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Abstract. The aim of the present study is to extend the local fractional
Sumudu decomposition method (LFSDM) to resolve nonlinear systems
of partial differential equations with local fractional derivatives. The de-
rivative operators are taken in the local fractional sense. The LFSDM
method provides the solution in a rapid convergent series, which may lead
the non-differentiable solution in a closed form, this makes them an ap-
propriate method for similar problems. We have provided some examples
to confirm their flexibility in solving these types of systems.
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1. INTRODUCTION

The perception of the notion of a non-integer order derivative (for example a real num-
ber) has ceased to be an astonishing fact. On the contrary, its contribution has allowed and
still allows us to better glimpse the phenomena of nature, in other words, to model them
by differential equations or systems of non-integer order, which better reflect the passage
from the real to the known. In this view, the non-integer order differential systems, although
more complicated, are better adapted to the mechanical modeling of certain materials that
retain the memory of past deformations (return to the initial shape of the rubber after a
twist), the behavior described as viscoelastic in the language of mechanics.
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Many mathematicians have studied methods of solving differential equations or dif-
ferential systems, especially nonlinear differential equations or systems. Among these
methods, the one known as ”Adomian decomposition method”, is among the most fa-
mous method developed recently, where it was developed between the 1970s and 1990s
by George Adomian [1, 2, 3, 4, 5].

With the advent of fractional differential equations, researchers used this method to
solve the kind of this new type of equations or systems [6, 11, 19, 18, 17, 22], then they
combined it with the Laplace transform method [9, 12, 13, 14] and with the Sumudu trans-
form method [7, 15, 16], all this, to give this method more effective and faster in identifying
solutions. This method and associated methods, have also been used to solve new differ-
ential equations of order slightly different from order of classical differential equations, for
example, from the ordinary differential equations, we obtain new known equations under
the name of: local fractional ordinary differential equations, and from partial differential
equations, we obtain other new equations, known under the name of: local fractional ordi-
nary differential equations, and from partial differential equations, we obtain another new
equation, known under the name of: local fractional partial differential equations. This
new concept of derivatives and integrations which is known as local fractional operators, is
attributed to Xiao-Jun Yang [23, 24].

The work presented in this paper consists in extending the use of the modified method
proposed by D. Ziane et al. [26] for solving nonlinear systems of partial differential equa-
tions with of local fractional derivatives. The importance of LFSDM lies in the fact that
it combines two important methods to solve this type of nonlinear systems. To demon-
strate the value of this method, we used it to solve two important nonlinear systems of local
fractional partial differential equations.

2. BASIC DEFINITIONS

This work, which we will present in this article, requires basic concepts of fractional cal-
culus, in addition, we will present the new definition of Sumudu transformation according
to this concept.

2.1. Local fractional derivative.

Definition 2.2. The local fractional derivative ofΦ(κ) of orderσ atκ = κ0 is defined as
[23, 24]

Φ(σ)(κ) =
dσΦ
dκσ

∣∣∣∣
κ=κ0

= lim
κ→κ0

∆σ(Φ(κ)− Φ(κ0))
(κ − κ0)σ

, (2. 1)

where

∆σ(Φ(κ)− Φ(κ0)) ∼= Γ(1 + σ) [(Φ(κ)− Φ(κ0))] . (2. 2)

For anyκ ∈ (α, β), there exists

Φ(σ)(κ) = Dσ
κΦ(κ),

denoted by
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Φ(κ) ∈ Dσ
κ(α, β).

A local fractional derivative of high order is written in the form

Φ(mσ)(κ) =

m times︷ ︸︸ ︷
D(σ)
κ · · ·D(σ)

κ Φ(κ), (2. 3)

and for the local fractional partial derivative of high order, we have

∂mσΦ(κ, τ)
∂κmσ

=

m times︷ ︸︸ ︷
∂σ

∂κσ
· · · ∂σ

∂κσ
Φ(κ, τ) . (2. 4)

2.3. Local fractional integral.

Definition 2.4. The local fractional integral ofΦ(κ) of order σ in the interval[α, β] is
defined as[23, 24]

αI
(σ)
β Φ(κ) =

1
Γ(1 + σ)

∫ β

α

Φ(τ)(dτ)σ

=
1

Γ(1 + σ)
lim

∆τ−→0

N−1∑

j=0

f(τj)(∆τj)σ, (2. 5)

where∆τj = τj+1 − τj , ∆τ = max {∆τ0, ∆τ1, ∆τ2, · · · } and [τj , τj+1] , τ0 = α,

τN = β, is a partition of the interval[α, β]. For anyr ∈ (α, β), there existsαI
(σ)
κ Φ(κ),

denoted byΦ(κ) ∈ I
(σ)
κ (α, β).

2.5. Some important results.

Definition 2.6. The expressions of the functions Mittage Leffler, sine and cosine in the
sense of local fractional operators ([10, 23, 24], are given as follows

Eσ(κσ) =
+∞∑
m=0

κmσ

Γ(1 + mσ)
, 0 < σ 6 1, (2. 6)

Eσ(κσ)Eσ(υσ) = Eσ(κ + υ)σ, 0 < σ 6 1, (2. 7)

Eσ(κσ)Eσ(−υσ) = Eσ(κ − υ)σ, 0 < σ 6 1, (2. 8)

sinσ(κσ) =
+∞∑
m=0

(−1)m κ(2m+1)σ

Γ(1 + (2m + 1)σ)
, 0 < σ 6 1, (2. 9)

cosσ(κσ) =
+∞∑
m=0

(−1)m κ2mσ

Γ(1 + 2mσ)
, 0 < σ 6 1, (2. 10)
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Some important properties of derivatives and integrals in the sense of local fractional
operators [23, 24], are given by

dσκmσ

dκσ
=

Γ(1 + mσ)κ(m−1)σ

Γ(1 + (m− 1)σ)
. (2. 11)

dσ

dκσ
Eσ(κσ) = Eσ(κσ). (2. 12)

dσ

dκσ
sinσ(κσ) = cosσ(κσ). (2. 13)

dσ

dκσ
cosσ(κσ) = sinhσ(κσ). (2. 14)

0I
(σ)
κ

κmσ

Γ(1 + mσ)
=

κ(m+1)σ

Γ(1 + (m + 1)σ)
. (2. 15)

2.7. Local fractional Sumudu transform. In this subsection, we will give the basic def-
inition of the Sumudu transform method of local fractional derivative (lf Sσ), followed by
some important properties [20].

We consider this new transform operatorlf Sσ : Φ(κ) −→ z(υ), namely,

lf Sσ

{ ∞∑
m=0

amκmσ

}
=

∞∑
m=0

Γ(1 + mσ)amυmσ. (2. 16)

As typical examples, we have

lf Sσ {Eσ(iσκσ)} =
∞∑

m=0

iσmυσm. (2. 17)

lf Sσ

{
κσ

Γ(1 + σ)

}
= υσ. (2. 18)

Definition 2.8. [20] The formula of the Sumudu transform of local fractional derivative for
the functionΦ(κ) of orderσ,is defined as follow

lf Sσ {Φ(κ)} = zσ(υ) =
1

Γ(1 + σ)

∫ ∞

0

Eσ(−υ−σκσ)
Φ(κ)
uσ

(dκ)σ, 0 < σ 6 1

(2. 19)
The inverse formula of ( 2. 19 ), is given by

lf S−1
σ { zσ(υ)} = Φ(κ) , 0 < σ 6 1 . (2. 20)

Theorem 2.9. (linearity).
If lf Sσ {Φ(κ)} = zσ(υ) and lf Sσ {ϕ(κ)} = Ψσ(υ), then one has

lf Sσ {Φ(κ) + ϕ(κ)} = zσ(u) + Ψσ(u). (2. 21)
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Proof. Using formula ( 2. 19 ), we obtain

lf Sσ {Φ(κ) + ϕ(κ)} =
1

Γ(1 + σ)

∫ ∞

0

Eσ(−υ−σκσ)
Φ(κ) + ϕ(κ)

uσ
(dκ)σ

=
1

Γ(1 + σ)

∫ ∞

0

[
Eσ(−υ−σκσ)

Φ(κ)
uσ

+ Eσ(−υ−σκσ)
ϕ(κ)
uσ

]
(dκ)σ

=
1

Γ(1 + σ)

∫ ∞

0

Eσ(−υ−σκσ)
Φ(r)
uσ

(dκ)σ +
1

Γ(1 + σ)

∫ ∞

0

Eσ(−υ−σκσ)
ϕ(κ)
uσ

(dκ)σ

= lf Sσ {Φ(κ)}+ lf Sσ {ϕ(κ)} .

¤

Theorem 2.10. (local fractional Laplace-Sumudu duality).
If Lσ {Φ(κ)} = ΦL,σ

s (s) andLF Sσ {Φ(κ)} = Fσ(υ), then one has

lfSσ {Φ(κ)} =
1
uσ

Lσ

{
Φ(

1
κ

)
}

, (2. 22)

Lσ {Φ(κ)} =
LF Sσ

{
Φ( 1

s )
}

sσ
. (2. 23)

Proof. see [20] ¤

Theorem 2.11. 1- (local fractional Sumudu transform of local fractional derivative).
If lf Sσ {Φ(κ)} = zσ(υ), then one has

lf Sσ

{
dσΦ(κ)

dκσ

}
=
zσ(υ)−z(0)

υσ
. (2. 24)

As the direct result of ( 2. 24 ), we have the following results. IflfSσ {Φ(r)} = zσ(υ),
we obtain

lf Sσ

{
dnσΦ(κ)

dκnσ

}
=

1
υnσ

[
zσ(υ)−

n−1∑

k=0

ukσΦ(kσ)(0)

]
. (2. 25)

Whenn = 2, from ( 2. 25 ), we get

lf Sσ

{
d2σΦ(κ)

dκ2σ

}
=

1
υ2σ

[
zσ(υ)− Φ(0)− uσΦ(σ)(0)

]
. (2. 26)

2- (local fractional Sumudu transform of local fractional integral).
If lfSσ {Φ(κ)} = zσ(υ), then we have

lf Sσ

{
0I

(σ)
κ Φ(κ)

}
= υσzσ(υ). (2. 27)

Proof. see [20] ¤
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Theorem 2.12. (local fractional convolution).
If lf Sσ {Φ(κ)} = zσ(υ) and lf Sσ {ϕ(κ)} = Ψσ(υ), then one has

lf Sσ {Φ(κ) ∗ ϕ(κ)} = υσzσ(υ)Ψσ(υ), (2. 28)

where

Φ(κ) ∗ ϕ(κ) =
1

Γ(1 + σ)

∫ ∞

0

Φ(τ)ϕ(κ − τ)(dτ)σ.

Proof. see [20] ¤

3. ANALYSIS OF THE METHOD

Let us consider the following nonlinear system of partial differential equations with
local fractional derivative

{
∂σX
∂τσ + ∂σT

∂κσ + Nσ,1(X,T ) + Rσ,1(X, T ) = ϕ(κ, τ),
∂σT
∂τσ + ∂σX

∂κσ + Nσ,2(X, T ) + Rσ,2(X, T ) = ψ(κ, τ),
(3. 29)

where ∂σ

∂(·)σ denote linear local fractional derivative operator of orderσ. Rσ,1, Rσ,2

denotes linear local fractional operators, Nσ,1, Nσ,2 denotes nonlinear local fractional op-
erators andϕ(κ, τ), ψ(κ, τ) two functions denotes the non-differentiable source terms.

We apply the transformationlf Sσ on both sides of ( 3. 29 ), we obtain

{
lf Sσ

[
∂σX
∂τσ

]
+ lf Sσ

[
∂σT
∂κσ + Nσ,1(X,T ) + Rσ,1(X, T )

]
= lf Sσ [ϕ(κ, τ)]

lf Sσ

[
∂σT
∂τσ

]
+ lf Sσ

[
∂σX
∂κσ + Nσ,2(X, T ) + Rσ,2(X,T )

]
= lf Sσ [ψ(κ, τ)]

. (3. 30)

Depending on the properties of this transform, we have

{
lf Sσ [X] = X(κ, 0) + υσ

(
lf Sσ [ϕ(κ, τ)]

)− υσ
(
lf Sσ

[
∂σT
∂κσ + Nσ,1(X,T ) + Rσ,1(X,T )

])
lf Sσ [T ] = T (κ, 0) + υσ

(
lf Sσ [ψ(κ, τ)]

)− υσ
(
lf Sσ

[
∂σX
∂κσ + Nσ,2(X, T ) + Rσ,2(X, T )

]) .

(3. 31)

Taking the inverse transformation on both sides of ( 3. 31 ) gives

{
X = X(κ, 0) + lf S−1

σ

(
υσ

(
lf Sσ [ϕ(κ, τ)]

))− lf S−1
σ

(
υσ

(
lf Sσ

[
∂σT
∂κσ + Nσ,1(X, T ) + Rσ,1(X, T )

]))
T = T (κ, 0) + lf S−1

σ

(
υσ

(
lf Sσ [ψ(κ, τ)]

))− lf S−1
σ

(
υσ

(
lf Sσ

[
∂σX
∂κσ + Nσ,2(X,T ) + Rσ,2(X, T )

])) .

(3. 32)

According to the Adomian method [1], we can introduce the two unknown functionsX
andT into two infinite series, as follows

X(κ, τ) =
∑∞

n=0 Xn(κ, τ),
T (κ, τ) =

∑∞
n=0 Tn(κ, τ). (3. 33)
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and the nonlinear terms can be decomposed as

Nσ,1(X, T ) =
∑∞

n=0 An,
Nσ,2(X, T ) =

∑∞
n=0 Bn,

(3. 34)

whereAn andBn are Adomian polynomials [25].
Substituting ( 3. 33 ) and ( 3. 34 ) in ( 3. 32 ), give us the following result





∑∞
n=0 Xn(κ, τ) = X(κ, 0) + lf S−1

σ

(
υσ

(
lf Sσ [ϕ(κ, τ)]

))
− lf S−1

σ

(
υσ

(
lf Sσ

[
∂σ

∂κσ (
∑∞

n=0 Tn) +
∑∞

n=0 An + R1,σ (
∑∞

n=0 Xn,
∑∞

n=0 Tn)
]))

,∑∞
n=0 Tn(κ, τ) = T (κ, 0) + lf S−1

σ

(
υσ

(
lf Sσ [ψ(κ, τ)]

))
− lf S−1

σ

(
υσ

(
lf Sσ

[
∂σ

∂κσ (
∑∞

n=0 Xn) +
∑∞

n=0 Bn + R2,σ (
∑∞

n=0 Xn,
∑∞

n=0 Tn)
]))

.
(3. 35)

On comparing both sides of ( 3. 35 ), we have




X0(κ, τ) = X(κ, 0) + lf S−1
σ

(
uσ

(
lf Sσ [ϕ(κ, τ)]

))
,

X1(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
∂σT0
∂κσ + A0 + R1,σ (X0, T0)

]))
,

X2(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
∂σT1
∂κσ + A1 + R1,σ (X1, T1)

]))
,

X3(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
∂σT2
∂κσ + A2 + R1,σ (X2, T2)

]))
,

...




(3. 36)




T0(κ, τ) = T (κ, 0) + lf S−1
σ

(
uσ

(
lf Sσ [ψ(κ, τ)]

))
,

T1(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
∂σX0
∂κσ + B0 + R2,σ (X0, T0)

]))
,

T2(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
∂σX1
∂κσ + B1 + R2,σ (X1, T1)

]))
,

T3(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
∂σX2
∂κσ + B2 + R2,σ (X2, T2)

]))
,

...




(3. 37)

In the latter case, the solution of a system ( 3. 29 ) can be obtained by calculating the
following two limits

{
X(κ, τ) = limN→∞

∑N
n=0 Xn(κ, τ)

T (κ, τ) = limN→∞
∑N

n=0 Tn(κ, τ)
. (3. 38)

4. APPLICATIONS

In this section, we will apply the proposed method to solve two nonlinear system of
partial differential equations with local fractional derivative.

Example 4.1. We will apply the proposed method to solve the following coupled Burguer
system within local fractional derivative.
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{
∂σX
∂τσ − ∂2σX

∂κ2σ − 2XX
(σ)
κ + (XT )(σ)

κ = 0
∂σT
∂τσ − ∂2σT

∂κ2σ − 2TT
(σ)
κ + (XT )(σ)

κ = 0
, 0 < σ 6 1, (4. 39)

with initial conditions

X(κ, 0) = sinσ(κσ), T (κ, 0) = sinσ(κσ). (4. 40)

Depending to the formula ( 3. 32 ), we obtain





X(κ, τ) = sinσ(κσ)− lf S−1
σ

(
υσ

(
lf Sσ

[
−∂2σT

∂κ2σ − 2XX
(σ)
κ + (XT )(σ)

κ

]))

T (κ, τ) = sinσ(κσ)− lf S−1
σ

(
υσ

(
lf Sσ

[
−∂2σX

∂κ2σ − 2TT
(σ)
κ + (XT )(σ)

κ

])) .

(4. 41)

Referring to the method adopted in this research[1], each function of the solution(X, T )
can be decomposed by an infinite series defined by

X(κ, τ) =
∑∞

n=0 Xn(κ, τ),
T (κ, τ) =

∑∞
n=0 Tn(κ, τ), (4. 42)

and the nonlinear terms can be decomposed as

XX(σ)
κ =

∞∑
n=0

An(X), (4. 43)

(XT )(σ)
κ =

∞∑
n=0

Bn(X, T ), (4. 44)

and

TT (σ)
κ =

∞∑
n=0

Cn(X). (4. 45)

Substituting ( 4. 42 ), ( 4. 43 ), ( 4. 44 ) and ( 4. 45 ) in ( 4. 41 ), we get





∑∞
n=0 Xn(κ, τ) = sinσ(κσ)− lf S−1

σ

(
υσ

(
lf Sσ

[
− ∂2σ

∂κ2σ (
∑∞

n=0 Xn(κ, τ))
−2

∑∞
n=0 An(X) +

∑∞
n=0 Bn(X, T )

]))

∑∞
n=0 Tn(κ, τ) = sinσ(κσ)− lf S−1

σ

(
υσ

(
lf Sσ

[
− ∂2σ

∂κ2σ (
∑∞

n=0 Tn(κ, τ))
−2

∑∞
n=0 Cn(X) +

∑∞
n=0 Bn(X, T )

])) .

(4. 46)
On comparing both sides of ( 4. 46 ), we have
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X0(κ, τ) = sinσ(κσ),
X1(κ, τ) = − lf S−1

σ

(
υσ

(
lf Sσ

[
−∂2σT0

∂κ2σ − 2A0(X) + B0(X, T )
]))

,

X2(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
−∂2σT1

∂κ2σ − 2A1(X) + B1(X, T )
]))

,

X3(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
−∂2σT2

∂κ2σ − 2A2(X) + B2(X, T )
]))

,

...

(4. 47)

T0(κ, τ) = sinσ(κσ),
T1(κ, τ) = − lf S−1

σ

(
υσ

(
lf Sσ

[
−∂2σX0

∂κ2σ − 2C0(T ) + B0(X,T )
]))

,

T2(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
−∂2σX0

∂κ2σ − 2C1(T ) + B1(X, T )
]))

,

T3(κ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ

[
−∂2σX0

∂κ2σ − 2C2(T ) + B2(X,T )
]))

,

...

(4. 48)

and so on.
The first few components ofAn(X), Bn(X, t) andC(T ) polynomials[25] are given by

A0(X) = X0X
(σ)
0,κ,

A1(X) = X0X
(σ)
1,κ + X1X

(σ)
0,κ,

A2(X) = X0X
(σ)
2,κ + X2X

(σ)
0,κ + X1X

(σ)
1,κ ,

...

(4. 49)

B0(X, T ) = (X0T0)
(σ)
κ ,

B1(X, T ) = (X0T1 + X1T0)
(σ)
κ ,

B2(X, T ) = (X1T1 + X0T2 + X2T0)
(σ)
κ ,

...

(4. 50)

and

C0(T ) = T0T
(σ)
0,κ ,

C1(T ) = T0T
(σ)
1,κ + T1T

(σ)
0,κ ,

C2(T ) = T0T
(σ)
2,κ + T2T

(σ)
0,κ + T1T

(σ)
1,κ ,

...

(4. 51)

According to the equations ( 4. 47 )-( 4. 48 ) and formulas ( 4. 49 )-( 4. 51 ), the first
terms of the solution(X, T ) obtained using the proposed method are as follows
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X0(κ, τ) = sinσ(κσ),
X1(κ, τ) = − sinσ(κσ) τσ

Γ(1+σ) ,

X2(κ, τ) = sinσ(κσ) τ2σ

Γ(1+2σ) ,

X3(κ, τ) = − sinσ(κσ) τ3σ

Γ(1+3σ) ,
...

(4. 52)

and

T0(κ, τ) = sinσ(κσ),
T1(κ, τ) = − sinσ(κσ) τσ

Γ(1+σ) ,

T2(κ, τ) = sinσ(κσ) τ2σ

Γ(1+2σ) ,

T3(κ, τ) = − sinσ(κσ) τ3σ

Γ(1+3σ) ,
...

(4. 53)

Thus, the approximate solution(X,T ), is given by





X(κ, τ) = sinσ(κσ)
(
1− τσ

Γ(1+σ) + τ2σ

Γ(1+2σ) − τ3σ

Γ(1+3σ) + · · ·
)

,

T (κ, τ) = sinσ(κσ)
(
1− τσ

Γ(1+σ) + τ2σ

Γ(1+2σ) − τ3σ

Γ(1+3σ) + · · ·
)

,
(4. 54)

and in a closed form, we obtain the non-differentiable solution(X, T ) defined by

{
X(κ, τ) = sinσ(κσ)Eσ(−τσ),
T (κ, τ) = sinσ(κσ)Eσ(−τσ). (4. 55)

Substitutingσ = 1 into ( 4. 55 ), we obtain

{
X(κ, τ) = sin(κ)e−τ ,
T (κ, τ) = sin(κ)e−τ .

(4. 56)

Note that, our solution ( 4. 55 ) satisfies the initial conditions ( 4. 40 ), and in the case
σ = 1, we obtain the same solution obtained in[21] by the homotopy perturbation method.

Example 4.2. In this second example, we will solve the following nonlinear system of three
partial differential equations with local fractional derivative





X
(σ)
τ + T

(σ)
κ Z

(σ)
υ − T

(σ)
υ Z

(σ)
κ = −X

T
(σ)
τ + X

(σ)
κ Z

(σ)
υ + X

(σ)
υ Z

(σ)
κ = T

Z
(σ)
τ + X

(σ)
κ T

(σ)
υ + X

(σ)
υ T

(σ)
κ = Z

, 0 < σ 6 1, (4. 57)

subject to the initial conditions
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X(κ, υ, 0) = Eσ(κσ + υσ), T (κ, υ, 0) = Eσ(κσ − υσ), Z(κ, υ, 0) = Eσ(−κσ + υσ).
(4. 58)

The application of the transformationlf Sσ to each of the system equations ( 4. 57 ), gives
the following result





lf Sσ [X(κ, υ, τ)] = X(κ, υ, 0)− υσ
(

lf Sσ

[
T

(σ)
κ Z

(σ)
υ − T

(σ)
υ Z

(σ)
κ + X

])

lf Sσ [T (κ, υ, τ)] = T (κ, υ, 0)− υσ
(

lf Sσ

[
X

(σ)
κ Z

(σ)
υ + X

(σ)
υ Z

(σ)
κ − T

])

lf Sσ [Z(κ, υ, τ)] = Z(κ, υ, 0)− υσ
(

lf Sσ

[
X

(σ)
κ T

(σ)
υ + X

(σ)
υ T

(σ)
κ − Z

]) .

TakinglfS−1
σ on both sides of ( 4. 57 ), taking into account the initial condition ( 4. 58 ),

gives the following formulas





X(κ, υ, τ) = Eσ(κσ + υσ)− lf S−1
σ

(
υσ

(
lf Sσ

[
T

(σ)
κ Z

(σ)
υ − T

(σ)
υ Z

(σ)
κ + X

]))

T (κ, υ, τ) = Eσ(κσ − υσ)− lf S−1
σ

(
υσ

(
lf Sσ

[
X

(σ)
κ Z

(σ)
υ + X

(σ)
υ Z

(σ)
κ − T

]))

Z(κ, υ, τ) = Eσ(−κσ + υσ)− lf S−1
σ

(
υσ

(
lf Sσ

[
X

(σ)
κ T

(σ)
υ + X

(σ)
υ T

(σ)
κ − Z

])) .

(4. 59)

Since the Adomian decomposition method[1] depends on the decomposed each function of
the solution(X,T, Z) by an infinite series as follows

X(κ, υ, τ) =
∑∞

n=0 Xn(κ, υ, τ),
T (κ, υ, τ) =

∑∞
n=0 Tn(κ, υ, τ),

Z(κ, υ, τ) =
∑∞

n=0 Zn(κ, υ, τ),
(4. 60)

and the nonlinear terms can be decomposed as

T (σ)
κ Z(σ)

υ =
∞∑

n=0

An(T,Z), T (σ)
υ Z(σ)

κ =
∞∑

n=0

A′n(T, Z), (4. 61)

X(σ)
κ Z(σ)

υ =
∞∑

n=0

Bn(X, Z), X(σ)
υ Z(σ)

κ =
∞∑

n=0

B′
n(X, Z), (4. 62)

and

X(σ)
κ T (σ)

υ =
∞∑

n=0

Cn(X,T ), X(σ)
υ T (σ)

κ =
∞∑

n=0

C ′n(X, T ). (4. 63)

Substituting ( 4. 60 ), ( 4. 61 ), ( 4. 62 ) and ( 4. 69 ) in ( 4. 59 ), we get
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



∑∞
n=0 Xn(κ, υ, τ) = Eσ(κσ + υσ)

− lf S−1
σ

(
υσ

(
lf Sσ [

∑∞
n=0 An(T, Z)−∑∞

n=0 A′n(T,Z) +
∑∞

n=0 Xn(κ, υ, τ)]
))

,∑∞
n=0 Tn(κ, υ, τ) = Eσ(κσ − υσ)

− lf S−1
σ

(
υσ

(
lf Sσ [

∑∞
n=0 Bn(X, Z) +

∑∞
n=0 B′

n(X, Z)−∑∞
n=0 Tn(κ, υ, τ)]

))
,∑∞

n=0 Zn(κ, υ, τ) = Eσ(−κσ + υσ)
− lf S−1

σ

(
υσ

(
lf Sσ [

∑∞
n=0 Cn(X, T ) +

∑∞
n=0 C ′n(X, T )−∑∞

n=0 Zn(κ, υ, τ)]
))

.

.

(4. 64)

On comparing both sides of ( 4. 64 ), we have

X0(κ, υ, τ) = Eσ(κσ + υσ),
X1(κ, υ, τ) = − lf S−1

σ

(
υσ

(
lf Sσ [A0(T, Z)−A′0(T,Z) + X0(κ, υ, τ)]

))
,

X2(κ, υ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ [A1(T,Z)−A′0(T, Z) + X1(κ, υ, τ)]

))
,

X3(κ, υ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ [A2(T, Z)−A′0(T,Z) + X2(κ, υ, τ)]

))
,

...
(4. 65)

T0(κ, υ, τ) = Eσ(κσ − υσ),
T1(κ, υ, τ) = − lf S−1

σ

(
υσ

(
lf Sσ [B0(X, Z) + B′

0(X, Z)− T0(κ, υ, τ)]
))

,
T2(κ, υ, τ) = − lf S−1

σ

(
υσ

(
lf Sσ [B1(X,Z) + B′

1(X,Z)− T1(κ, υ, τ)]
))

,
T3(κ, υ, τ) = − lf S−1

σ

(
υσ

(
lf Sσ [B2(X, Z) + B′

2(X, Z)− T2(κ, υ, τ)]
))

,
...

(4. 66)

and

Z0(κ, υ, τ) = Eσ(−κσ + υσ),
Z1(κ, υ, τ) = − lf S−1

σ

(
υσ

(
lf Sσ [C0(X, T ) + C ′0(X,T )− Z0(κ, υ, τ)]

))
,

Z2(κ, υ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ [C1(X, T ) + C ′1(X, T )− Z1(κ, υ, τ)]

))
,

Z3(κ, υ, τ) = − lf S−1
σ

(
υσ

(
lf Sσ [C2(X, T ) + C ′2(X,T )− Z2(κ, υ, τ)]

))
,

...

(4. 67)

and so on.
The first few components ofAn(T,Z), Bn(X, Z) andCn(X, T ) polynomials[25] are

given by

A0(T, Z) = T
(σ)
0κ Z

(σ)
0υ ,

A1(T, Z) = T
(σ)
1κ Z

(σ)
0υ + T

(σ)
0κ Z

(σ)
1υ ,

A2(T,Z) = T
(σ)
0κ Z

(σ)
2υ + T

(σ)
2κ Z

(σ)
0υ + T

(σ)
1κ Z

(σ)
1υ ,

...

(4. 68)
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B0(X, Z) = X
(σ)
0κ Z

(σ)
0υ ,

B1(X, Z) = X
(σ)
1κ Z

(σ)
0υ + X

(σ)
0κ Z

(σ)
1υ ,

B2(X,Z) = X
(σ)
0κ Z

(σ)
2υ + X

(σ)
2κ Z

(σ)
0υ + X

(σ)
1κ Z

(σ)
1υ ,

...

(4. 69)

and

C0(X, T ) = X
(σ)
0κ T

(σ)
0υ ,

C1(X,T ) = X
(σ)
1κ T

(σ)
0υ + X

(σ)
0κ T

(σ)
1υ ,

C2(X, T ) = X
(σ)
0κ T

(σ)
2υ + X

(σ)
2κ T

(σ)
0υ + X

(σ)
1κ T

(σ)
1υ ,

...

(4. 70)

For other polynomialsA′n, B′
n andC ′n, it can be calculated in the same manner.

From the equations ( 4. 65 )-( 4. 67 ) and formulas of the polynomial terms, the first
terms of the solution of ( 4. 57 ) are given by

X0(κ, υ, τ) = Eσ(κσ + υσ),
X1(κ, υ, τ) = −Eσ(κσ + υσ) τσ

Γ(1+σ) ,

X2(κ, υ, τ) = Eσ(κσ + υσ) τ2σ

Γ(1+2σ) ,

X3(κ, υ, τ) = −Eσ(κσ + υσ) τ3σ

Γ(1+3σ) ,
...

(4. 71)

T0(κ, υ, τ) = Eσ(κσ − υσ),
T1(κ, υ, τ) = Eσ(κσ − υσ) τσ

Γ(1+σ) ,

T2(κ, υ, τ) = Eσ(κσ − υσ) τ2σ

Γ(1+2σ) ,

T3(κ, υ, τ) = Eσ(κσ − υσ) τ3σ

Γ(1+3σ) ,
...

(4. 72)

and

Z0(κ, υ, τ) = Eσ(−κσ + υσ),
Z1(κ, υ, τ) = Eσ(−κσ + υσ) τσ

Γ(1+σ) ,

Z2(κ, υ, τ) = Eσ(−κσ + υσ) τ2σ

Γ(1+2σ) ,

Z3(κ, υ, τ) = Eσ(−κσ + υσ) τ3σ

Γ(1+3σ) ,
...

(4. 73)

So, the approximate solution is given





X(κ, υ, τ) = Eσ(κσ + υσ)(1− τσ

Γ(1+σ) + τ2σ

Γ(1+2σ) − τ3σ

Γ(1+3σ) + · · · ),
T (κ, υ, τ) = Eσ(κσ − υσ)(1 + τσ

Γ(1+σ) + τ2σ

Γ(1+2σ) + τ3σ

Γ(1+3σ) + · · · ),
Z(κ, υ, τ) = Eσ(−κσ + υσ)(1 + τσ

Γ(1+σ) + τ2σ

Γ(1+2σ) + τ3σ

Γ(1+3σ) + · · · ),
(4. 74)
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and in the closed form, the non-differentiable solution(X,T, Z), takes the following form




X(κ, υ, τ) = Eσ(κσ + υσ)Eσ (−τσ) ,
T (κ, υ, τ) = Eσ(κσ − υσ)Eσ (τσ) ,

Z(κ, υ, τ) = Eσ(−κσ + υσ)Eσ (τσ) .
(4. 75)

Depending on the results presented in[10], we can write the solution ( 4. 75 ) as follows




X(κ, υ, τ) = Eσ(κσ + υσ − τσ),
T (κ, υ, τ) = Eσ(κσ − υσ + τσ),

Z(κ, υ, τ) = Eσ(−κσ + υσ + τσ).
(4. 76)

Substitutingσ = 1 into ( 4. 76 ), we obtain




X(κ, υ, τ) = eκ+υ−τ ,
T (κ, υ, τ) = eκ−υ+τ ,
Z(κ, υ, τ) = e−κ+υ+τ .

(4. 77)

Note that, our solution ( 4. 76 ) satisfies the initial conditions ( 4. 58 ), and in the case
σ = 1, we obtain the same solution obtained in[8] by projected differential transform
method and Elzaki transform.

5. CONCLUSION

The extension of the modified method (LFSDM) for solving nonlinear systems of par-
tial differential equations with local fractional derivatives, leads to establishing an efficient
algorithm. The advantages of the LFSDM are that it converges rapidly to the exact solu-
tion if it exists, as shown by the results obtained through the two examples suggested in
this paper. From the results obtained, it can be concluded that this algorithm is powerful
and effective in applying to this type of nonlinear systems of local fractional partial differ-
ential equations, and thus can be applied to other nonlinear systems with local fractional
derivative.
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