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1. INTRODUCTION

The Simpson inequality states that(if: [n1,72] — R is a four times continuously
differentiable mapping ofv;, n2) and||¢|| = sup [¢ (y)| < oo, then
)

ye(n1,m2

72 e —m C(n1)+C(7}2) 771+772

/m ¢ (6)do — . +2<( : )”
SﬁHCM)HW'(”T”l)ZL- (1.1)

There is a substantial literature on the generalizations of Simpson’s inequality, Simp-
son type integral inequalities and Hermite-Hadamard type integral inequalities by using a
variety of convexity conditions, see for example [1]-[46] and the references cited therein.

Recall that a functio : I ¢ R — R is called convex function if the inequality

Cyo+ (1 —y)o) <yC(0) +(1—y)¢ (o)

holds for allé, o € I andy € [0, 1].
One of the generalizations of the convex functions, known as the GA-convex functions,
is stated as follows:
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Let¢ : I C (0,00) — R. If the inequality
¢(8%0 ™) <y (0) + (1 =) ¢ (o)
holds for allé, o € I andI € [0, 1], then is said to be GA-convex dn

Example 1.1. Consider the functiog : (0,00) — R defined ag (z) = Inz, then this
function is GA-convex function df, oo). Letd, o € (0,00) andy € [0, 1], then

¢ (0¥ Y) =In(60"Y) <ylné+ (1 —y)lno
<yC0)+(1-y)C(o).
Thus the functio (z) = In « is GA-convex function of0, o).

The aim of this paper is to present some new weighted Simpson type integral inequalities
for the class of GA-convex functions.

2. WEIGHTED SIMPSON'S TYPE INEQUALITIES FORGA-CONVEX FUNCTIONS

In order to prove the results for this paper, we need the following lemma.

Lemma 2.1. Let¢ : I C (0,00) — R be a differentiable mapping of°, where,
12 € I° withn; < ny and leto : [m1,12] — [0, 00) be a continuous positive mapping and
geometrically symmetric with respect {0y, 7. If (L oel, [m1,m2], then

72

S T )+ 6T+ C )] [ €70

m

n2
B 1 /Qs(Z)C(Z)dZZIHW*anl
Inny —Inn z
Uh!

4

x { / ()M )¢ (M (v) dy — / P2 (0) 2 (1) ¢ (Ao (1) dy} .22
0 0

where

and
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Proof. By integration by parts, we have

> 2 e
_lnm_lnmo/qﬁ(Al (1)< (A1 (v) dy P T [ . 0/¢(A1 (y))dy]
+ In Elnm [3C( 4771772) /(b(/\l (y))dy]

0

1
2
B Py 0/ 80 1) ¢ (1) dy.

By making the substitution = )\; (y), we get

| o)
I = m[((n1)+3§(\/ﬁ1n2)] / . dz

o 7¢ (e,

(In7s — Inmn)* z

m

Similarly, we can have

L— / P2 () 22 (1) ¢ (ha (9)) dy
0

72
1

= ——————— BC(Vmmnz2) + ¢ (n2)] / )y,
(Inne —Inmny)
V1Nin2

4 9 (2)¢(2)
(Inny — Inn)? / z e
V2
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Sinceg(z) is geometrically symmetric with respect.{@,7;, we have

Vmnz 12 ) M2
0y, [ 2y, 1 [0,
z z 2 z

Ut N2 m

Thus, we have

Inne —Inn
— (- I
1 (I1 — I2)
1 2

= ¢ (2)

2
1 ¢ ()¢ (2)
- Inne —Inmy / z dz.

L

m

O

Remark 2.2. Throughout this manuscript we will use the following notation for the sake
of convenience

72

! 6 (2)
S T < Om) 6 (VAR) + ()] [

T2
1 ¢ (2)¢(2)
_lnng—lnnl/ z dz
m

Corollary 2.3. Under the assumptions of Lemma 2.1, the following inequality holds

v (771, 123 Cv ¢) =
m

(Inne —Inmny) ||¢||[m,n2],oo
4

x{j@_y)Al(y)c ) dy — j(—y) ><’<A2<y>>dy}7 (2.3)

0

v (771,772;<7¢) S

WhereH¢||[nl,n2]$oo = yes[:,l]lpn ] |¢ (y)‘
1,72

Proof. Proof follows from the fact that
H¢”[ 771772] o — ||¢||[771 n2],00
and

”QSH[\/W,%})OO < ||¢H[m,772]7oo
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Theorem 2.4. Let¢ : I C (0,00) — R be a differentiable mapping off, wherer,,
ny € I° withn, < ny and leto : [n1,m2] — [0,00) be a continuous positive mapping

!’ ’ ’19 .
and geometrically symmetric with respect§6y17z. If ¢, ¢ € Ly [n1,72] and ’g ‘ is
GA-convex oy, 12] for ¥ > 1, then

2 (Innz —nn) 90l 0,100 ( 5 )1_39

|W (01,125 C, 9)] < 1 16
0 (8 (12034 4 6) — (1 — 146%/4 + 90) In 6 + (20 — 3) (In 9)2) R
8 8 (In6)° ‘C (m)‘
0(~8(1 205 10) + (0420 ~T)nh—3(m0)°) ’
(—8 (1= 2074 +0) — (9— 1461/ + 0) In 0 + (30 — 3) (1n9)2) R

=

(8(1 20144 6) + (1+20/ — 70) In0 + 30 (n0)*)
8 (In o)

, 9
" <" () ] . (@9

wheref = (7]1/7]2)19/2.

Proof. From ( 2. 3) and using the power-mean inequality, we have

~—

(Inmz =) 161}, 101,00

|U (n1,m2; ¢, 9)] <

1
9

M w)[¢ )| dy) @5
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By using the GA-convexity org'

1
/§

4
0

< (¢ (m)

3

+b/4(

3

4

3

90/<
ll

3

4

1—y

2

‘ 9

9
)¢ Ga )| ay

) (5
)Xf(y)der/l(y—i

1+y

2

e

4

4

y— =

on{[n,ne] for ¥ > 1, we get

3

) (5

4

1+y
2

>X9()d

) (1;3/> N (y) dy ‘4/ (772)‘19

100 (8 (1= 2051+ 0) + (—1+ 14031 — 90) In 0 + (3 + 26) (In 0) )

= (1119)3 ‘C it ‘
n30 (=8 (1= 204+ 0) + (=7 +26%4 +-6) In0 - 3(1n0)*) 9
+ T )| @e
and
/13
- opg e caw| ay
0
H 1 ]
NN 1- 3\ (1-
<[ (771)’ /<4—y> (Qy) A‘3(1/)dz~/+/<y—4> <2y> A (y) dy
0 3
- 1 :
N 3 1 3\ (1
o] | [ G -) (S smars [ (v-3) (S5 M wa
0 3
7 (—8 (1— 204 +6) — (9 — 1464 + 6) n 0 + (—2 + 36) (In6) )
= (1n0)3 ’C 772’
ng (8 (1= 2611 46) + (142641~ 76) Ing + 30 (1n.6)° )
+ Y o] @7
whered = (11 /n2)"/2.
Using(2.6)and (2.7)in(2.5)weget(2.4). a

Theorem 2.5. Let¢ : I C (0,00) — R be a differentiable mapping off, wherer,,
ny € I° withn; < 1y and leto : [n1,m2] —

’ ’ 19
and geometrically symmetric with respect §6y17z. If ¢, ¢ € Ly [n1,72] and ’g ‘

[0,00) be a continuous positive mapping
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GA-convex offny, 12] for ¥ > 1, then

1
| (771 Na; C ¢)| (1nn2 B 111?71) ||¢||[771,772]«,00 |:L (7712(19190 7722(19191)>:| o
) ) 4 )

S
ENTE
)|

N (22195 + 2—219—5 % 319+1 (419 + 5))
(0+1)(WP+2)
+,7 [(2—219 5 4+ 92~ 29-5 319+1 (4ﬂ+5)>
2 (9 +1) (09 +2)
N (22795 x 39HL (49 + 11) + 272975 (89 + 15)>
(W+1)W+2)

/ (m)

‘ 9

’ [

(m)

/(nz)ﬂé}. (2. 8)

Proof. From ( 2. 3) and using thedider integral inequality, we have

(Inme —1nn1) 161}, 101,00
4

1 =5 /1 ;
X (O/Af’ﬁl(y)dy) (O/Ii—ygé(
1 -5 /1 Y
+</A§’ﬂl(y)dy) (/’i—y

0

|U (n1,m2; ¢, 9)] <

10
By using the GA-convexity Ok ‘ on|[n,ne] for ¥ > 1, we get

3

<|¢ (m)’ﬂ /4(3 y>ﬁ (1;1/) W
)| /(j—y)(lgy) iy
J ) ()] (T )

N (22“95 x 391 (49 + 11) + 272775 (80 + 15))
(W+1)(W+2)

"(m2)

’ v

, 9
(m)| (210
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N

[0 (59w [ (5

1
9 —29—-5 —29-5 J+1
3 1+ 2 +2 x 3 49 +5 , 9
+/ y—— ) gyl = ( ) C(m)’
4 2 (9 +1)(I9+2)
4
2720-5 5 39+ (49 +11) 4+ 272975 (89 + 15 / 9
+( SUReL) SN )| @)
(9 +1) (0 +2)
We also observe that
1 9 9 9 - 9
/A{“ (y)dy =" L (nf“’"” ,715“9"”) (2.12)
0
and
1
9 ) 9 9
/Aé“ (y)dy =n,""" L (nf“’” 77722(“)) : (2. 13)
0

Applying (2.10)-(2.13)in(2.9),weget(2.8). a

Theorem 2.6. Let¢ : I C (0,00) — R be a differentiable mapping off, wherer,,
ny € I° withn, < ny and leto : [n1,m2] — [0,00) be a continuous positive mapping

! ’ ’19 .
and geometrically symmetric with respect§6y17z. If ¢, ¢ € Ly [n1,72] and ’( ‘ is
GA-convex oy, 2] for ¥ > 1, then

[V (11,m2; ¢, 9)] <

(Inny —Inmn) ||¢||[m,7,2]7oc ( 9 -1 >1119

4 29 — 1
29-1 29-1 1-3 i ne —ng — ni "N , 9
% [4 o (30 ' +1)] {771 |:( 9 (Inn, —lnns) ¢ (771)‘
P ) b ) )
L(nf,nf)*nrf , 9 1 nrf*L(nf,nrf) , 9
N\ T ) <@ | | T ) [0

14
U (Inm —Inn) )

9 s 9 s 79
L(771277722) +ni — 205 , 9
+ o] b @
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Proof. From ( 2. 3) and using thedider integral inequality, we have

(Inn2 —n1) [0l 1,100
|\II(77177727C7¢)| S 4 [7717772]7

1 e -5 /1
x (/\j—y“dy) (/xf(y) c’ww»\ﬁdy)
0 0
+(/’jydy) (/x;(y) <’<A2<y>>\ﬂdy) . (2.15)

0 0

@l

S|~

’ 19 .
Since‘( ’ is GA-convex oy, nz] for ¢ > 1, we get

0/ X! (y)

, 9
¢ u )| dy

1
’ 9 1+ ’ 9
<ol [ ()M [ (5N wa
0 0
RN nE—L@f,nE) NI nfm?) s\ L. P
- U (Inm —Inn) ¢ (771)‘ o U (Inm — Inns) ¢ (772)‘
(2. 16)
and
; 9
[R W) d
0
9 ; J ;
, 1- 1+
<[] [ (3L war+]c )| [ (58 wa
0 0
A KA 9 9 9 A
g (=L (fmd)\ e (L(nfnd )+l —mE
=T '19(11’1771—11’17']2) C (771)‘ +772 19(11,17)1 _111772) C (772)‘ :
2. 17)
We notice that
1 9
3 v-1 291 9 —1 201
/’4—;, dy = 4= 5= (219_1) (30— +1). (2. 18)
0

Applying (2. 16 )-(2. 18)in (2. 15), we get (2. 14).
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Theorem 2.7. Let¢ : I C (0,00) — R be a differentiable mapping off, wherer,,
ny € I° withn, < ny and leto : [n1,m2] — [0,00) be a continuous positive mapping

!’ ’ ’19 .
and geometrically symmetric with respect§6y17z. If ¢, ¢ € Ly [n1,72] and ’g ‘ is
GA-convex oy, 12] for ¥ > 1, then

o (s = 1070) [0l e
|\Il(77177727<-7¢)| < [m1,m2],

4
« 9((973)1n074(972g3/4+1)) 1-35
4(Ing)*
6 (8(6—26°" +1) — (96 — 146** — 1) (In6) + (20 - 3) (n6)°) | ,
[<( = 3 | >Cmﬂﬁ
8 (In0)
0 (=8 (6—20%4 +1) + (0+20%* —7) (1n6) _3mo?) ) 1
" ( 8 (In6)° ) C(nz)‘
(39—1)ln9—4(0—291/4+1) 1-3
4(Ing)>
(—8 (9 _opl/4 + 1) — (9 — 140%/4 +9) (11’19) + (29 _ 3) (1119)2) , ,
’ 8 (In0)* ‘C (772)’

1

8(6—20"/* +1) — (1+6"/* —79) (In) + 36 (In6)° ’
(8( +1) - (1+ ) (In6) + 36 ( ))’C,(m)‘ﬁ] P

+ 3
8 (Ino)

wheref = (771/772)1/2.

Proof. From ( 2. 3) and using the power-mean inequality, we have

(Inmz =) 161}, 101,00
4

S(Jpon) (1
0 0
+(/1’Z—y’>\2(y)dy) ﬁ (j‘i—y‘&(y)\c/uz(y))\ﬂdy)19 @20
0 0

|U (n1,m2; ¢, 9)] <

1
9

, 9
M W)]¢ O (v) dy)
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9
By using the GA-convexity org ‘ on{[n,ne] for ¥ > 1, we get

, 9
y[ A w]¢ Oa )

NG () nwae [ (D) (5 om
el ] (3-0) (55w | (1-3) (552
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o _
B~ w
|

IN
cf\,\
—
=
=
S~—"
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We also have

2 1

0/1’2 ’ )dyzoj(i—y)h(y)dw/(y—i)xl(y)dy

_ 120 ((0—3)In0 —4(0—20°" +1))

W

4(Ing)? (2.23)
and
1 5 3 5 1
/’4—y’>\2(y)dy=/(4—y> dy+/<y—) 2 (y) dy
0 0 3
_ 2 ((30—1)lnb —4 (g —20'/4 4+ 1)) @ 24
4 (In )
whered = (11 /n2)"/?.
Using (2. 21)and (2.24)in(2.20)we get (2. 19). O
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