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Abstract. In this paper, a procedure to construct a family2efpoint
approximating subdivision schemes is presented for an integer 4.
Firstly, a least squares technique has been used to fit a polynomial of de-
gree seven to data. Secondly, a family2afpoint subdivision scheme is
constructed. In particular, some important features of first three members
of the family of 2n-point schemes are also discussed. Geometric perfor-
mances of some members of the family are shown with the help of several
examples.
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1. INTRODUCTION

The method of subdivision scheme is one of the important technique to fit a curve to set
of data points. The one kind of subdivision scheme is approximating scheme and the other
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one is interpolating. In [4], Dyn et al. studied a family of 4-point schemes with tension pa-
rameter. In [5], Dubuc and Deslauriers presented a fami\dfpoint schemes of different

arity. After that, Mustafa and Rehman [14] offered the common families if42point

n-ary scheme. Mustafa et al. [15] presented generalized and unified families of interpo-
lating subdivision schemes. In 2012, Hormann [9] presented detail notes on the analysis
of subdivision schemes. In 2018, Asghar and Mustafa [2] presented univariate stationary
and non-stationary subdivision schemes and their analysis. The analysis of the subdivision
schemes has also been presented by Han in [10, 11, 12, 13]. All above subdivision schemes
have been introduced by using different techniques.

Dyn et al. [6] and Mustafa et al. [16] introduced subdivision schemes based on least
squares method with kernel weight and iterative re-weighted least squares techniques to fit
noisy data with outliers respectively. The least squares techniques have also been used by
[1,17, 18, 19, 20]. In this paper, we also use least squares regression to introduce a family
of schemes.

The rest of the structure of this paper is: In Section 2, a familyrepoint approximating
subdivision schemes is introduced. In Section 3, we present the analysis of the first three
members of the family ofn-point subdivision schemes. Applications of the proposed
schemes are presented in Section 4.

2. A FAMILY OF 2n-POINT APPROXIMATING SCHEMES

In this section, firstly we find the most suitable fitted polynomial to the data by using
least squares methods. Secondly, we introduce a famiy.foint subdivision schemes
for fitting curves. In our procedure, we use the observationg.) forr = —n+1,...n,
wheren > 4, to find the best fitted polynomial of degree 7

fry=no+mr+ 7)27'2 + 7]37”3 + 7747'4 + 7)57”5 + 7767'6 + 7)7r7. (2. 1)

Now the task is to find unknowns in ( 2. 1) to get minimum value of the sum of squares of
residualsS, which is defined below

5= Z [fr = (0 + mr +n2r® + n3r® + nar® + 951 + 0951 +097r )2 (2. 2)

r=—n-+1

Now take the derivatives df with respect ta), - n; and set them to zero to get minimum
value of S. In this way, we get a system of eight normal linear equations with eight un-
knowns. The solution of this system will give the values of these eight unknowns. These
unknowns are givenin (4. 16 )-( 4. 24 ) of Appendix A.
Now by putting the value of = i in (2. 1) and then substituting the valuesrgf- 7,
from (4. 16 )-( 4. 24 ) of Appendix A, we get the first refinement rule of 2hepoint
scheme,

1 1 <
f <4) = % Z pnar,nfrv (2. 3)
r=—n+1
where
35
— m[n(%ﬁnl‘* — 89601 4 119392n'° — 766480n® 4- 2475473n°

—3822910n* 4 240012912 — 396900)] ~*, (2. 4)
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and

Qrn = 14204142810r°n% — 80942026901 + 29682453150 — 3296011338r
—74738033371° — 140574721518 + 9363594247r°n° — 141672960r°n®
+6757792713r2 + 625641120rn® — 52715520r°n® + 6857605475n°
+1146880n'* + 2270822474110 — 2520756280n° + 2034248832141
—926683979174n? + 2580480rn'? 4 153326873715 — 124310582551
+1854721440r"n? + 527155201 "n® + 2305224567rn* — 11570812533
xr?nt — 908454690r7 — 4011110407r*n® — 6490598407 n* — 10321920
xr?n'? +129153024rn°® — 69318144rn'% — 2243781306rn° —
5912498592r°n* 4 1959875814613 n? — 36915200n'2 — 1417739400r*n*
+206414208rn* — 1431702744212 — 2352759168r*n® + 876559672812
xn® — 8643698910r3n* + 79757716501 + 4454060801 + 262047744r>
xn'® 4 16456313617n% + 16530655681°n5 + 567705613110 — 2284102392
x75n? 4 379470420. (2.5)

Similarly, by putting the value of = % in (2. 1) and then substituting the valuesrgf-
n7in (2. 1), we get the 2nd refinement rule of the-point scheme,

3 R
f (4> - % Z pnﬁr,nfra (2 6)
r=—n+1
where
Brm = —39448678698r°n? — 337763731900 4 2728885414512 + 296991011707 +

17351739405r° — 14057472rn3 — 2818303488515 + 2554421760r°n® —
5349730295712 + 6457262688rn® 4+ 137060352r°n® 4 1818496326515 +
1146880n'* + 22708224740 — 4857431320n° + 10498384512r4n8 +
924075887797 n? + 18063360rn'? — 48259140937 + 5639654443513 —
18547214401 n? — 527155201 'nS 4+ 85305881421rn* — 115667375103r2n* +
9084546907 — 8755507207 n® + 6490598407 n* — 1032192012112 +
498161664r°n°® — 562641408rn'® — 3420932808615 + 18304269984r°n* —
1438060296427°n2 — 44656640n'? — 50601113640r*n* — 4337004672rn* +
14849257540812n? — 5922461568r*n® + 3833820194472n° + 9202845267013
xnt — 38190128130r* + 666520960n'° + 4153282561°1n1° — 908102909251 1>
—23581758816731n° — 7463024100 — 96509952310 + 1069894768852,
(2.7)
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andp,, is defined in ( 2. 4 ). Now by using the the notati = f( ) fgkzi o2n =
f ( ) and f* itron = [r, We get the2n-point binary subd|V|S|on scheme defined below

n
k+1 1
Qi:gn - 28 72 1pna7’7"fik+r,2n’
. ) r=ont i (2. 8)
f21+1 o2n  — 28 Z pnﬁr,nfi+7-,2n7
r=—n+1

where fg’“len and fflfl -, Fepresent even and odd refinement rules of2thgpoint binary
scheme respectively.

Forn = 4, (2. 8) give thes-point dual approximating subdivision scheme define below
k41

495 fk + 5005 fk 27027 + 225225 rk
21,8 T 262144 3,8 262144 2,8 7 262144/i—1,8 262144 4,8
+ 75075 rk 19305 4 4095 k: 429 k
262144 J1+1,8 ~— 262144 2+2 8 262144 Ji+3,8 ~ 262144 J1+4,8>
(2. 9)
fk-i-l 429 fk 4 4095 fk 19305 4 75075 rk
2¢4+1,8 - 262144 3,8 262144 2,8 262144 -1,8 262144 4,8
4225225 225225 rk 27027 + 5005 k 495 /
262144 /i+1,8 ~ 262144 Z+2 8 262144 /i+3,8 ~ 262144 Ji+4,8"

whereJkarl andf’“% are control points o2n-point scheme atk + 1)-th andk-th level of
iterations.

In the same manner, if we substitute= 5 andn = 6 in (2. 8), we getl0-point and
12-point dual approximating schemes define in (2. 10 ) and (2. 11 ) respectively
k+1

_ k k k k k
2,10 — A1£i74,10 + A2{¢73,10 + A&Zzez,m + A4{‘71,10 + A5f§‘€,10
+Aefii110 + Arfiio 10 + Asfiis a0 + Ao fiia 0 + A1 fiks 100
(2. 10)
k+1 k k k k k
f2i%1.10 Avofiano T Aofisi0 T Asfiioro + Arfi1 10 + A6 fi10
k k k k k
+As5 [ 110 + Aafiio 10 + Asfiis 0 + A2 fia 10 T A5 000
11633029 _ 414723467 46093791 __ 760211473 _
whereA; = 1274544128 Ay = 6372720640 Az = 245104640 Ay = 3186360320’ As =
445407151 4 " 59570609 4 30834499 4 _ 23405827 4 _ 239919809 5o
796590080 866;3159318016’ 7 T 3186360320 “*8 T T 289669120’ “'9 T 6372720640
A10 = — 5379720610
k+1 _ k k k k k
24,12 - Blfi—5,12 + B2fi—4,12 + B3fi—3,12 + B4f'—2,12 + B5fi—1,12
k k k k k
+Bsfi12 + Brfit1.12 +kBSfi+2,12 + §9fi+3,12 + Biofiha12
+B11fih512 T Bi2fi6 12,
(2. 12)
k41 k k k k k
foit1 12 Blzf;sjgz + Bll.};i74,12 + Blog‘fs,m + B9}afi72,12 + BSkf‘q,m
+B7fi,12 + Bﬁf¢+1,12 +k35f¢+2,12 +kB4f¢+3,12 + B3fi+4 12
+Ba fiy5.12 + Bifiye12:
105897143 __ 6178576919 __ 10229053873 _ 1289378429
whereB; = — 5604455936 D2 = 756190152060 D3 = 72649015296 By = 72649010296’
B. — 5051545633 "p T 7967274805 T _ 482662915 p - _ 1968681907
5 — 18162253824' 6 — 718162253824' 7 — 1397096448' °8 — 18162253824®' 9
_ 429163981 p 3943530931 3 "" _ 3536467133 Saqp 69715829
6604455936 ' 210 = T 72649015296 ' 211 T 72649015296 12 =

) 6604455936 "
Similarly for other values of,, we get other subdivision schemes with complegity
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3. ANALYSIS OF THE FAMILY OF 2n-POINT SCHEMES

In this section, we give the analysis of the propo8qubint, 10-point and12-point ap-
proximating subdivision schemes. We use the methodologies of [7] and [3] for the analysis
of proposed schemes.

Property 3.1. The family oRn-point approximating subdivision schemes satisfies the nec-
essary condition for convergence.

Proof. The family of schemes (2. 8) satisfies hecessary condition for convergence if sums
of the even and odd mask coefficients are equal to one. From ( 2. 8 ), we calculate that

n

R 1
% Z PnQrpn = % Z Pnﬁr,n:L

r=—n+1 r=—n+1

This completes the proof. O

We denote the Laurent polynomial and mask of the prop@egoint schemes by
agn,(z) andas,, respectively.

Remark 3.2. The8-point approximating subdivision scheme (2. 9) is same a8-{h@int
dual scheme constructed by the Lagrange’s interpolatory polynomial and preseri@d in
This scheme is also presented10]. TheL, smoothness of thispoint scheme is 4.5 and
therefore by Sobolev Imbedding Theorem givef2l], the scheme i€3-continuous. In
other words, for one-dimensional scheme, ifitssmoothness i§ then itsL., smoothness
is at leastt — 0.5 and is at most. Hence, the schemed!~ for all € > 0.

Property 3.3. The proposed0-point scheme (2. 10) corresponding to the Laurent poly-
nomialaiq(z) is C?-continuous.

Proof. The Laurent polynomial of subdivision scheme (2. 10) is

a0(z) = (1;;2) bio(2),

where

bio(2) = —385642432% — 196009022 % + 25952071127

3186360320 |
41552027562 % — 6701309502 ° — 5283076162 * + 58997661423
1930446332272 4 14523780282 + 2110879180 + 1452378028=
193044633222 + 5899766142 — 5283076162* — 6701309502° +

15520275625 + 25952071127 — 196009022° — 385642432).

Let Sy,, be the subdivision scheme corresponding to the Laurent polynéipial). Then

010(2 blO Z)7




142 Ghulam Mustafa, Rabia Hameed, Ata-u-Allah

which is the Laurent polynomial of the difference scheme of the schgme

1
= — [ -385642432"7 + 189633412"% + 24055737027 — 85354614
c10(2) 3186360320 o o :

x2z7% — 5847763362 ° + 564687202 % + 53350789423 + 3969384382 2
+1055439590z ! 4 1055439590 + 396938438z + 53350789422 + 564687202°
—5847763362* — 853546142° + 2405573702° + 1896334127 — 385642432°).

The norm of difference schentg,, corresponding to the Laurent polynomial(z) is

N { 1505285273 1505285273 }

15ess lloc 1593180160 1593180160

Therefore by [7], the scheme%.,,, S,,, andS,,, are contractive, convergent aief -
continuous respectively. Again the Laurent polynomial of scheme (2. 10) can be factorize

as
2
1+2
alo(z) = ( 9, ) d10(2>
where
1
dio(z) = ————[—3856424325 + 1896334127 + 2405573702 % — 85354614

1593180160
x2z7% — 5847763362 * + 564687202 > + 53350789422 + 3969384382 +

1055439590 + 1055439590z + 39693843822 + 5335078942 + 564687202*
—5847763362° — 853546142° + 2405573702" + 189633412° — 385642432°).

Let S4,, be the scheme correspondingdg(z) then we get the following polynomial
e10(z) (Laurent polynomial of the difference scheme of the sché&mg) by polynomial

dlo(z), i.e.
610(2) = <1—T—Z> dlo(z).

Which implies that
1

= ———  [-38564243278 4+ 5752758427 + 1830297862 % — 268384400
e10(2) 1593180160 2o e ¥

xz7% — 3163919362 % + 3728606562 > + 160647238272 + 2362912002 "
+819148390 + 236291200z + 16064723822 + 3728606562> — 3163919362*
—2683844002° + 18302978625 + 575275842" — 3856424325).

The norm of difference schentg,  corresponding to the Laurent polynomia(z) is

_ 554103699 5844149
[Seolloc = max {mv 4978688} > 1.

Therefore by using [7], we calculatg,(z), i.e.

efo(2) = e10(2)e1n(z?).
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15e3, lloo

€10

26606284863239269 275237708664251 603267010679043099
. { 31727787777720320° 495746684026830 " 634555755554406400
275237708664251 } 1
" 495746684026830

Hence by [7] the schemés: , Sq,, andS,,, are contractive, convergent aad-continuous
respectively. The Laurent polynomial corresponding to the scheme (2. 10) can be factorize

as
3
1+2
an) = (52) ful)
where
1
fi0(2) = oo [—3856424327 + 5752758420 4 1830297862 — 268384400

796590080
xz~* — 31639193622 + 37286065622 + 1606472382 + 236291200 +

8191483902 + 23629120022 + 1606472382 + 3728606562* — 3163919362°
—2683844002° + 1830297862" + 575275842° — 385642432).

Now we calculate

g10(2) = <1iz>f10(z)’

which gives
1

= —— [-385642432"7 + 960918272% + 869379592 % — 355322359
g10(2) 796590080 2o e *

x 24 4 3893042322 + 33393023322 — 1732829952 4 409574195 +
4095741952 — 17328299522 + 3339302332 + 389304232* — 3553223592°
+869379592° 4 9609182727 — 3856424325].

Now the norm of difference schentg,, corresponding to the Laurent polynomiab(z)
is

_ 766317117 766317117\ _
ISgiolloc = max { 398295040 398295040} =1.92399 > 1.

Hence by using [7], we calculatg,(z), i.e.

9%0 (2) = 91()(2)91()(22)~

Which gives
1502 | e, 19150586310494659 19150586310494659 12019153184701607
9io 12 *\ 9331702287564800 * 9331702287564800 ° 4957466840268800
12019153184701607
= 2.42445.
" 4957466840268800 } b

Again by using [7], we calculatg;,(2), i.e.

9?0(2) = 910(2)910(22)910(24)-
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Which gives

1S5 || X{44615526286745988670922923 44615526286745988670922923
g3 llo0

15796275627548282454016000 15796275627548282454016000
425646584243843770128162659 425646584243843770128162659

" 126370205020386259632128000° 126370205020386259632128000
364977927604507610473078109 364977927604507610473078109

" 126370205020386259632128000° 126370205020386259632128000
833160932909087941469896093 833160932909087941469896093}

' 252740410040772519264256000° 252740410040772519264256000
= 3.36825.

Now by using same method, we calculdt€y: || = 4.42648, [|Sys [l = 5.87366,
150, lloo = 7.82012, || Sz [loo = 10.3532, || Sys [loo = 13.752, |59, [loo = 18.2318 and
[Sgi0llee = 24.2006 wheregiy(z) = 910(2)g10(22) . . . g10(z2" ). Hence||Syz [ —

oo asL — oo. Which means thafS,: || does not converge to a positive real number
less than one. Therefore, by [7] the scherﬂg:l%, S, andS,,, are not contractive, not

convergent and naf-continuous respectively. This completes the proof. O

Remark 3.4. The L, smoothness of the proposg@Hpoint scheme is 2.6015 and hence it
is at leastC?-1915 put notC'-6015,

Property 3.5. The proposed2-point scheme (2. 11) corresponding to the Laurent poly-
nomialai»(z) is C?-continuous.

Proof. The proof of this property is similar to that of Property 3.3. O

Remark 3.6. The L, smoothness of the propos&ztpoint scheme is 3.116305 and hence
its L., smoothness is at lea6t?-%1163 put notC3-11635,

Property 3.7. The8-point, 10-point and12-point schemes defined in (2. 9), (2. 10) and
(2. 11) respectively generate polynomials up to degree 8.

Proof. Since Laurent polynomial of scheme ( 2. 9) can be written as

1 8+1
as(z) = ( ;Z) b2), (3. 12)
where
-8
b(z) = =——[—429+ 3366z — 1075522 + 166602> — 107552" + 33662° — 42929].

512
Similarly, the Laurent polynomial af0-point scheme ( 2. 10 ) can be written as

841
ao(z) = (1;‘”) o(2), 3. 13)
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where

c(2) =

2710

B 12446720[
+29430993522* — 33521366762° + 294309935225 — 200111375627

+9719848212% — 28891304227 + 385642432'7].

In the same manner, the Laurent polynomial ®fpoint scheme (2. 11) can also be written

38564243 — 288913042z + 97198482122 — 20011137562>

as

aa(z) = (1 : >+ d(2), (3. 14)
where
d(z) = i[?66874119 — 57369984982 + 2048905106522 — 4846551657223

141892608

+878090765772% — 1301386564342° + 1627692975352 — 1752700408007
+1627692975352% — 1301386564342° + 8780907657720 — 4846551657221
42048905106521% — 57369984982 + 7668741192"].

Hence the Laurent polynomial of all these schemes give fddtar z)°. So by [3], these
schemes generate polynomials up to degree 8. This completes the proof. O

Property 3.8. The8-point, 10-point and12-point schemes defined in (2. 9), (2. 10 ) and
(2. 11) respectively are dual subdivision schemes.

Proof. By [3], a subdivision scheme is a dual subdivision scheme if its Laurent polynomial
satisfy the following condition

za(z) = a(z7Y).
The Laurent polynomials of schemes (2. 9), (2. 10) and (2. 11 ) which are presented
in (3. 12 )-( 3. 14) holdzag(z) = as(z71), za10(z) = aip(z71) andzaia(z) =
a12(2~1) respectively. Hence these schemes are dual subdivision schemes and therefore
these schemes have dual parameterizations. O

Property 3.9. The8-point, 10-point and12-point schemes defined in (2. 9), (2. 10 ) and
(2. 11) respectively reproduces polynomials up to degree 7.

Proof. It is easy to calculate thaﬁél)(l) = a%)(l) = aﬁ?(l) =1, Whereaél)(l) is the
derivative ofag(z) with respect to: and evaluated it at = 1. Hence by [3];7s = 710 =
T12 = % Also

k—1
af!(1) = 2]] (rm —1) andal)(~1) =0.
=0

wherex = 0,1, ...,7andm = 8,10, 12.

Hereaﬁ,’{")(l) and afq’i)(—l) denote thes-th derivative ofa,,(z) with respect toz and
evaluated at = 1 andz = —1 respectively.

So by [3], proof is completed. O
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Remark 3.10. Since by Property 3, thepoint, 10-point and12-point subdivision schemes
reproduce polynomials up to degree 7. Therefordythe approximation order of these
schemes is 8.

Property 3.11. The limit stencil of the 8-point subdivision scheme is
[0, 0.000020, 0.000381, —0.012352, 0.099205, —0.461460, 2.245036, 2.245036,

—0.461460, 0.099205, —0.012352, 0.000381, 0.000020, 0].
Proof. Since the matrix representation of the scheme for3,-2,-1,0,1,2,3is
= s
where
s e e e e T R S N Y S TR R i

k+1 pk+1\T
f6,s 7.8 )

k k k k k k k k k k k k k k k \T
= (f—6,8 ffs,s f—4,8 f—378 f—2,8 f71,8 fo,s f1,8 f2,8 f3,8 f4,8 f578 fe,g f?,s)
and

&1 & & & & &% & & 0 0 0 0 0 O
8 &7 & & & & & & 0 0 0 0 0 0
0 & & & & & & & & 0 0 0 0 0
0 & & & & & & & & 0 0 0 0 0
0 0 & & & & & &% & & 0 0 0 0
0 0 & & & & & & & & 0 0 0 0
g - L0 0 0 & & & & & & & & 0 0 0
E1 0 0 0 & & & & & & & & 0 0 0 |7
0 0 0 0 & & & & & & & & 0 0
0 0 0 0 & & & & & & & & 00
0 0 0 0 0 & & & & & &% & & 0
0 0 0 0 0 & & & & & & & & 0
0 0 0 0 0 0 & & & & & & & &
0 0 0 0 0 0 & & & & & & & &

with £=262144 £1=-495,£5=5005£3=-27027 £4,=225225£5=75075 £3=-19305£,=4095,
58:'429-
The following are the eigenvalues of the matfix
A =1, =0.5, 3 =0.25,\y = 0.125, \5 = —0.037317, A\¢ = —0.028919,
A7 = 0.0625, Ag = 0.052656, Ag = 0.03125, A1p = 0.015625, A1; = 0.003906,
A12 = 0.007812, A13 = 0.010767, A 4 = 0.009993.
The eigenvectors corresponding to the eigenvalues are

v = (0.267261,0.267261, 0.267261, 0.267261, 0.267261, 0.267261, 0.267261,
0.267261,0.267261,0.267261, 0.267261, 0.267261, 0.267261, 0.267261)7,

2 = (—0.430946, —0.364646, —0.298347, —0.232048, —0.165748, —0.099449,
—0.033150, 0.033150, 0.099449, 0.165748, 0.232048, 0.298347, 0.364646, 0.430946) T,



A family of 2n-point approximating subdivision schemes based on least squares method 147

73 = (—0.519712, —0.372102, —0.249093, —0.150686, —0.076881, —0.027677,
—0.003075, —0.003075, —0.027677, —0.076881, —0.150686, —0.249093, —0.372102,
—0.519712)7,

~va = (—0.576412, —0.349205, —0.191263, —0.089991, —0.032795, —0.007084,
— 0.000262, 0.000262, 0.007084, 0.032795, 0.089991, 0.191263, 0.349205, 0.576412) 7,

v5 = (—0.653307, —0.268453, —0.014924, 0.029730, 0.004067, —0.000348,
— 0.000083, —0.000083, —0.000348, 0.004067, 0.029730, —0.014924, —0.268453,
—0.653307)7,

v6 = (0.632820,0.311404, 0.046431, —0.019797, —0.004340, 0.000168, 0.000025,
— 0.000025, —0.000168, 0.004340, 0.019797, —0.046431, —0.311404, —0.632820) 7,

v7 = (—0.614735, —0.315127, —0.141216, —0.051678, —0.013452, —0.001743,
— 0.000022, —0.000022, —0.001743, —0.013452, —0.051678, —0.141216, —0.315127,
—0.614735)7,

~vs = (0.622278, 0.306024, 0.130340, 0.044871,0.010739, 0.001230, 0.000020,
—0.000020, —0.001230, —0.010739, —0.044871, —0.130340, —0.306024, —0.622278)7 ,

~v9 = (—0.641353, —0.278191, —0.101998, —0.029032, —0.005398, —0.000420,
— 0.000002, 0.000002, 0.000420, 0.005398, 0.029032, 0.101998, 0.278191, 0.641353) T,

Y10 = (—0.660117, —0.242280, —0.072680, —0.016090, —0.002137, —0.000100,
0,0, —0.000100, —0.002137, —0.016090, —0.072680, —0.242280, —0.660117),

Y11 = (—0.682982, —0.179480, —0.036048, —0.004833, —0.000334, —0.000012,

— 0.000007, —0.000007, —0.000012, —0.000334, —0.004833, —0.036048, —0.17948,
— 0.682982)7,

m2 = (0.673456, 0.209148, 0.051334, 0.008839, 0.000838, 0.000023, 0.000000,
— 0.000000, —0.000023, —0.000838, —0.008839, —0.051334, —0.209148, —0.673456) 7,

m3 = (0.664326, 0.234554, 0.059388,0.011278,0.001277, 0.000050, 0.000004,
0.000004, 0.000050, 0.001277,0.011278, 0.059388, 0.234554, 0.664326) ™,

~m4 = (0.667459, 0.225926, 0.057781,0.010759, 0.001162, 0.000040, —0.000000,
0.000000, —0.000040, —0.001162, —0.010759, —0.057781, —0.225926, —0.667459)7".

Since the matrixS can be diagonalize a§ = Q A Q7 ', thereforeS* = Q AF Q1,
where( is the matrix whose columns are the eigenvectors of the métmhereas the
diagonals entries of the diagonal matrixare the eigenvalues of the mat$x Sincen”

is a diagonal matrix therefore the diagonal entries other than first entry approaches to zero
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whenk — oo. Sincef*+! = Sfk = .. = S*f0 then fk+1 = (Q AF Q1) f°. This
implies > = Q(limy,_.. AF)Q™1f°. So

fSOG,S 0 & ¢ & & % s7 8 S9 <0 <11 <12 <13 O
IS5 0 G S sS4 S5 S6 S7 S8 S9 S0 S11 si2 <13 O
IZas 0 © & <4 S5 S ST S8 So S0 Ssu1 <12 s13 O
ficza,s 0 ¢ ¢ <4 S S Sr S8 S9 S0 s11 si2 <13 0
258 0 ¢ ¢ <1 S5 S St S8 S9 S0 S11 s12 s13 0
ffcl,g 0 ¢ 6 <4 S5 S S7 S8 S9 S0 S11 sz <13 O
fog || 0 2 & 4 5 %6 o7 S5 S9 S0 su1osiz <13 0
T 0 & <3 <4 S5 S Sr S8 S9 S0 S11 si2 <13 0
I5% 0 ¢ ¢ <1 S5 S S7 S8 S9 S0 611 S12 si3 O
fg?% 0 ¢ ¢ <4 s S S7 <8 S9 S0 <11 si2 <13 O
f5% 0 ¢ ¢ <4 S5 S St S8 S9 S0 S11 Si2 <13 O
f$% 0 ¢ & < & % o7 S S9 S0 s11 s12 s13 O
f6% 0 ¢ e & s s o7 S8 S9 S0 s11 s12 <13 O
I5% 0 ¢ 3 < S5 6 <7 S8 S9 <10 s11 s12 <13 O

X (f9678 f95,8 f94,8 f93,8 fgz,s f91,8 fg,s ff,s fg,s f??,g fz?,s s?,s fg,s f%s )T~
Hence the limit stencils is
[0, 2 = 0.000020, g5 = 0.000381,¢4 = —0.012352, ¢5 = 0.099205, 5 = —0.461460,
¢7 = 2.245036, ¢g = 2.245036, 9 = —0.461460, 19 = 0.099205, 611 = —0.012352,
12 = 0.000381, ¢;3 = 0.000020, 0].
This means, when we take the entries of limit stencil as coefficients of the initial points
fﬂﬁ’g, f95,8, ,...,f%s, then by adding up these points, we get the limit position of the point
s 0

Similarly, we can compute the limit stencils of other schemes.

4. APPLICATIONS

Here we take different types of data then we fit curvesppint, 10-point, andl 2-point
approximating subdivision schemes. Results are depicted in Figures 1-3. We observe that
the 8-point scheme preserve shape of the initial data as limit curves pass very close to the
initial data. Whilel0-point and12-point schemes do not pass very close to the initial data.
Hence by Figure 3, it is easy to see thatpoint scheme is a good choice for noisy data.
Moreover, for the8-point subdivision scheme the points on the boundary are calculated by
substitutingf®,, s = 2f5s — fh gandfr, o =2fF, — fk_ < where for the given
(n 4+ 1)-points f(’{g and f]j,s are the first and last boundary points at lekekspectively
andm is any positive integer. We rewrite ti8epoint scheme as

8 8
k+1 __ rk k+1 rk
26,8 — E :§]fi+j,478, f2z‘+1,8 - E f9fjfi+j—4,87 (4- 15)
j=1 Jj=1
495 __ 5005 _ 27027 225225 __ 75075 _
whereg; = 262144 &2 = 262144 3 = 262144 & = 262144 & = 262144 & =
19305 & = 4095 andés = — 429
262144 S7 — 262144 8 = T 262144 "
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Fori = 0 (4. 15) gives (refinement rules to modify the first pof[ﬁt8 of level k)

Gffsst+Cffos+&fiis+afis+&fis+&fis+&fis+&fls
= fl(ng,s - fzf,s) + 52(2f§,8 - f{s) + 53(2f§,8 - ff,s) + f4f(]is + €5ff,8
+eofSs+Ef5s + Esfis

k+1
0,8 =

k41 _
1,8 =

= (261 + 260 + 265 + &) fis + (& — &) ffs + (& — &) fhs + (& — &)

Xf:iB + 58.](.458,

Esflas+&rffos+&ffis+&fs+afls+Efis+&afis+Efls
= 58(2f(])€,8 - f?’f,s) + 57(2f(])€,8 - f2k,8) + 56(2f(])€,8 - fﬁs) + §5f(li8 + £4f{€,8
+efSs+Eaffs +E1fis

= (2 +26+ 26 + &) fls + (Ca— &) ffa + (& — &) fhs + (b — &)

X fys+ & fis-

The refinement rules to modify second pofift; of level k by two points at leve(k + 1)

are
S = QG +20+ &) i+ (Ga—E) st (& — &) f5s+ & fhs + Enfls + EsfEs,
ST = Qs+ 2+ &) fhs+ (& — &) ffs+ (Ca— &) S+ Ef5s+ Eafis+Efrs

Fori = 2, the refinement rules to modify third point of levehre

5= RO+ O st (G- ffs s+ & fSs+Eefis+ s+ Esfls
(2 + &) fEs+ (G — &) ffs + & fhs +Eafbs + & fis + fbs + & fs
Fori = n — 3, the refinement rules to modify: — 3)-th point of levelk are

k+1
58

k+1
2n—6,8

k+1
2n—5,8

§1fylf—6,8 + §2f7]§—5,8 + £3f£—4,8 + §4fylf—3,8 + §5fv]§—2,8 + fﬁfr]f—l,s
+§7frlf,8 +58f7]§+1,8

= §1f576,8 + §2f7]§75,8 + 63f7€74,8 + §4fr]f—3,8 + §5f7]§72,8 + £6f'r’ffl,8
+f7f£78 + 58(2f7’:,8 - 7]:71,8)

= §1f£—6,8 + §2f7]f—5,8 + £3f1]'f—4,8 + §4f7]f—3,8 + §5f7]f—2,8 + (66 — &s)
Xfh 18+ (&1 4 288) fr s,

Csfh cst&rfr sat&ofn st &fh sst&afi os+8fr 18
+ofrs+Eafi s

=Gy os T & u st Efaast &N sst &y as Tl
+§2fr]f,8 +£1(2f711€,8 - 571,8)

=&sfr cat & st &l sst&fr sst+Eufr os+(&—8&)
X 571,8 + (&2 + Qfl)fr]f,s-
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(a) 8-point scheme (b) 10-point scheme (c) 12-point scheme

FIGURE 1. Solid lines show limit curves whereas diamond symbols
show the control points.

Fori = n — 2, the refinement rules to modify: — 2)-th point of levelk are

2%114,8 = Gff, st Lff_, 8T €3f71§73,8 + (&4 — 58)f71§72,8 + (& — f?)frlfq,s
+(& + 287 +288) R g,
216;713,8 = &fr_ 58+f7fn 48+§6fn 38+(55—§1)fn 28+(f4—§2)fn 1,8

+(& + 28 +281) fr g

Fori = n — 1, the refinement rules to modify: — 1)-th point of levelk are

2k'rj—12,8 &fi 18t (2 — &s)fr_ 38T (& — &) fr_ 28+ (6 — &) fu_ 18
+ (&5 + 286 + 287 + 288) [ 5,

Qk’I’jELS = &fF 18t (&7 — &) fh_ 3.8+ (&6 — &) fh_ 28+ (& 53)]07]:71,8
(€ + 263+ 264 261) fr g

Fori = n, the refinement rules to modify-th point of levelk are

2]:% = _€8fr};:74,8 + (& - &) fE 38+ (&2 — &) fr_ 28+ (§3— & )fylfq,s
(€4 + 265 + 286 + 267 + 268) fr s,
f2krjr+118 = —&fr 48+(58—§2)fn 38+(§7—§3)fn 28+(§6—f4)fn 1,8

+(& + 280 + 285 + 26 + 2&1) fr o

The above refinement rules are used for refining the boundary pf(jj@tsj =0,1,2,n—
3,n—2,n—1,n. These rules eliminate the involvement of the pojﬂj‘,@: j=-3,-2,—1,n+
1,n + 2,n + 3,n + 4 which was involved by (4. 15) but are not given.
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(a) 8-point scheme (b) 10-point scheme (c) 12-point scheme

FIGURE 2. Solid lines show limit curves whereas diamond symbols
show the control points.

@ o
o
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°

“U*w

(a) 8-point scheme  (b) 10-point scheme (c) 12-point scheme

FIGURE 3. Solid lines show limit curves whereas diamond symbols
show the control points.

APPENDIXA

35(n —4)(n® —1)(n* —9)
p = 274" -1 —9) 3" [6435:7 — (858n% + 12012)r° — (90097
da r=—n+1

—54054)r° + (1386n" + 4389n? — 64680)r* 4 (3465n* — 41580n% + 93555)r>
+(630n5 + 4410n* + 15603n2 — 59388)r% — (315n° — 5670n* + 26271n? —
27396)r + (70n® — 115505 + 4179n* + 326n% — 5040)] £, (4. 16)
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m

12

13

74

9 n
I Z [(50050n° — 9259250 + 4389385n% — 4671810)r" — (105105n°
r=—n+1

—1891890n* — 8765757n? + 9141132)r% — (90090n° — 2102100n°
+15807792n* — 45471426n2 + 39243204)r° 4 (1212750 — 2748900n°
+20301435n* — 5774769012 + 49221480)r* + (48510010 — 133402518
+12984510n° — 55885830n* + 10441546502 — 67920930)r° — (3307500
—904050n° + 883470005 — 37975770n* + 70186473n% — 45194268)r>
—(7350n'2 — 22785010 4 2621745n° — 14207900n° + 37612603n"
—45784004n2 + 19889496)r + (122512 — 392001 + 470890n°
—2661400n° 4 7291445n* — 889840012 + 3835440)] f.., (4.17)

21
- Z [(289575n* — 2702700n2 + 4549545)r" — (30030n° + 345345n*

r=—n+1
—5246241n% 4 9375366)r° — (405405n° — 6216210n" + 29072043n>
—38216178)r° 4 (44550n® — 6257790n* 4 3610002002 — 50191680)r*
+(155925n% — 3326400n° + 24123330n* — 6869016002 + 66143385)r>
—(17010n" — 184275n% — 674730n° + 13678560n" — 45423399n>
+45426234)r% — (1417510 — 387450n% + 3786300n° — 162753300
43007991702 — 19368972)r 4 (105012 — 22050n'° + 128345n° + 6510015

—2395365n* + 578620012 — 3563280)] f., (4. 18)

3465

o Z [(1170n* — 1521012 + 36543)r" — (3003n* — 3603612 + 81081)r°
r=—n+1

—(2002n° — 37037n* + 1971970 — 312312)r° + (346515 — 57750n"
4287595102 — 436590)r1 4 (99008 — 23100n° + 177870n" — 543840n>
+558327)r% — (945n% — 20160n° + 146202n* — 416304n> + 400869)r2
—(126n'Y — 3465n° + 33726n° — 145158n* + 27120902 — 176418)r

+(35n'° — 910n® 4 8540n° — 35070n* + 61425n% — 34020)] f,., (4. 19)

1155
v Z [(19305n2 — 90090)r" — (1638n* + 38766n2 — 208299)r°

r=—n+1
—(27027n* — 288288n? + 756756)r° + (2310n° + 26565n* — 393855n2
+1075305)r* + (10395n° — 173250n* + 86278502 — 1309770)r* — (810n°
—113778n* + 656364n% — 912576)r% — (945n° — 2142015 + 158193n*
—449982n2 + 383544)r + (42n° — 455n8 — 1764n° + 32445n* — 100828n>
+70560)] f-, (4. 20)
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—9009
o= > 1(990n* — 6765)r" — (3003n° — 18018)r® — (1638n" — 21294n”
r=-—n-+1
+61971)7° + (3465n* — 3696002 4- 97020)7* + (770n° — 14245n* + 75845n2
—120120)7° — (94515 — 14490n* + 67767n* — 89082)7 — (90n® — 2100n°

+15792n* + 4542612 + 39204)r 4 (35n° — 700n° + 4655n* — 1155002

+7560)] f,., (4. 21)
—3003 = 7 2 6 2 5 4
wo= > [6435r7 — (462n* 4 16863)r° — (9009n* — 54054)r° + (630n
r=—n+1

41491012 — 80115)r* + (3465n* — 415801 + 93555)r> — (210n° 4 2415n*
—36687n? 4 65562)7 — (315n° — 5670n* 4 26271n* — 27396)r + (10n®

—1470n* + 6500n% — 5040)] f,, (4. 22)
6435 - 7 6 2 5 2 4
mo= - > [858r7 — 3003r° — (1386n° — 9471)r® + (34650 — 16170)r
r=—n-+1

+(630n* — 819012 + 19677)r> — (945n* — 8820m% + 14847)r* — (70n°
—1295n* + 6139n? — 6534)r + (3515 — 490n* + 1715n% — 1260)]f,, (4. 23)
where
a=n(n?—4)(n? —1)(n? — 9)(4n? — 9)(4n? — 25)(4n? — 1)(4n* — 49). (4. 24)
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