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Abstract. The objective of this paper is to derive Eejnequality for

generalized preinvex functions. Some new integral inequalities related to
Hermite-Hadamard type for the class of preinvex functions, whose second
derivative at certain powers, are established. It is shown that our results

contain several known results as applications. The technique of this paper
may enhance further research in this field.
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1. INTRODUCTION

Recently, the theory of convex functions has recieved much attention. A significant and
important class of convex function is that of preinvex functions, which was developed by
Ben-Israel and Mond [2]. It has been shown in [2] that preinvex functions and invex sets
may not be convex functions and convex sets. Recently many authors have established a
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number of inequalities by using the technique of [1, 2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 15, 16,
17, 19, 20, 21, 22, 23, 24, 25, 28, 29, 30, 31, 32, 33, 34] and proveédtlypg inequality,

see [6, 8, 14, 17, 18, 27, 31].

Inspired by the recent development in this field, Noor et al. [19] investigated a class of
(hy, ho)-preinvex functions involving two nonnegative arbitrary functiégnsnd?,, which

is called(hy, fip)-preinvex function or generalized preinvex functions. Consequently, the
concept of inequalities for generalized preinvex functions have been studied in [19]. The
purpose of this paper is to derive some new classes of Hermite-HadamardEgpalities

for twice differentiable generalized preinvex functions. For suitable choice of the arbitrary
functions’; andhs, one can obtain new results for preinvex functions and their variant
forms such as midpoint, Trapezoidal and Simpson type inequalities for twice differentiable
generalized preinvex function. From our results, a wide class of new inequalities for gen-
eralized preinvex functions can be obtained as special cases. Some of the results obtained
in this work may be viewed as generalizations and refinement of the well known results.

2. NOTATIONS AND PRELIMINARIES

Let W be a nonempty set ilR"”. Letyp : W — R be a continuous function and
o(-,+) : W x W — R"™ be an arbitrary continuous bifunction. For the sake of simplicity,
we always suppose that = [u, u + o(v, 1))

We recall some results and concepts, which are essential in the derivation of our main
results.

Definition 2.1. [2, 34]. "A set W C R is said to be an invex set, if and only if, there exists
a bifunctiong(-, -) such that

p+ko(v,p) €W, VYu,v e W, k€ [0,1].7

We now consider a new class of preinvex function with respect to two arbitrary nonnegative
functions.

Definition 2.2. [19]. "Let Ky, ks : (0,1) € J — R be two nonnegative functions. A
functiony : W — R is said to be generalized preinvex function with respedt;tand
ho, if

o(p+ ro(v, p) < ha(1 — r)ha(k)e(p) + ha(k)ha(1 — k)W), Vo, v € W,k € [0,1].7(2. 1)
Fork = % we have the Jensen type generalized preinvex functions.

20+ o(v, 1 1
o (LY <y (3) 1 (3) bl + oW v EW ke 0] 22
Some special cases of generalized preinvex functions as follows:

M. If (1 — k) = &, ha(k) = (k) ando(v,u) = v — p, in Definition 2.2, then
we have a Definition due to Dragomir [7].

(. Lets € [0,1] be a real number. Ifi;(x) = x* andhz(k) = «° in Definition 2.2,
then
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Definition 2.3. [4]. "A function ¢ : W — R is said to bes-preinvex function, if

p(u+ rov,p) < w°(1 = k) [p(p) + W), Yu,v e W,k €0,1).7
(). 1f 51 (1 — K)ha(k) + fiz(1 — K)R1 (k) = 1 in Definition 2.2, then

Definition 2.4. [30]. A functiony : WW — R s said to be Toader like generalized preinvex
function with respect to(-, -) if

o(p+ ko(v, p) < @(p) + hi(k)ha(1 — &)[p(v) — e(p)], Yu,v € W, k€ [0,1].

We would like to emphasize that for appropriate and suitable choice of the non-negative
functionsh; andhs, one can obtain a variety of new classes of preinvex and convex func-
tions as special cases of the generalized preinvex functions. This shows that the general-
ized preinvex(generalized preinvex) functions are quite general and unified ones. See also
[20, 25, 28, 29, 30, 31, 32, 33].

Definition 2.5. [26]. "Two functionsy and ) are said to be similarly orderedA(is -
monotone), if and only if,

(o) =), ¥(p) =) 20, V pveR™? (2.3)

We also need the following assumption, which is due to Mohan and Neogy [13].
Condition C. The bifunctiong(-, -) satisfies the assumptions,

o(p, p+ ko(v, 1)) = —ko(v, ), ¥V p,veW, kel0,1]. (2.4

o(v, p+ro(v,p) = (1 —kK)o(v,u), Vp,veW, kel01] (2.5)
We are viewing the functions which are known as Gamma function and Beta function

respectively.

oo

T(p) = /eiﬁn“fld/e,

0
1

B(u,v) = /Fc“*l(l—/@)”*ldn:
0

We need the following result, which can be proved using the technique of Ozdemir [25].
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Lemma 2.6. "Let ¢ : W — R be a differentiable preinvex function on the intediof of
W with (v, ) > 0. If " € L[u, u+ o(v, )] is generalized preinvex function, then

pto(v,m)

2u+ o(v, 1) 1
(p( 2 ) o(vp) ple)ds

m

_ _W[/,@“ (s 4 (1 )
0

+ /(n —1)%p" ((1 - n)(w%w) + r(p+ o(v, ,u))dn} J
0

3. MAIN RESULTS

In this section, we establish our main results.

Theorem 3.1. Lety and be two similarly ordered generalized preinvex functions. Then
their productyy is also a generalized preinvex function provided that

hi(1 — k)he(k) + he(1 — k)hy (k) < 1.
Proof. Let ¢ andy be similar ordered generalized preinvex functions. Then
o+ re(v, W)Y (p + Ko(v, p))
< [l = w)ha(k)e(u) + ha(1 = K)hi (k) ()] [ha (1 — K)ha (k)b (k) + h2(1 — k)M (k)Y (V)]
= [ (1 = ®)ha ()] *@()d (1) + [P2(1 = K) (R)]Pp () (v)
+ M (1 = K)ha(r)h2(1 — k) () [p(L) (V) + @) (k)]
< [ (1 = R)ha(R)]* ()9 () + [A2(1 = &)1 (R)]* ()3 (v)
+ (1 = K)ha(r)h2(1 — k) () (L) (k) + ()P (V)]
= [ (1 — &)ha (k)@ ()b (1) + ha(1 — &)y (8) ()W) [ (1 = K)ha () + ha (1 — £)ha (k)]
< (1 = r)ha(R)]p() (k) + [ha (K)h2(1 = K)]p(v)P(v), (3.6)
where we have used (2. 3) and the fact thatl — x)ha(k) + k(1 — k)hi (k) < 1. O

Theorem 3.2. Letp, ¢ : W = [u,u + o(v, )] € R — R be two similarly ordered
generalized preinvex functions.#f) € L{u, u + o(v, )], then

pto(v,p)

| et

< ()b () / B (1 — w)ha()dis + ()6 (v) / B (k) s (1 — ).
0

0
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Proof. From inequality ( 3. 6 ), we have

e(p+ ro(v, )Y (1 + ro(v, 1))
< [hm(1 = r)ha(R)] () () + [hr (k)R (1 = K)]p(V)h(v).
Integrating the above inequality ¢, 1], we obtain

pto(v,p)

RO o(x)y(x)dx

s!{mu—nmAMﬂmwww+mwmx1—wﬂw¢wﬁms

1 1
=(u /hll—li)hg Ydk + p(v /h1 Vo (1 — k)d
0 0

the required result.

Some special cases of Theorem 3.2 are:

(IV). If A1 (1 — K)ha(k) + Aiz(1 — k)A1 (k) = 1, then Theorem 3.2 reduces to a new
result

pto(v,p)

e(@)y(x)dr

o(v, j1) )

gwwwwwuwmwm—w@wwn/ma—mmMMw
0

(V). If hy(x) = x°* andhiz(k) = °2, then Theorem 3.2 reduces to a new result
pto(v,u)

RO p(x)y(x)de < [p(p)(p) + @) (V)B(1 + 51,1 + s2),

1
whereB(z, y) is the beta function.

(VD). If (k1) = k—*t andh(kg) = k2, then Theorem 3.2, reduces to a new result

pte(v,p)
o(z)i(x)ds
W
1 1
< (u /hll*ﬁ;)hQ Ydk + p(v /hl Vho (1 — k)d
0 0

IN

[p()(p) + o) (V)]B(1 — 51,1 — s2).
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We need the following result, which is essential in deriving théRgpe inequality for
generalized preinvex functions.

Lemma 3.3. Letp be a generalized preinvex function. Then

e2u+ o(v, 1) — x) < [M(1 = K)ha(k) + ha(1 — &)Aa (K)][p(1) + ©(V)] — ().
Proof. Letx = pu+ (1 — k)o(v, u) € W. Then
e(2p+ o(v, p) — )
hi(1 = K)ha(k)@(p) + ha(k)ha(1 — k)@ (V).
[h1(1 = K)ha(k) + b1 (k) ha (1 — )] [p(k)
hi(1 = K)ha(k)e(p) — M (k)2(1 = K)p(v
(7 (1 = k)2 (k) + h1(£)ha (1 — K)][p(n)
[hi(1 = K)ha(k) + ha (k) ha (1 — )] [p(k)

IN

p()]

+
)-
+ o)) — o+ Ko(v, 1))
+ o(W)] = p().

O
We now derive the Féf type inequality, which is the main motivation of our next result.

Theorem 3.4. Letga W — R be a generalized preinvex function witkw, 1) > 0,
hi(3) # 0, hao(3) # 0. 1f ¥ : [, u+ o(v, )] — R is a nonnegative, symmetric about
1+ 1o(v, p) integrable function and conditio@ holds, then

. 2t o(ust) pto(v,un) pto(v,pm)
s (22422) T oo < T st

pto(v,p)
< etwrew "] [mu—n)m(n)+h2<1—m>m<n> ().
o

Proof. Let ¢ be a generalized preinvex function. Then, by virtue of Lemma 3.3, we have

pto(v,p)

1 20+ o(v, )
. —
pto(v,um)
i} ’ [ R
2h1(3)ha(5) J 2
pto(v,p)
:% o 2#+Q(u,g)—x+x>¢<x>dm
2h1(2>h2<2) Iz
pto(v,un)
1 1., 1
= o (D)ha(h) M/ [ﬁl(g)ﬁz(g)w@u +o(v,p) —x) + ga(x)]}w(x)dx
wte(v.p) pto(v,pn)
— % / o2u+ o(v, 1) — )Y (21 + o(v, p) — x)dz + % / o(2)0(z)da.
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pto(v,p)

p(x)(x)dx

o
pto(v,p) pto(v,p)

= % / 0(2p+ o(v, u) — 2)b(2p + o(v, p) — x)dw + % / o(x)Y(x)da.

pto(v,p) ) pto(v,p)
_! P2+ olvp) ~o)i(e)do+ 3 [ plav(a)ds
I3 B
pto(v,u)

IN
I

(1260 = w000 + a1 = ) 0) ) i) + 0] = (o))
pte(v,m)

+ % / p(z)y(z)d.

pto(v,p)
< S el [mu — R)haR) + (1~ n)hl(n)} | v

This complete the proof. a

We derive a new Hermit-Hadamard inequality (HHI) for differentiable generalized prein-
vex functions.
Lemma 3.5. Lety : W = [u, u + o(v, u)] — R be a differentiable preinvex function on

the interiorWW° of W with o(v, 1) > 0. If ¢ € L[p, u + o(v, )] and ‘cp‘ is generalized
preinvex function offy, u + o(v, )], then

nA2 (v, 1)
2uto(v,p) (2)da
2 o(v, p) v
i
2hZ? .,
_ _(e(v,p)) 20" K 2u + o(v, ) (= Ry dn
16 2
0
Z1 i

20+ o(v, )

+ (5=1% (1-k) 5

0

+r(p+o(v, 1) di .
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Proof. Integrating by parts, we get

1

/nzgo” (5(2#%9(%#)) +(1- n)u)d/@

0

S T
0

I

=K

Qu h Q(V ,u)) +(1- n)u)dn.

l

, v, (gt ) 4 (1 - k)u
(fu) [@ (2u+g( u))} B Q(ju) [ﬁ ( ( Q(yl) )r

/1 2N+Qyﬂ))+(1f,‘-@)u>dn}
0

- Q(j 1) 4 (2N : g(% M)> N (9(5#))2 [s@(% : g(V» M)

@(H(QM%Q(V’MU +(1- m)u)dn]

_ 2 (2utovp) 8 20+ o(v, 1) 16
= Q(V,u)‘p( H g H )_ (Q(V’u))QSD( K g K ) + ) #/ o(x)dz.

0

\
o _

Similarly
71
1 2 S
L= (k=1% (1—r) %(VM) + r(p+o(v,u) dr
0
¢ (1—r) 22 4t o(v,p)
=(k—1)
e(v,p) 0
2
s (v.n)
- 1)y (k) Mt
o(v, 1) i (k=1Dp (1-k) 5 +w(p+o(v, 1) dk.
2 N out o ! 4 h( 1)@ (1—r) 246 4 w(u+o(v, 1) o
S _ o
olv.) ¥ 2 (e, 1)) Flo) 0
2 z! 2u + o ) i
_ _ ) cHT oW R)
O (I-r) 5 + k(p+ o(v, 1) dr
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_ 2 v 2udelmp) 8 2+ o(v, 1)
o(v, 1) 2 (o(v, 1))? 2
“ (v
8 2p+ o,
+— ¢ 1)k ———= +rw(p+o(v,pn)) dks.
(o(v, 11))? . =) 2 ( (v 1))
2 ) e olv,p) 8 2p+ o(v, 1) 16
o(v, i) 2 (o(v, 1))? 2 (o(v, 1))?
Adding I; andl;, we obtain
) 1) pA2 (o)
B+ oy, p)
2 o(v, i) pl@)de

©w

2hZ .
__(Q(V7/~L)) HQQD K 2M+§(V7M) +(1_H)M dk

w2 (v,p)

2uto(v,p)
2

B 16
0
bal
” 2
+ (k=1)% (1-r) %(V”u) +k(p+ o(v,p) dr

0

the required result.

p(z)dz.

O

Theorem 3.6. Letp : W = [u, n+ o(v, u)] — R be a differentiable preinvex function on
1" " q
the interiorW° of W with o(v, 1) > 0. If o € Lu, p+ o(v, )] and'go ‘ is generalized

preinvex function, wherg > 1 and}l9 + % =1, then

pto(v,p)

|w<2u+g(u,u))_g(;’u) #/ o)

2p+1

o (2u + g(v, u))

<
- 16

q

+ H4(:u7 v, h17 hQ) QOH(V)

+ |:H3(,U’7 v, ﬁl) h2)

where
1
Hl(,u,l/, h17h2) = Hg(’u,l/, hhh?) =
0
1

Hg(/],,l/, hlth) = H4(/~L7Va h17h2) =
0

b ( 1y} Um,u, v, )| ()" + Ha(n, v, o)

4
qH7

h(1— k)he(k)dr

2p+ o(v, 1)

2

h(k)ha(1 — Kk)dr

)

1
CI:|§
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Proof. Let \go” | be a generalized preinvex function. Then, using Lemma 3.5, we obtain

A2 (v,p)
20+ o(v, 1)

2 ~o(v, )

2 hZ! .,
_ (@(vlng)) 20 & 2u+§(v,u) F (=R dr
0
Z! i

” 21+ o(v,
b () LSy o) d

0

2hZ! .
< (Q(VIGN)) 2k 2u+§(v,u) L —R)p de
0
Z1 i

” 2
o1 (1w BEEBI o) dn
0

S
2 l 1"
< (9(1/1,:)) 2P P ok 2u+g(v,u)

1

+(1=r)p dr *
0
z #

1
T i TR R et IO SR B

0

(3.7)

=

Since\ap” |7 is generalized preinvex function, so
71
ok 2#%@(”@ F(—mp dn
(3. 8)
Z1h

N v 2+ o(vp) ot
< h(l —kr)h2(k) ¢ () ~ +hi(r)A2(l — K) @ — di.

¢ (1K) ZM%W + &+ o(v, 1)) "dr
Zi (3.9)

7 ”
< m(l=r)ha(k) ¢ %(’4#) "y hi(k)he(1 — k) @ (v) ? dk.
and

Z1 71
|2 [Pdr = |(k—1)*|Pdk =

IS (3. 10)
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Substituting (3. 8)-(3. 10) into ( 3. 7)), yields

5 ( ) ) A2 (v,1)
u+ o(v, p
— z)dx
2 o(v, 1) pla)da]
" lu
hZlh i
(o(v, ))? 15 N o 2u+ (v ) a
< MNP/ _ _ or T EAD P
< 16 1 hi(1 = k)ha(k) ¢ (1) ° + ha(k)ha(l — &) ¢ 5 dr
0
.. #
hZ! i i
"2 q " o
o m ) I (1 k) ¢ ) Tl
0
h i1
(ov,w)> 1 3 "ol v 2u o) g
=8/ H H laBLEE e T 2h
16 2p+1 1(:U’7V7h17h2)¢ (:u’) + 2(:“0”77117}7‘2)90 2
h i
"2 q " a
+ H3(/L7V7h17h2) ® %(V’M) +H4(/L7V7h17h2) ® (V)q ! 3

which completes the proof. a

Theorem 3.7. Lety : W = [u, 1 + o(v, u)] — R be a differentiable mapping on/°,
whereW® is the interior of W with o(v, 1) > 0. If " € L[u, u + o(v, )] and ‘@”‘q is
generalized preinvex function, then

pto(v,p)

|@<2u+g(u7u))_g(:’u) M/ o()d

< W(%)l_% “H5(ﬂ7’/7 hh@)’@”(ﬂ)‘q + Heo(p, v, u, hz)

o <2u + g(v, u))

q}%

" 2 + I/, q " q 1
+ |:H7(:u71/7h17h’2) 2 (%(Iu)) +H8(,U,I/, h17h2) ¥ (V) :|q‘|7
where
1
Hs(p, v, hy, he) = / |2 h1 (1 — K)ho(k)dk, (3. 11)
0
1
Ho(ps v he) = [ 2 ha(1 = ) (), (3. 12)

0

1
ol o) = [ 6 = 1P (1 = i)ha(i)d (3. 13)
0
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1
Hs(p, v, by, ha) = / |k — 12h1 (k) ha (1 — K)dk. (3. 14)
0

Proof. Using Lemma 3.5, it follows that

2 (v,p)
2uto(v,p) o(z)dz
2 o(v, p)
n
hZ!
IO S S5 S V)
16 2
0
o 201+ o, 1) i
77 V.
+(1—rp de+ (k=120 (1—k) W +r(p+ o(v, 1) dr
0
2th 1"
S(Q(MN)) 2ok 2u+ o(v, 1) (R de
16 2
- 0 : (3. 15)
” 2u+ o(v,
b aw) 2EE o) dn
0
Using the power mean inequality, we have
71
\/{2\50” K QH%Q(V’H) + (1 —-r)p dr
0
2, om 2 Lo G
- = " q
< |3de  ° 1K} ¢ & %(V’u) +Q-r)p dr
0 0
71
" 2+ o(v,
=1P" (1 —r) 2B o) d
0
.17
71 . 71 2 ol 1) ] 1(3 )
- " 1/7 a
< k=1Pde T k=P k FEEEE dw(uto(vp) Cde
0 0
and
Z1 Z1
12| die = \(mfl)Q\d/@:%. 3. 18)
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Substituting (3. 16 )-( 3. 18) in ( 3. 15), yields

pt2(v,p)
20+ o(v, 1)

2 a Q(Vvﬂ)

5 2 1 _1 12 q "o 2 s q
< QOB i T )t i - mma s + TR

Z1 Z1

2 a no2p+to(vp) 9 2
|72 (1 — k)h1(K)dK + — [(k — 1)7|hi (1 — K)h2(K)dkK

" q zt i #

+ ¢ W) k=1 k)ds

A 2 1 _1 h " q " 2 s q
%(g)l (11 H5(:u/>7/7h17h2)¥7 (:u’) +H6(M7V7h17h2)90 M

2
h . H#

"2 —+ R q " ql
+ H7(/L7V7h17h2) ® %(V/‘L) +H8(/L7V7h17h2) 12 (V)

Q=

Q=

)

which completes the proof. d

Theorem 3.8. Lety : W = [u, u+ o(v, u)] — R be a differentiable preinvex function on

the interiorWW° of W with o(v, 1) > 0. If ¢ € L[p, u + o(v, )] and ‘@’/‘ is generalized
preinvex function, then

pto(v,p)
2u + o(v, 1) 1
|@( 2 ) o | ewa
< (o, 1))

O (v, )| (1) + Ho (v, ) gp(wﬂ
g’(w

2
SN+ (1, )| )

whereHs (i, v, ha, hia), Hg(p, v, b1, ha), Hr7(u,v, b1, he) andHg(u, v, iy, ho) are given
in (3. 11 3. 14)

+ H7</’L7 v, hla FLQ)

Proof. Its proof follows from Theorem 3.7 fay = 1. O

4. CONCLUSION:

We now mention some new particular cases, which can be obtained from our main
results

@) If o(v,p) = v — pandhy (k) = fia(k) = Kk, (k) = ha(k) = K, A1(k) =
he(k) = k=1 andhy (k) = ho(k) = 1 under this assumption, we will get the
results for convexity, likes, Godunova levin ang-convexity, respectively.
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(2) If hi(k) = ha(k) =k
under this assumption, we get the results for preinvexity.

(3) If o(v,p) = v — pandhy(k) = ha(k) = K, h1(k) = ha(k) = K%, hi(k) =
he(k) = k=1 andhy (k) = ha(k) = 1, then, we will get the results for preinvexity,
like s, Godunova Levin, ang-preinvexity, respectively.

We have derived new upper and lower bounds for the functions of generalized preinvex
functions. We have also developed some interesting results for this new class, which may
have significant and important applications in various fields of pure and applied sciences.
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