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Abstract. This work is about investigation of a certain new subfamily

of starlike functions using the Srivastava-Owa fractional operator. For
function in this new subfamily, a number of interesting problems, like
coefficient bounds, distortion and radius bounds, which are best possible,
are tackled. Various special cases deduced from the present results are
also listed. This paper brings extension and refinement to earlier works of
various authors.
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1. INTRODUCTION AND PRELIMINARIES
Let @ be the family of all functiongf(z), analytic in the unit open disk = {z : |z| <
1}, satisfying
fFO)=f(0)-1=0.
Similarly, IT represents the class of functiosigz) analytic inY with J(0) = 1. Let A, T
are real numbers such that < YT < A < 1, thenII [A, Y] represents the Janowski class
of functions.J (z) analytic inY” defined in [10] as:
14+ Aw(z)
T = vy
wherew (z) is the Schwarz function for which
w(0) =0, Jw(z) <1, VzeY.

Note thatll[1, —1] = IT is the CaratBodory class of functions, afdd[1 — 26, —1] = TI(d)
is the CaratBodory class of functions with (J(z)) > 4, (0 <¢d < 1). In addition to
that, C [A, Y] andS* [A, Y] are respectively, the classes of Janowki convex and starlike

(z€Y)
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functions. Moreover, the convex and starlike classes of functions are obtained respectively,
as

C[l,-1]=C and S*[1,—-1]=S8"
Now, the following concepts of fractional calculus were introduced by Srivastava and Owa

[12] (see also [9]). For some recent advances and applications of fractional calculus, see
[1,5,6,7,8,13].

Definition 1.1. For f € @, let DY is the fractional derivative of order (0 < v < 1)
defined as

DYf(z) = j (DL (2) = r(11— u)jz/ (zf—(ic))yd%

where the multiplicity ofz — x) ™" is removed by takintpg (z — x) real.
In view of Definition 1.1, by induction we have

Definition 1.2. For f € Q,and0 <v < 1, n € Ny = NU {0}

n+v d" v _ 1 dn-l—l : f(X)
DS () = 2 (DU ) = gy gt |, T

where the multiplicity ofz — x) " can be removed as before.
Thusfor0<v <1, m>0,neNy, m—n#*-1,-2-3,---

I'(m+1)
'm+1—-n-v)

m—-n—v
b

D;H'”zm _

and for any reab (v > 1)

Fmti-w° Moy # b=z

Owa and Srivastava [12] introduced the fractional operé&tofor f € @ as:

v.m __
DY =

f(2)=T(2—v)z"D'f +Z Q_n:l_";) Yo, 1)

Note that
°f(2)=f(2) and ®'f(2)=zf"(2).
Moreover, it is noted that
ol (P f (2)) =2z (D f (z))/ =T 2-v)2" [Z/Dlzlf (z) + ZDZ+1f (z)] .

In what follows the following facts will be required. Fgt g € Q one can say is subor-
dinated tog, f < g, if there is a functionu(z) for which

f(Z)=gw(z)), (z€Y).

Additionally, if g is univalent inY’, thenf < ¢ can be putin the form
f(0)=g(0) and f(Y)Cg(Y), (z€Y).



Starlike functions of complex order 103

Cajlar et al. [3] introduced the clas[A, Y], (-1 < T < A < 1), of Janowski starlike
functions by using the Srivastava-Owa fractional operator as follow:

. _ 2 (2Vf (2)
SU[A,T]_{feQ.W

wherev # 2,3,4--- . Coefficient bounds, distortion inequalities and some other interest-
ing inequalities were obtained for this function class in [3]. Recently, in [9] the author
provided some generalization to their work by investigating spiral-like functions class of
complex order.

As motivation from the cited works [9, 3], the claS§ (v, ¢) of starlike functions of com-
plex order(c # 0) is introduced by means of Srivastava-Owa fractional operator as follow:
Let f € @, then byS} (v, c) we denote the family of all functions given as

SZ(u,b):{feQJJri(W—l) eA(Y)},

wherev # 2,3,4,--- , A € Cwith A(0) =1, R(A(z)) > 0forz € Y, andc € C* =
C - {0}.

Various well-known classes appear as a special case of this new class. Indkgd), i
}I%, (1< T < A<1),thenS) (v,¢) = S* (v,¢, A, 1), andS}K (v,1) = S; (A, ]
which was studied in [3]. FaA(z) = 12, 83 (0,¢) = 8* (c) (see [11]), andS4 (1,¢) =
C (c) (see [15]). SimilarlySX (0,1 — 3) = S* (8) andSX (1,1 — 8) = C(B) , which are
the families of all starlike and convex functions of orger(0 < § < 1) respectively (see
[2, 4]).

Next, we define the clasSOn (v, ¢, \) by means of Cauchy-Euler type differential equa-
tion as follow:

Let f € Q, thenf € SOa (v,c, ) if for someh € SX (v,c¢), the following non-
homogenous differential equation holds true

:J(z)eH[A,T]},

2
S d*u

© 42
whereu = & f € @, and\ € R — (—o0, —1].
Now, we assumer # 2,3,4,..,n € Ny = {2,3,4,..}, c € C* = C - {0}, X €
R\(—o0,—1]and—1 < T < A < 1, in rest of the discussion unless otherwise stated.

+2(1+A)z% FAA+ N = (14 N2+ Nh(2), @)

2. COEFFICIENT INEQUALITIES FOR THE FUNCTIONS CLASSES} (v, ¢) AND
SOna (v, A)

The following result is needed to prove our main results in this section.
Lemma 2.1. [14, Rogosinski's Lemmalet g(z) = Y g;z! be convex analytic and, let
=1

flz) = io: a;2' be analytic inY. If f(z) < g(z), (z € Y), then
=1

] < gl LEN,

Now, for functions in class} (v, ¢) we have the following bound of their coefficients.
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Theorem 2.2. Letf € Q. If f € SX (v, ¢), then

Fmaloy L ntldla o)

<
ol < T TR ) (n—1)!
This result is sharp.

®3)

Proof. From the definition of clas§} (v, ¢) we have

1(z(@"f(2) _
1+C( 577 (2) 1)eA(Y).

)

such that/ (0) = A (0) andJ (z) € A(Y).HenceJ (z) < A (z) for z € Y. Thus we get

2(@f(2)) =@ f(2) (c[J (2) = 1] +1)
Using (1) withJ (z) =1+ > 7, p,2" in above equation, one gets

z (1 + i n¢nzn_1> <Z + i ¢nzn> (1 +c ipnzn> 5
n=2 n=2 n=1
S (S0 (S
n=2 n=1 n=1

Or equivalently

whereg; = 1 and

_T'2-v)T'(n+1)
dj‘n - F (n + 1 _ V) an~

Simplifying the above expression, we get

(4)

[e’e] o0 [e’e) n—1
D SED 91 (5 ST Y
n=2 n=2 n=2 m=1

equating the coefficients af* on both sides, and with little manipulation one can obtain

n—1

C .

6] < n|_|1 > bn—ml [pml; with ¢; = 1.
m=1

Since from Rogosinski’'s Lemma we have
J(m) (0)
m'

< |AT(0)], (m € Np),

|pm|—]

then, we get

le] |A (0)] %=
T mz::l ‘djn—’m| . (5)

To prove our claim, observe that far= 2, 3,4, - - -, using (5) we get
2] < e[ |[A"(0)], [¢1] = 1.

|¢)n| <

n
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and

I (m+ ]| (0))
1|1 (0)] (2] + [n]) = ™0

|p3| < o

1 [T (m +[el 1" (0)
641 < 2 el 1A (0)] (o] + 6] + |6 ]) = 2=2

Hence, by induction one gets

1
2

3!

n—2

[T (m+ e[ |A"(0)])

m=0

Now using the relation (4) betweefh, anda,,, the claim is obtained. d

The followings are immediate consequences of our main result.

Corollary 2.3. LetA(z) = {32 and f € S} (v,¢), then
n—2

T (n+1-v) mllo(er e[ |A — Y|

ol < ST =) 1)
Corollary 2.4. LetA(z) = 12 and f € SA (v, ), then
n—2
Pri-v) AL, 2D

nl S Ty TR mo D)

Remark 2.5. Lettingc = 1 in Corollary 2.3, we recover the coefficient estimate for
Sk [A, Y] proved by Cglar et al. [3]. Furthermore, assigning particular values to the
parameters in Theorem 2.2 one can deduce coefficient bounds for the dldgsés],
S*[A, Y], 8% (¢),C(c),C(B), S* (B) and various other classes. The details are left to the
reader.

Next, we consider bounds for coefficients of functionsSi@a (v, c, A). This result is
also a consequence of Theorem 2.2.

Theorem 2.6. Letf € Q. If f € SQa (v,¢,\), then

2 T (m+ 1127 )
(n—1)!

lan| <

(ESVCESY ( ID(n+1-v) )
n+1+Nm+N) \T(n+1)|02—v)]

Proof. Let f € SQa (v, ¢, A), then by definition there is a function

hz)=z+ Z hnz" € SA (v,¢),

n=2
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such that (2) holds. Thus we have foE R\ (—oo, —1]

(I+N(24+ N ]( IT'(n+1-—v) )
n — hn, € Ny).
n+tNm+1+N0 ] \T(n+ )T 2-v)] (n € N2)
Now by application of Theorem 2.2, the desired result is straightforward. O

Remark 2.7. One can deduce interesting results from Theorem 2.6 by takifig as
discussed in Corollaries 2.3 and 2.4. The details are left to the reader.

3. DISTORTION AND RADIUS INEQUALITIES FORS™ (v, ¢, A, T)
Now, we will consider distortion and radius inequalities for functionS (v, ¢, A, ).

Theorem 3.1. Let f € 8* (v,¢,A, 1), then
Ml(A7T,C,7",l/)S‘DZf(Z)|SM2(A,T,C7T‘,V), T#Oa

F e S DL ()] € e, T =0
F(2—V) — Z _F(2_V) , .
where
rimv (1-1_r) [lel+R ()] (%)
M;(A, Y, e, = ’
i ery) = = (14 1)l RN
P (L4 1) ROl
My(A, T =
2(4, T, e, 0) L2 =v) (1 = pp)lle=REI(5)

This inequality is sharp.

Proof. For J € T [A, Y], it has been proved that verifies [10]

1—AYr? A="T)r
‘J(Z)_ 1—-"22| — 1722’ 170,
|[J(z)—1 < Ar, T =0.
As f € §* (v,c,A,T), soforY # 0, this gives us
v 4 _ 2 _
1+1 z (¥ f (2)) 1 _1-AYr §(A T)r'
c DV f(z) 1— 722 1—72p2
After simplification
z(@Vf(z))’_1—T[T+C(A—T)}r2 le| (A =")r
DV f(2) 1— Y22 - 1—-72%2 7

and further manipulation implies that

mi(A, Y, e,r) <R (W} <mg(A,Y,c, ),
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where
1-="[T+R()(A="T)]r?—|c|](A-T)r
mi(A T e r) = [ ()(1—“1‘230]2 (A =1)r
I-Y[T+R()(A=D)]r*+]c|(A=T)r
ma(A,T,er) = [ <)<1_T2i]2 (A =")r
Since /
U0 AN
§R( 57 () 7T6r10g|(1) f (),
we get
mA,Ter) 9 ma(A, T c,7,)

< — v < -2,
=00 < Zog|evf ()] < TE

The above inequality gives the desired result by integration fiagowv and using (1). For
T = 0, the result is simple, and thus we complete the proof. O

Remark 3.2. To verify that the result is sharp, one may use as extremal function
T)e

14T T, T 40
2V f(2) =

2z, T=0.
or
1 1—v (a-Te
DIf(2) =
71,(21_”) Zlmvechz, T =0.

Remark 3.3. For ¢ = 1, we obtain immediately the distortion inequalities ofgza et al.
[3]. Also, on letting: real such that < ¢ < 1, then we obtain, fof" # 0

(A—c)(A=T) (1—c)(A=T)
Fl-v (%—%r T 1-v <}+¥r T
+Tr —Tr
< |D¥ <
T <|DYf(2)| < Fe
andY = 0 gives
,],.I—Ve—(l—c)A ,r.l—ue(l—c)/\
- < |Dv < -

The next theorem presents the radius of largest disk in whig}) is starlike.

Theorem 3.4. The radius of starlikenesss- for |z| = r < rg« (0 < r < 1) is given by

A )~ yJef (A 1) 44T [T 4 R(e) (A Y)]
s = 2T [T + R(c) (A= 1)] '
This result is sharp.

Proof. From Theorem 3.1 we can write

2 (7 f (2)) 1—="[T+R()(A="T)]r%—|c|](A=T)r
%( 5 £ (2) )2 [ |
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This result is true for < rg«, if

17| (A—T) - \/\c|2 (A=T)* +47[Y + R(c) (A — )]
s = 2T [T + R(c) (A= 1)] '

Remark 3.5. The sharpness can be check by using the function given as
f(2) = 2(147T2) T

Remark 3.6. On lettingc = ve~ "% cos®, (/0] < 7/2, v € C*), all of the presented
results coincides with those reported[8].

4. CONCLUSION

In this paper, a new subfamily of complex order has been investigated defined by using
Srivastava-Owa fractional operator. Coefficient bounds, radius and distortion inequalities
have been obtained which were best possible. Several links were also highlighted to the
earlier reported results. The contents of this paper brought unification to those results
obtained by some researchers.
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