)
�

2µ+%(ν,µ)
2

�
+ κ(µ + %(ν, µ))

�

%(ν,µ)
2

���
1

0

− 4

%(ν, µ)

1Z

0

(κ− 1)ϕ
′�

(1− κ)
�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ))

�
dκ.

= − 2

%(ν, µ)

h
ϕ
′�2µ + %(ν, µ)

2

�i
− 4

(%(ν, µ))

h
(κ− 1)

ϕ
�
(1− κ)

�
2µ+%(ν,µ)

2

�
+ κ(µ + %(ν, µ))

�

%(ν,µ)
2

���
1

0

− 2

%(ν, µ)

1Z

0

ϕ
�
(1− κ)

�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ))

�
dκ
i
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= − 2

%(ν, µ)
ϕ
′�2µ + %(ν, µ)

2

�
− 8

(%(ν, µ))2
ϕ

�
2µ + %(ν, µ)

2

�

+
8

(%(ν, µ))2

1Z

0

ϕ
�
(1−)κ

�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ))

�
dκ.

= − 2

%(ν, µ)
ϕ
′�2µ + %(ν, µ)

2

�
− 8

(%(ν, µ))2
ϕ

�
2µ + %(ν, µ)

2

�
+

16

(%(ν, µ))3

µ+%(ν,µ)Z

2µ+%(ν,µ)
2

ϕ(x)dx.

Adding I1 andI2, we obtain

ϕ
�2µ + %(ν, µ)

2

�
− 1

%(ν, µ)

µ+%(ν,µ)Z

µ

ϕ(x)dx

= − (%(ν, µ))2

16

h 1Z

0

κ2ϕ
′′�

κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

�
dκ

+

1Z

0

(κ− 1)2ϕ
′′�

(1− κ)
�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ)

�
dκ
i
,

the required result. ¤

Theorem 3.6. Letϕ : W = [µ, µ+%(ν, µ)] −→ R be a differentiable preinvex function on

the interiorW◦ ofW with %(ν, µ) > 0. If ϕ
′′ ∈ L[µ, µ+ %(ν, µ)] and

∣∣∣ϕ′′
∣∣∣
q

is generalized

preinvex function, whereq ≥ 1 and 1
p + 1

q = 1, then

∣∣∣∣∣ϕ
(2µ + %(ν, µ)

2

)
− 1

%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)dx

∣∣∣∣∣

≤ (%(ν, µ))2

16

( 1
2p + 1

) 1
p

[[
H1(µ, ν, ~1, ~2)

∣∣∣ϕ′′(µ)
∣∣∣
q

+ H2(µ, ν, ~1, ~2)
∣∣∣ϕ′′

(2µ + %(ν, µ)
2

)∣∣∣
q] 1

q

+
[
H3(µ, ν, ~1, ~2)

∣∣∣ϕ′′
(2µ + %(ν, µ)

2

)∣∣∣
q

+ H4(µ, ν, ~1, ~2)
∣∣∣ϕ′′(ν)

∣∣∣
q] 1

q

]
,

where

H1(µ, ν, ~1, ~2) = H3(µ, ν, ~1, ~2) =

1∫

0

~1(1− κ)~2(κ)dκ

H2(µ, ν, ~1, ~2) = H4(µ, ν, ~1, ~2) =

1∫

0

~1(κ)~2(1− κ)dκ
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Proof. Let |ϕ′′ |q be a generalized preinvex function. Then, using Lemma 3.5, we obtain

���ϕ
�2µ + %(ν, µ)

2

�
− 1

%(ν, µ)

µ+%(ν,µ)Z

µ

ϕ(x)dx
���

=
(%(ν, µ))2

16

����
h 1Z

0

κ2ϕ
′′�

κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

�
dκ

+

1Z

0

(κ− 1)2ϕ
′′�

(1− κ)
�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ)

�
dκ
i����.

≤ (%(ν, µ))2

16

h 1Z

0

��κ2
��
���ϕ′′
�
κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

����dκ

+

1Z

0

��(κ− 1)2
��
���ϕ′′
�
(1− κ)

�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ)

����dκ
i
.

≤ (%(ν, µ))2

16

"� 1Z

0

��κ2
��pdκ

� 1
p
����ϕ′′

�
κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

����
q

dκ
� 1

q

+
� 1Z

0

��(κ− 1)2
��pdκ

� 1
p
����ϕ′′

�
(1− κ)

�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ)

����
q

dκ
� 1

q

#
.

(3. 7)

Since|ϕ′′ |q is generalized preinvex function, so

1Z

0

���ϕ′′
�
κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

����
q

dκ

≤
1Z

0

h
~1(1− κ)~2(κ)

��ϕ′′(µ)
��q + ~1(κ)~2(1− κ)

���ϕ′′
�2µ + %(ν, µ)

2

����
qi

dκ.

(3. 8)

1Z

0

���ϕ′′
�
(1− κ)

�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ))

����
q

dκ

≤
1Z

0

h
~1(1− κ)~2(κ)

���ϕ′′
�2µ + %(ν, µ)

2

����
q

+ ~1(κ)~2(1− κ)
��ϕ′′(ν)

��q
i
dκ.

(3. 9)

and

1Z

0

|κ2|pdκ =

1Z

0

|(κ− 1)2|pdκ =
1

2p + 1
. (3. 10)
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Substituting ( 3. 8 )-( 3. 10 ) into ( 3. 7 ), yields

�����ϕ
�2µ + %(ν, µ)

2

�
− 1

%(ν, µ)

µ+%(ν,µ)Z

µ

ϕ(x)dx‖
��

≤ (%(ν, µ))2

16

� 1

2p + 1

� 1
p

"h 1Z

0

h
~1(1− κ)~2(κ)

��ϕ′′(µ)
��q + ~1(κ)~2(1− κ)

���ϕ′′
�2µ + %(ν, µ)

2

����
qi

dκ
i 1

q

+
h 1Z

0

h
~1(1− κ)~2(κ)

���ϕ′′
�2µ + %(ν, µ)

2

����
q

+ ~1(κ)~2(1− κ)
��ϕ′′(ν)

��q
i
dκ
i 1

q

#
.

=
(%(ν, µ))2

16

� 1

2p + 1

� 1
p

"h
H1(µ, ν, ~1, ~2)

��ϕ′′(µ)
��q + H2(µ, ν, ~1, ~2)

���ϕ′′
�2µ + %(ν, µ)

2

����
qi 1

q

+
h
H3(µ, ν, ~1, ~2)

���ϕ′′
�2µ + %(ν, µ)

2

����
q

+ H4(µ, ν, ~1, ~2)
��ϕ′′(ν)

��q
i 1

q

#
,

which completes the proof. ¤

Theorem 3.7. Let ϕ : W = [µ, µ + %(ν, µ)] −→ R be a differentiable mapping onW◦,

whereW◦ is the interior ofW with %(ν, µ) > 0. If ϕ
′′ ∈ L[µ, µ + %(ν, µ)] and

∣∣∣ϕ′′
∣∣∣
q

is

generalized preinvex function, then

∣∣∣∣∣ϕ
(2µ + %(ν, µ)

2

)
− 1

%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)dx

∣∣∣∣∣

≤ (%(ν, µ))2

16

(1
3

)1− 1
q

[[
H5(µ, ν, ~1, ~2)

∣∣∣ϕ′′(µ)
∣∣∣
q

+ H6(µ, ν, ~1, ~2)
∣∣∣ϕ′′

(2µ + %(ν, µ)
2

)∣∣∣
q] 1

q

+
[
H7(µ, ν, ~1, ~2)

∣∣∣ϕ′′
(2µ + %(ν, µ)

2

)∣∣∣
q

+ H8(µ, ν, ~1, ~2)
∣∣∣ϕ′′(ν)

∣∣∣
q] 1

q

]
,

where

H5(µ, ν, ~1, ~2) =

1∫

0

|κ2|~1(1− κ)~2(κ)dκ, (3. 11)

H6(µ, ν, ~1, ~2) =

1∫

0

|κ2|~2(1− κ)~1(κ)dκ, (3. 12)

H7(µ, ν, ~1, ~2) =

1∫

0

|κ− 1|2~1(1− κ)~2(κ)dκ, (3. 13)
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H8(µ, ν, ~1, ~2) =

1∫

0

|κ− 1|2~1(κ)~2(1− κ)dκ. (3. 14)

Proof. Using Lemma 3.5, it follows that

���ϕ
�2µ + %(ν, µ)

2

�
− 1

%(ν, µ)

µ+%(ν,µ)Z

µ

ϕ(x)dx
���

=
(%(ν, µ))2

16

����
h 1Z

0

κ2ϕ
′′�

κ
�2µ + %(ν, µ)

2

�

+ (1− κ)µ
�
dκ +

1Z

0

(κ− 1)2ϕ
′′�

(1− κ)
�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ)

�
dκ
i����.

≤ (%(ν, µ))2

16

h 1Z

0

��κ2
��
���ϕ′′
�
κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

����dκ

+

1Z

0

��(κ− 1)2
��
���ϕ′′
�
(1− κ)

�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ)

����dκ
i
.

(3. 15)

Using the power mean inequality, we have

1Z

0

|κ2|ϕ′′
�
κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

�
dκ

≤
� 1Z

0

|κ2|dκ
�1− 1

q

 1Z

0

|κ2|
���ϕ′′
�
κ
�2µ + %(ν, µ)

2

�
+ (1− κ)µ

����
q

dκ

! 1
q

.

(3. 16)

1Z

0

|κ− 1|2ϕ′′
�
(1− κ)

�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ))

�
dκ

≤
� 1Z

0

|κ− 1|2dκ
�1− 1

q
� 1Z

0

|(κ− 1)2|
���ϕ′′
�
κ
�2µ + %(ν, µ)

2

�
+ κ(µ + %(ν, µ))

����
q

dκ
� 1

q
.

(3. 17)

and

1Z

0

|κ2|dκ =

1Z

0

|(κ− 1)2|dκ =
1

3
. (3. 18)
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Substituting ( 3. 16 )-( 3. 18 ) in ( 3. 15 ), yields
�����ϕ
�2µ + %(ν, µ)

2

�
− 1

%(ν, µ)

µ+%(ν,µ)Z

µ

ϕ(x)dx

�����

≤ (%(ν, µ))2

16
(
1

3
)
1− 1

q

"h���ϕ′′(µ)
���
q� 1Z

0

|κ2|~1(1− κ)~2(κ)dκ
�

+
���ϕ′′
�2µ + %(ν, µ)

2

����
q

� 1Z

0

|κ2|~2(1− κ)~1(κ)dκ
�i 1

q
+
h���ϕ′′

�2µ + %(ν, µ)

2

����
q� 1Z

0

|(κ− 1)2|~1(1− κ)~2(κ)dκ
�

+
���ϕ′′(ν)

���
q� 1Z

0

|(κ− 1)2|~1(κ)~2(1− κ)dκ
�i 1

q

#
.

=
(%(ν, µ))2

16
(
1

3
)
1− 1

q

"h
H5(µ, ν, ~1, ~2)

���ϕ′′(µ)
���
q

+ H6(µ, ν, ~1, ~2)
���ϕ′′
�2µ + %(ν, µ)

2

����
qi 1

q

+
h
H7(µ, ν, ~1, ~2)

���ϕ′′
�2µ + %(ν, µ)

2

����
q�

+ H8(µ, ν, ~1, ~2)
���ϕ′′(ν)

���
qi 1

q

#
,

which completes the proof. ¤

Theorem 3.8. Letϕ : W = [µ, µ+%(ν, µ)] −→ R be a differentiable preinvex function on

the interiorW◦ ofW with %(ν, µ) > 0. If ϕ
′′ ∈ L[µ, µ + %(ν, µ)] and

∣∣∣ϕ′′
∣∣∣ is generalized

preinvex function, then
∣∣∣∣∣ϕ

(2µ + %(ν, µ)
2

)
− 1

%(ν, µ)

µ+%(ν,µ)∫

µ

ϕ(x)dx

∣∣∣∣∣

≤ (%(ν, µ))2

16

[
H5(µ, ν, ~1, ~2)

∣∣∣ϕ′′(µ)
∣∣∣ + H6(µ, ν, ~1, ~2)

∣∣∣ϕ′′
(2µ + %(ν, µ)

2

)∣∣∣

+ H7(µ, ν, ~1, ~2)
∣∣∣ϕ′′

(2µ + %(ν, µ)
2

)∣∣∣ + H8(µ, ν, ~1, ~2)
∣∣∣ϕ′′(ν)

∣∣∣
]
,

whereH5(µ, ν, ~1, ~2), H6(µ, ν, ~1, ~2), H7(µ, ν, ~1, ~2) andH8(µ, ν, ~1, ~2) are given
in (3. 11 )-(3. 14 ).

Proof. Its proof follows from Theorem 3.7 forq = 1. ¤

4. CONCLUSION:

We now mention some new particular cases, which can be obtained from our main
results

(1) If %(ν, µ) = ν − µ and~1(κ) = ~2(κ) = κ, ~1(κ) = ~2(κ) = κs, ~1(κ) =
~2(κ) = κ−1 and~1(κ) = ~2(κ) = 1 under this assumption, we will get the
results for convexity, likes, Godunova levin andp-convexity, respectively.
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(2) If ~1(κ) = ~2(κ) = κ
under this assumption, we get the results for preinvexity.

(3) If %(ν, µ) = ν − µ and~1(κ) = ~2(κ) = κ, ~1(κ) = ~2(κ) = κs, ~1(κ) =
~2(κ) = κ−1 and~1(κ) = ~2(κ) = 1, then, we will get the results for preinvexity,
like s, Godunova Levin, andp-preinvexity, respectively.

We have derived new upper and lower bounds for the functions of generalized preinvex
functions. We have also developed some interesting results for this new class, which may
have significant and important applications in various fields of pure and applied sciences.
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