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Abstract. In the following article we have introduced generalized mul-
tivalued α-ψ-contractive type mappings and multi-valued (θ, L)-weakly
contractive mappings in G-metric spaces and have established common
fixed point results for the concerned contractive mappings. We have also
proved some coincidence point theorems for multivalued G-α-admissible
mappings and relations. Some examples are also included in the support
of these results.Our results can not be derived directly from fixed point
theorems on metric or qusai-metric spaces as discussed by Jleli et al. in
[21] and Azam et al. in [9]. An interesting application is also added to
evaluate the solution of hyperbolic differential inclusion.
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1. INTRODUCTION

Fixed point theory is an interdisciplinary topic which can be applied in various disci-
plines of mathematical sciences like game theory, mathematical economics, optimization 
theory, approximation theory and variational inequalities. Banach [10] in 1922, presented 
a contraction principle for the existence of unique fixed p o int. T he fi xed po int th eory (as 
well as Banach contraction principle) has been studied and generalized in different spaces 
and various fixed p oint t heorems w ere d e veloped. U sing t he i dea o f f amous B anach con-
traction theorem, many authors have worked to find t he fi xed po int of  several contractive 
mappings and have also introduced several new contractions. In this regard several fixed 
point theorems, common fixed p o int t h eorems a n d c o incidence r e sults h ave b e en devel-
oped for mappings satisfying certain contractive conditions. Nadler [34] generalized Ba-
nach contraction principle to set-valued mappings by using the Hausdorff metric. After that 
several mathematicians deliberated various fixed point results for multi-valued contraction 
mappings [16,17,18,19,29,37,38,41].
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Alber and Guerre [2] in 1997, presented concept of weak contraction . Berinde in 2004
[11], introduced the concept of (θ, L)-weak contraction and multi-valued (θ, L)-weak con-
traction [12] and extended the idea of fixed point theory to multi-valued mappings satisfy-
ing the related contraction. Samet et al. [39], in 2012, presented a new concept of contrac-
tive mapping namely α-ψ-contractive type mapping and studied fixed point theorem for
concerned contraction. With time concept of α-admissible mappings has been developed
in several directions like [4,5,13,14,15,20,24,36,40].

In the perspective of generalization, mathematicians have been focusing towards new
metric based structures as well as generalized contractions, in order to obtain more refined
fixed point results. So, in 2006, Mustafa and Sims [28] presented a generalized version of
metric spaces, namely G-metric spaces and after that various fixed point results have been
obtained using various contractive conditions for the concerned metric [1,6,7,22,27-32,35].
This article pursue for fixed point results of multi-valued contractive type mappings and
coincidence point results for multi-valued mappings and relation in G-metric spaces. In
[25, 26] Khuri and Sayfy applied the fixed point schemes for the numerical solutions of
initial and boundry value problems. Inspired by this an interesting application is also added
to evaluate the solution of hyperbolic differential inclusion.

2. PRELIMINARIES

The following section is related to some basic concepts and results mostly from [28].

Definition 2.1. Consider Υ 6= ∅ and mapping G : Υ×Υ×Υ→ R+ satisfying subsequent
axioms:
(g1) G(℘, ν, ς) = 0 if ℘ = ν = ς,
(g2) 0 < G(℘, ν, ς), ∀ ℘, ν ∈ Υ with ℘ 6= ν,
(g3) G(℘, ℘, ν) ≤ G(℘, ν, ς) ∀ ℘, ν, ς ∈ Υ with ς 6= ν,
(g4) G preserves the symmetry in each variable,
(g5) G(℘, ν, ς) ≤ G(℘, ℘′, ℘′) + G(℘′, ν, ς) ∀ ℘, ν, ς, ℘′ ∈ Υ.
Then Υ is called G-metric space.

Definition 2.2. Consider Υbe a G-metric space. Then the sequence {℘η} in Υ is:
(i) G-convergent if for any γ > 0, there is ℘ ∈ Υ and ℵ ∈ N so that G(℘, ℘η, ℘ζ) < γ, ∀
η, ζ ≥ ℵ,
(ii) G-Cauchy if for any γ > 0, there is ℵ ∈ N so that G(℘η, ℘ζ , ℘τ ) < γ, ∀ η, ζ, τ ≥ ℵ.

Theorem 2.3. Consider Υ be a G-metric space and {℘η} be a sequence in Υ. Conse-
quently subsequent are equal:
(i) {℘η} is G-convergent to ℘,
(ii) G(℘η, ℘η, ℘)→ 0, as η→∞,
(iii) G(℘η, ℘, ℘)→ 0, as η→∞,
(iv) G(℘ζ , ℘η, ℘)→ 0, as ζ, η→∞.

Proposition 2.4. Every G-metric space Υ, defines a metric space (Υ, dG) by dG(℘, ν) =
G(℘, ν, ν) + G(℘, ℘, ν), ∀ ℘, ν ∈ Υ.

Theorem 2.5. Consider Υ be a G-metric space and {℘η} a sequence in Υ respectively.
Consequently subsequent are equal:
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(i) {℘η} is G-Cauchy.
(ii) For every ε > 0, there exists ℵ ∈ N such that G(℘η, ℘ζ , ℘ζ) < ε, ∀ η, ζ ≥ ℵ.
(iii) {℘η} is a Cauchy sequence in the metric space (Υ, dG).

Υ will be complete if every G-Cauchy sequence in Υ is a G-convergent sequence in Υ.
Denote the class of all nonempty closed and bounded subsets of Υ as F (Υ).

Consider HG(·, ·, ·) be a Hausdorff G-distance on F (Υ) [23], i.e.

HG(Č, Ď , Ĕ ) = max{sup
℘∈Č
G(℘, Ď , Ĕ ), sup

℘∈Ď

G(℘, Ĕ , Č), sup
℘∈Ĕ

G(℘, Č, Ď)}

where

G(℘, Ď , Ĕ ) = dG(℘, Ď) + dG(Ď , Ĕ ) + dG(℘, Ĕ )

dG(℘, Ď) = inf{dG(℘, ν) : ν ∈ Ď}
dG(Č, Ď) = inf{dG(a, b) : a ∈ Č, b ∈ Ď}
G(℘, ν, Ĕ ) = inf{G(℘, ν, ς) : ς ∈ Ĕ}.

Consider Γ : Υ→ 2Υ and ℘ ∈ Υ then ℘ is a fixed point of Γ if ℘ ∈ Γ℘..

Remark 2.6. Consider Υ be a G-metric space, ℘ ∈ Υ and Ď ⊆ Υ. For each ν ∈ Ď ,

G(℘, Ď , Ď) ≤ 6 G(℘, ν, ν).

Lemma 2.7. ([33]) Consider Υ be a G-metric space and Č, Ď ∈ F (Υ), then for each
a ∈ Č:

G(a, Ď , Ď) ≤ HG(Č, Ď , Ď).

Lemma 2.8. ([33]) Consider Υ be a G-metric space. If Č, Ď ∈ F (Υ) and ℘ ∈ Č, then for
each ε > 0 there exists ν ∈ Ď such that:

G(℘, ν, ν) ≤ HG(Č, Ď , Ď) + ε.

Definition 2.9. ([12])Consider Υ 6= ∅ and mapping S : Υ → F (Υ). S is said to be a
multivalued (θ, L)-weak contraction if there exists two constants θ ∈ (0, 1) and L ≥ 0
such that

H(S℘, Sν) ≤ θd(℘, ν) + LD(℘, Sν) for all ℘, ν ∈ Υ.

3. RESULTS

Let Ψ be the family of all nondecreasing functions ψ : [0,∞) → [0,∞) such that
∞∑
η=1

ψη(t) <∞ and ψ(t) < t, for each t > 0.

Definition 3.1. ([21]) Consider Υ be a G-metric space, Γ : Υ → Υ be a mapping and
α : Υ×Υ×Υ→ [0,∞). The mapping Γ will be G-α-admissible if for ℘, ν, ς ∈ Υ:

α(℘, ν, ς) ≥ 1 =⇒ α(Γ℘,Γν,Γς) ≥ 1.
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Definition 3.2. ([3]) Consider Υ be a G-metric space, Γ : Υ → Υ be a mapping and
α : Υ×Υ×Υ→ [0,∞). If a function ψ ∈ Ψ, such that

α(℘, ν, ς)G(Γ℘,Γν,Γς) ≤ ψ(G(℘, ν, ς))

∀ ℘, ν, ς ∈ Υ, then Γ is called G-α-ψ- contractive type mapping.

Definition 3.3. Consider Υ be a G-metric space, (Γ1,Γ2) be a pair of self mappings and
α : Υ×Υ×Υ→ [0,∞). The pair (Γ1,Γ2) will be G-α-admissible if for ℘, ν, ς ∈ Υ,

α(℘, ν, ς) ≥ 1 =⇒ α(Γ1℘,Γ1ν,Γ2ς) ≥ 1, α(Γ2℘,Γ1ν,Γ1ς) ≥ 1.

Definition 3.4. Consider Υ be a G-metric space, Γ : Υ → F (Υ) be a multi-valued map-
ping, α : Υ × Υ × Υ → [0,∞). The mapping Γ is called multi-vlaued G-α-admissible
mapping if for ℘0, ν0, ς0 ∈ Υ,

α(℘0, ν0, ς0) ≥ 1 =⇒ α(℘1, ν1, ς1) ≥ 1, where ℘1 ∈ Γ℘0, ν1 ∈ Γν0, ς1 ∈ Γς.

The pair (Γ1,Γ2) of multi-valued mappings is called multi-valued G-α-admissible if for
℘0, ν0, ς0 ∈ Υ, α(℘0, ν0, ς0) ≥ 1 imply
(i) α(℘1, ν1, ς1) ≥ 1, whenever ℘1 ∈ Γ1℘0, ν1 ∈ Γ2ν0, ς1 ∈ Γ2ς0,
(ii) α(℘1, ν1, ς1) ≥ 1, whenever ℘1 ∈ Γ2℘0, ν1 ∈ Γ1ν0, ς1 ∈ Γ1ς0.

Theorem 3.5. Consider Υ be a complete G-metric space, Γ1,Γ2 : Υ→ F (Υ) be a pair of
generalized multi-valued G-α-ψ- contractive type mappings. Suppose ∀ ℘, ν, ς ∈ Υ, L ≥
0,

α(℘, ν, ς)HG(Γ1℘,Γ2ν,Γ2ς) ≤ ψ
[

1

6
Yi,j

]
+ LZi,j (3. 1)

where

Yi,j = max


6G(℘, ν, ς),G(℘,Γi℘,Γi℘),G(ν,Γj ν,Γj ν),

G(ν,Γi℘,Γi℘)+G(℘,Γj ν,Γj ν)
2 ,

G(ν,Γj ν,Γj ν)[1+G(℘,Γi℘,Γi℘)]
1+6G(℘,ν,ς) ,

G(ν,Γi℘,Γi℘)[1+G(℘,Γj ν,Γj ν)]
1+6G(℘,ν,ς)

 ,

Zi,j = min

[
G(℘,Γi℘,Γi℘),G(ν,Γj ν,Γj ν),
G(℘,Γj ν,Γj ν),G(ν,Γi℘,Γi℘)

]
.

Also assume that α(℘, ν, ν) ≥ 1 ∀ ℘, ν ∈ Υ. Then there exists a common fixed point of the
multi-valued mappings Γi and Γj .

Proof. Let ℘0 ∈ Υ. As Γ1℘0 6= ϕ so there exists ℘1 ∈ Γ1℘0. From Lemma 2, for a
nonnegative real number k < 1 there exists ℘2 ∈ Γ2℘1 such that

G(℘1, ℘2, ℘2) ≤ kHG(Γ1℘0,Γ2℘1,Γ2℘1)

As α(℘0, ℘1, ℘1) ≥ 1, so we conclude that

G(℘1, ℘2, ℘2) ≤ α(℘0, ℘1, ℘1)HG(Γ1℘0,Γ2℘1,Γ2℘1).
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By condition (3.1) we get,

G(℘1, ℘2, ℘2) ≤ ψ


1

6
max


6G(℘0, ℘1, ℘1),G(℘0,Γ1℘0,Γ1℘0),

G(℘1,Γ2℘1,Γ2℘1),
G(℘1,Γ1℘0,Γ1℘0)+G(℘0,Γ2℘1,Γ2℘1)

2 ,
G(℘1,Γ2℘1,Γ2℘1)[1+G(℘0,Γ1℘0,Γ1℘0)]

1+6G(℘0,℘1,℘1) ,
G(℘1,Γ1℘0,Γ1℘0)[1+G(℘0,Γ2℘1,Γ2℘1)]

1+6G(℘0,℘1,℘1)




+Lmin

[
G(℘0,Γ1℘0,Γ1℘0),G(℘1,Γ2℘1,Γ2℘1),
G(℘0,Γ2℘1,Γ2℘1),G(℘1,Γ1℘0,Γ1℘0)

]
≤ ψ [max (G(℘0, ℘1, ℘1),G(℘1, ℘2, ℘2))] .

By using properties of ψ we have

G(℘1, ℘2, ℘2) ≤ ψ (G(℘0, ℘1, ℘1)) . (3. 2)

Now for ℘2 ∈ Γ2℘1 there exists ℘3 ∈ Γ1℘2. By Lemma 2 and condition (3.1) we get,

G(℘2, ℘3, ℘3) ≤ α(℘1, ℘2, ℘2)HG(Γ2℘1,Γ℘2,Γ℘2)

≤ ψ


1

6
max


6G(℘1, ℘2, ℘2),G(℘1,Γ2℘1,Γ2℘1),

G(℘2,Γ1℘2,Γ1℘2),
G(℘2,Γ2℘1,Γ2℘1)+G(℘1,Γ1℘2,Γ1℘2)

2 ,
G(℘2,Γ1℘2,Γ1℘2)[1+G(℘1,Γ2℘1,Γ2℘1)]

1+6G(℘1,℘2,℘2) ,
G(℘2,Γ2℘1,Γ2℘1)[1+G(℘1,Γ1℘2,Γ1℘2)]

1+6G(℘1,℘2,℘2)




+Lmin

[
G(℘1,Γ2℘1,Γ2℘1),G(℘2,Γ1℘2,Γ1℘2),
G(℘2,Γ2℘1,Γ2℘1),G(℘1,Γ1℘2,Γ1℘2)

]
≤ ψ [max (G(℘1, ℘2, ℘2),G(℘2, ℘3, ℘3))] .

Again by using properties of ψ, we get

G(℘2, ℘3, ℘3) ≤ ψ2 (G(℘0, ℘1, ℘1)) .

Continuing in the same manner, we get a sequence {℘η} in Υ for α(℘η, ℘η+1, ℘η+1) ≥ 1
such that

G(℘η, ℘η+1, ℘η+1) ≤ ψη (G(℘0, ℘1, ℘1)) .

So by (g5) and by a property of ψ, we have

G(℘η, ℘ζ , ℘ζ) ≤
ζ−1∑
k=η

ψk (G(℘0, ℘1, ℘1)) ≤
∞∑
k=0

ψk (G(℘0, ℘1, ℘1)) <∞.

This proves that the sequence {℘η} is G-Cauchy. The completeness of Υ ensures an ele-
ment ℘∗ ∈ Υ such that the sequence {℘η} is G-convergent to ℘∗ as η →∞.
Using the fact that ℘2η+1 ∈ Γ1℘2η and ℘2η+2 ∈ Γ2℘2η+1, now it is shown that ℘∗ ∈ Γ1℘

∗
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and ℘∗ ∈ Γ2℘
∗.

G(℘2η+2,Γ1℘
∗,Γ1℘

∗) ≤ HG(Γ2℘2η+1,Γ1℘
∗,Γ1℘

∗)

≤ α(℘2η+1, ℘
∗, ℘∗)HG(Γ2℘2η+1,Γ1℘

∗,Γ1℘
∗)

≤ ψ


1

6
max



6G(℘2η+1, ℘
∗, ℘∗),

6G(℘2η+1, ℘2η+2, ℘2η+2),
G(℘∗,Γ1℘

∗,Γ1℘
∗),

6G(℘∗,℘2η+2,℘2η+2)+G(℘2η+1,Γ1℘
∗,Γ1℘

∗)
2 ,

G(℘∗,Γ1℘
∗,Γ1℘

∗)[1+6G(℘2η+1,℘2η+2,℘2η+2)]
1+6G(℘2η+1,℘∗,℘∗) ,

6G(℘∗,℘2η+2,℘2η+2)[1+G(℘2η+1,Γ1℘
∗,Γ1℘

∗)]
1+6G(℘2η+1,℘∗,℘∗)





+Lmin


6G(℘2η+1, ℘2η+2, ℘2η+2),
G(℘∗,Γ1℘

∗,Γ1℘
∗),

G(℘2η+1,Γ1℘
∗,Γ1℘

∗),
6G(℘∗, ℘2η+2, ℘2η+2)

 .
Applying lim η →∞, we get,

lim
η→∞

G(℘2η+2,Γ1℘
∗,Γ1℘

∗) ≤ lim
η→∞

ψ



1

6
max



6G(℘2η+1, ℘
∗, ℘∗),

6G(℘2η+1, ℘2η+2, ℘2η+2),
G(℘∗,Γ1℘

∗,Γ1℘
∗),

6G(℘∗, ℘2η+2,℘2η+2)+
G(℘2η+1,Γ1℘

∗,Γ1℘
∗)

2 ,
G(℘∗,Γ1℘

∗,Γ1℘
∗)

[1+
6G(℘2η+1, ℘2η+2, ℘2η+2)]

1+6G(℘2η+1,℘∗,℘∗) ,

6G(℘∗, ℘2η+2, ℘2η+2)
[1+

G(℘2η+1,Γ1℘
∗,Γ1℘

∗)]
1+6G(℘2η+1,℘∗,℘∗)





+ lim
η→∞

Lmin


6G(℘2η+1, ℘2η+2, ℘2η+2),
G(℘∗,Γ1℘

∗,Γ1℘
∗),

G(℘2η+1,Γ1℘
∗,Γ1℘

∗),
6G(℘∗, ℘2η+2, ℘2η+2)


 .

Assuming G(℘∗,Γ1℘
∗,Γ1℘

∗) 6= 0, and using property of ψ we get

G(℘∗,Γ1℘
∗,Γ1℘

∗) ≤ ψ
[
G(℘∗,Γ1℘

∗,Γ1℘
∗)

6

]
<
G(℘∗,Γ1℘

∗,Γ1℘
∗)

6
,

a contradiction. Hence

G(℘∗,Γ1℘
∗,Γ1℘

∗) = 0,

that is ℘∗ ∈ Γ1℘
∗.

Similarly we can prove that ℘∗ ∈ Γ2℘
∗ and ℘∗ is the common fixed point of the pair

(Γ1,Γ2) .
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Example 3.6. Let Υ = [0,∞). Define Γ1,Γ2 : Υ → F (Υ) by Γ1℘ =
[
0, ℘5

]
, Γ2℘ =[

0, ℘3
]
∀ ℘ ∈ Υ. Define a G-metric space on Υ by G(℘, ν, ς) = |℘− ν|+ |ν− ς|+ |ς −℘|

and

α(℘, ν, ς) =

{
1 if ℘, ν, ς ∈ [0, 1]
0 otherwise ,

then for ψ(t) = t
2 , conditions of above theorem are satisfied and 0 is the common fixed

point of mappings Γ1 and Γ2.

Corollary 3.7. Consider Υ be a complete G-metric space, Γ : Υ→ F (Υ) be a generalized
multi-valued G-α-ψ- contractive type mapping. Suppose ∀ ℘, ν, ς ∈ Υ,

α(℘, ν, ς)HG(Γ℘,Γν,Γς) ≤ ψ
(

1

6
Y
)

+ LZ (3. 3)

where

Y = max


6G(℘, ν, ς),G(℘,Γ℘,Γ℘),G(ν,Γν,Γν),

G(ν,Γ℘,Γ℘)+G(℘,Γν,Γν)
2 ,

G(ν,Γν,Γν)[1+G(℘,Γ℘,Γ℘)]
1+6G(℘,ν,ς) ,

G(ν,Γ℘,Γ℘)[1+G(℘,Γν,Γν)]
1+6G(℘,ν,ς)

 ,

Z = min

[
G(℘,Γ℘,Γ℘),G(ν,Γν,Γν),
G(℘,Γν,Γν),G(ν,Γ℘,Γ℘)

]
.

Also assume that α(℘, ν, ν) ≥ 1 ∀ ℘, ν ∈ Υ. Then there exists a fixed point of the multi-
valued mapping Γ.

�

Definition 3.8. Consider Υ be a G-metric space and Γ : Υ → F (Υ). Then Γ is called
a multi-valued (θ, L)-weak contraction in G-metric space if there exist two constants θ ∈
(0, 1) and L ≥ 0 such that

HG(Γ℘,Γν,Γς) ≤ θG(℘, ν, ς) + LdG(ν,Γ℘) ∀ ℘, ν, ς ∈ Υ.

Theorem 3.9. Consider Υ be a complete G-metric space and Γ : Υ → F (Υ) a multi-
valued (θ, L)-weakly contractive mapping. Then there exists ℘∗ ∈ Υ such that ℘∗ is a
fixed point of Γ.

Proof. Consider ℘0 ∈ Υ, then there exists ℘1 ∈ Υ such that ℘1 ∈ Γ℘0. Similarly there
exists ℘2 ∈ Υ such that ℘2 ∈ Γ℘1.
Then for some k1 > 0,

G(℘1, ℘2, ℘2) ≤ k1HG(Γ℘0,Γ℘1,Γ℘1)

≤ k1 [θ (G(℘0, ℘1, ℘1)) + LdG(℘1,Γ℘0)]

≤ k1 [θ (G(℘0, ℘1, ℘1)) + L inf{dG(℘1, ν) : ν ∈ Γ℘0}]
≤ k1θ (G(℘0, ℘1, ℘1)) .

Similarly, for some k2 > 0,

G(℘2, ℘3, ℘3) ≤ k2HG(Γ℘1,Γ℘2,Γ℘2)

≤ k1k2θ
2G(℘0, ℘1, ℘1).
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In general, ℘η+1 ∈ Γ℘η, η ∈ N. Continuing in this way, we get ki > 0, i = 3, 4, ..., η such
that

G(℘η, ℘η+1, ℘η+1) ≤ k1k2...kηθ
ηG(℘0, ℘1, ℘1) = l1θ

ηG(℘0, ℘1, ℘1),

where l1 = k1k2...kη.
Consider for ζ > η, then by (g5) :

G(℘η, ℘ζ , ℘ζ) ≤ θη(l1 + l2θ + ...+ lζ−ηθ
ζ−η−1)G(℘0, ℘1, ℘1).

Applying limit ζ, η → ∞,G(℘η, ℘ζ , ℘ζ) → 0. Hence the sequence {℘η} is G-Cauchy.
Completeness of Υ ensures that, ℘∗ ∈ Υ such that ℘η → ℘∗ as η →∞.
Now, for some k > 0

G(℘η,Γ℘
∗,Γ℘∗) ≤ kHG(Γ℘η−1,Γ℘

∗,Γ℘∗)

≤ k [θG(℘η−1, ℘
∗, ℘∗) + LdG(℘∗,Γ℘η−1)]

≤ k [θG(℘η−1, ℘
∗, ℘∗) + L inf{dG(℘∗, ν) : ν ∈ Γ℘η−1}] .

Applying lim η →∞, we get

lim
η→∞

G(℘η,Γ℘
∗,Γ℘∗) ≤ k lim

η→∞
[θG(℘η−1, ℘

∗, ℘∗) + L inf{dG(℘∗, ν) : ν ∈ Γ℘η−1}] ,

which gives,
G(℘∗,Γ℘∗,Γ℘∗) = 0, as ℘η ∈ Γ℘η−1.

This implies ℘∗ ∈ Γ℘∗. Hence ℘∗ is fixed point of the mapping Γ. �

Example 3.10. Let Υ = [0, 1] and Γ : Υ→ F (Υ) be a multi-valued (θ, L)-weak contrac-
tive mapping defined as,

Γ℘ =
[
0,
℘

7

]
∀ ℘ ∈ Υ,

then for θ = 1
2 and L ≥ 0, conditions of above Theorem are satisfied and 0 is the fixed

point of mapping Γ.

Corollary 3.11. Consider Υ a complete G-metric space. Let Γ : Υ → Υ be a (θ, L)-
weakly contractive mapping, that is, there exists θ ∈ (0, 1), L ≥ 0 and ∀ ℘, ν, ς ∈ Υ, L ≥
0, the following hold

G(Γ℘,Γν,Γς) ≤ θG(℘, ν, ς) + LdG(ν,Γ℘).

Then Γ has a fixed point in Υ.

Theorem 3.12. Consider Υ a complete G-metric space. Let Γ1,Γ2 : Υ→ F (Υ) be a pair
of multi valued (θ, L)-weakly contractive type mappings satisfying

HG(Γi℘,Γj ν,Γj ς) ≤
θ

6
Ni + L1dG(ν,Γ1℘) + L2Mi,j (3. 4)

where

Ni = max

(
6G(℘, ν, ς),G(℘,Γi℘,Γi℘),

G(ν,Γi℘,Γi℘) + G(ς,Γi℘,Γi℘)

2

)
Mi,j = min [G(ν,Γj ν,Γj ν),G(ς,Γi℘,Γi℘),G(℘,Γj ς,Γj ς)]
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∀ ℘, ν, ς ∈ Υ , θ ∈ (0, 1) and L1, L2 ≥ 0, where i 6= j i , j = 1, 2.
Then there exists ℘∗ ∈ Υ such that℘∗ ∈ Γi℘

∗and℘∗ ∈ Γj℘
∗ i.e ℘∗ is a common fixed

point of Γi and Γj .

Proof. Consider ℘0 ∈ Υ. As Γ1℘0 6= ϕ, define ℘1 ∈ Γ1℘0 and similarly ℘2 ∈ Γ2℘1.
By condition (3.3) and Lemma 2, there exists k1 > 0 such that

G(℘1, ℘2, ℘2) ≤ k1HG(Γ1℘0,Γ2℘1,Γ2℘1)

≤ k1


θ
6 max

(
6G(℘0, ℘1, ℘1),G(℘0,Γ1℘0,Γ1℘0),
G(℘1,Γ1℘0,Γ1℘0)+G(℘1,Γ1℘0,Γ1℘0)

2

)
+L1dG(℘1,Γ1℘0) + L2 min

 G(℘1,Γ2℘1,Γ2℘1),
G(℘1,Γ1℘0,Γ1℘0),
G(℘0,Γ2℘1,Γ2℘1)




≤ k1θG(℘0, ℘1, ℘1).

Now for ℘2 ∈ Γ2℘1 and ℘3 ∈ Γ1℘2, there exists k2 > 0 such that

G(℘2, ℘3, ℘3) ≤ k2HG(Γ2℘1,Γ1℘2,Γ1℘2)

≤ k2


θ
6 max

(
6G(℘1, ℘2, ℘2),G(℘1,Γ2℘1,Γ2℘1),
G(℘2,Γ2℘1,Γ2℘1)+G(℘2,Γ2℘1,Γ2℘1)

2

)
+L3dG(℘2,Γ2℘1)

+L4 min

{
G(℘2,Γ1℘2,Γ1℘2),G(℘2,Γ2℘1,Γ2℘1),

G(℘1,Γ1℘2,Γ1℘2)

}


≤ k2θG(℘1, ℘2, ℘2)

≤ k1k2θ
2G(℘0, ℘1, ℘1)

Continuing in this way, we get

G(℘η, ℘η+1, ℘η+1) ≤ k1k2...kηθ
ηG(℘0, ℘1, ℘1) = l1θ

ηG(℘0, ℘1, ℘1)

∀ ki > 0, i = 3, 4, ..., η, where l1 = k1k2...kη.
Consider for ζ > η, then by (g5):

G(℘η, ℘ζ , ℘ζ) ≤ θη(l1 + l2θ + ...+ lζ−ηθ
ζ−η−1)G(℘0, ℘1, ℘1).

Applying limit ζ, η →∞,G(℘η, ℘ζ , ℘ζ)→ 0.Hence the sequence {℘η} is G-Cauchy. The
completeness of Υ ensures that, ℘∗ ∈ Υ so that ℘η → ℘∗ as η →∞.
Since ℘2η+1 ∈ Γ1℘2η and ℘2η+2 ∈ Γ2℘2η+1, now it is shown that ℘∗ ∈ Γ1℘

∗ and
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℘∗ ∈ Γ2℘
∗.

G(℘2η+1,Γ2℘
∗,Γ2℘

∗) ≤ kHG(Γ1℘2η,Γ2℘
∗,Γ2℘

∗)

≤ k



θ
6 max

 6G(℘2η, ℘
∗, ℘∗),

G(℘2η,Γ1℘2η,Γ1℘2η),
G(℘∗,Γ1℘2η,Γ1℘2η)+G(℘∗,Γ1℘2η,Γ1℘2η)

2


+L1dG(℘∗,Γ1℘2η)+

L2 min

 G(℘∗,Γ2℘
∗,Γ2℘

∗),
G(℘∗,Γ1℘2η,Γ1℘2η),
G(℘2η,Γ2℘

∗,Γ2℘
∗)





≤ k



θ
6 max


6G(℘2η, ℘

∗, ℘∗),
6G(℘2η, ℘2η+1, ℘2η+1),
6G(℘∗, ℘2η+1, ℘2η+1)+
G(℘∗, ℘2η+1, ℘2η+1)

2


+L1 inf{dG(℘∗, ν) : ν ∈ Γ1℘2η}

+L2 min

 G(℘∗,Γ2℘
∗,Γ2℘

∗),
6G(℘∗, ℘2η+1, ℘2η+1),
G(℘2η,Γ2℘

∗,Γ2℘
∗)




.

Applying lim η → θ, we get G(℘∗,Γ2℘
∗,Γ2℘

∗) = 0, that is ℘∗ ∈ Γ2℘
∗.

Now,

G(℘2η+2,Γ1℘
∗,Γ1℘

∗) ≤ kHG(Γ2℘2η+1,Γ1℘
∗,Γ1℘

∗)

≤ k



θ
6

max


6G(℘2η+1, ℘

∗, ℘∗),
G(℘2η+1,Γ2℘2η+1,Γ2℘2η+1),
G(℘∗,Γ2℘2η+1,Γ2℘2η+1)

+G(℘∗,Γ2℘2η+1,Γ2℘2η+1)
2




+L3dG(℘∗,Γ2℘2η+1)+

L4 min

 G(℘∗,Γ1℘
∗,Γ1℘

∗),
G(℘∗,Γ2℘2η+1,Γ2℘2η+1),
G(℘2η+1,Γ1℘

∗,Γ1℘
∗)





≤ k



θ
6 max


6G(℘2η+1, ℘

∗, ℘∗),
6G(℘2η+1, ℘2η+2, ℘2η+2),
6G(℘∗, ℘2η+2, ℘2η+2)+
G(℘∗, ℘2η+2, ℘2η+2)

2


+L3 inf{dG(℘∗, ν) : ν ∈ Γ2℘2η+1}

+L4 min

 G(℘∗,Γ1℘
∗,Γ1℘

∗),
6G(℘∗, ℘2η+2, ℘2η+2),
G(℘2η+1,Γ1℘

∗,Γ1℘
∗)




.

Applying lim η →∞, we get G(℘∗,Γ1℘
∗,Γ1℘

∗) = 0 which implies ℘∗ ∈ Γ1℘
∗.

So ℘∗ is the common fixed point of mappings Γ1 and Γ2 in a complete G-metric space. �
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Example 3.13. Consider Υ = [0, 1]. Suppose Γ1,Γ2 : [0, 1] → F (Υ) be a pair of multi-
valued (θ, L)-weakly contractive type mapping defined as,

Γ1℘ =
[
0,
℘

5

]
Γ2℘ =

[
0,
℘

7

]
∀ ℘ ∈ Υ,

Define a G-metric space on Υ as in Example 1, then for θ = 1
2 and L1, L2, L3, L4 ≥ 0,

conditions of above theorem are satisfied and 0 is the common fixed point of given map-
pings.

By setting Γ1 = Γ2 in the last theorem, the following result is induced.

Corollary 3.14. Consider Υ a complete G-metric space. Let Γ : Υ → F (Υ) be a
multi-valued (θ, L)-weakly contractive type mapping such that ∀ ℘, ν, ς ∈ Υ and θ ∈
(0, 1), L1, L2 ≥ 0, the following holds

HG(Γ℘,Γν,Γς) ≤ θ

6
max

(
6G(℘, ν, ς),G(℘,Γ℘,Γ℘),
G(ν,Γ℘,Γ℘)+G(ς,Γ℘,Γ℘)

2

)

+L1dG(ν,Γ℘) + L2 min

 G(ν,Γν,Γν),
G(ς,Γ℘,Γ℘),
G(℘,Γς,Γς)

 (3. 5)

Then there exists ℘∗ ∈ Υ such that ℘∗ ∈ Γ℘∗ i.e ℘∗ is a fixed point of Γ.
Coincidence Points of Mappings and Relation

Consider sets Č, Ď 6= ∅. A relation Ω from Č to Ď is a subset of Č × Ď represented by
Ω : Č  Ď . The statement (℘, ν) ∈ Ω is represented by ℘Ων.
A relation Ω : Č  Ď is known as left-total if for every ℘ ∈ Č there exists a ν ∈ Ď so
that ℘Ων.
For Ω : Č  Ď ,W ⊂ Č define[8]

Ω(W ) = {ν ∈ Ď : ℘Ων for some ℘ ∈W},

dom(Ω) = {℘ ∈ Č : Ω({℘}) 6= φ},

Range(Ω) = {ν ∈ Ď : ν ∈ Ω({℘}) for some ℘ ∈ dom(Ω)}.
For ease of notation, present Ω({℘}) by Ω℘ and Range by %(Ω).(Č, Ď) denotes the class
of all relations from Č to Ď .
An element ℘ ∈ Č is known as coincidence point of mapping Γ : Č → Ď and relation
Ω : Č  Ď if Γ℘ ∈ Ω{℘}.
For Ω : Υ = and u, v, w ∈ dom(Ω),we define:

DG (Ωu,Ωv,Ωw) = inf
uΩ℘,vΩν,wΩς

G(℘, ν, ς)

Theorem 3.15. Consider Υ as G-metric space. Consider Γ1,Γ2 : Υ→ F (Υ) be a pair of
multi-valued G-α-admissible mappings and Ω : Υ Υ be any relation in such a way that
(i) Ω is left total;
(ii) %(Ω) contains all the closed bounded subsets of Υ;
(iii) %(Ω) is complete;
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(iv) α (℘, ν, ν) ≥ 1 ∀ ℘, ν ∈ Υ.
Suppose that for ψ ∈ Ψ and ∀ ℘, ν, ς ∈ Υ,

α(℘, ν, ς)HG(Γ1℘,Γ2ν,Γ2ς) ≤ ψ [DG (Ω℘,Ων ,Ως)] , (3. 6)

and

α(℘, ν, ς)HG(Γ2℘,Γ1ν,Γ1ς) ≤ ψ [DG (Ω℘,Ων ,Ως)] . (3. 7)

Then there exists ℘∗ ∈ Υ such that Γ1℘
∗ ∩ Γ2℘

∗ ∩ Ω{℘∗} 6= ϕ.

Proof. Consider ℘0 ∈ Υ. Since Ω is left total, so for ℘0 ∈ Υ there exists r0 ∈ %(Ω)
such that ℘0Ωr0. Consider the sequences {℘η} ⊂ Υ, {rη} ⊂ %(Ω). Let r1 ∈ Γ1℘0. As
Γ1℘0 ⊂ Raηge(Ω) select ℘1 ∈ Υ such that ℘1Ωr1. Let r2 ∈ Γ2℘1 then there exists
℘2 ∈ Υ such that ℘2Ωr2.
Now from Lemma 2 and (3.5) we have

G(r1, r2, r2) ≤ α(℘0, ℘1, ℘1)HG(Γ1℘0,Γ2℘1,Γ2℘1)

≤ ψ
[
DG
(
Ω℘

0
,Ω℘1

,Ω℘1

)]
≤ ψ (G(r0, r1, r1)) .

Again using condition (3.6) we have:

G(r2, r3, r3) ≤ α(℘1, ℘2, ℘2)G(Γ2℘1,Γ1℘2,Γ1℘2)

≤ ψ [DG (Ω℘1
,Ω℘2

,Ω℘2
)]

≤ ψ (G(r1, r2, r2)) .

By induction, we can have sequences {℘η} ⊂ Υ and {rη} ⊂ %(Ω) such that r2η+1 ∈
Γ1℘2η, r2η+2 ∈ Γ2℘2η+1 and ℘ηΩrη for η = 0, 1, 2...

G(rη, rη+1, rη+1) ≤ ψ
[
DG
(
Ω℘η−1 ,Ω℘η ,Ω℘η

)]
≤ ψ (G(rη−1, rη, rη)) .

By the monotone property of ψ, we have:

G(rη, rη+1, rη+1) ≤ ψη (G(r0, r1, r1)) .

So for η > ζ, by (g5) we have,

G(rη, rζ , rζ) ≤ ψη (G(r0, r1, r1)) + ψη+1 (G(r0, r1, r1)) + ...

+ψζ−1 (G(r0, r1, r1))

By a property of ψ, we have

G(rη, rζ , rζ) ≤
ζ−1∑
k=η

ψk (G(r0, r1, r1)) ≤
∞∑
k=0

ψk (G(r0, r1, r1)) <∞.

This shows that sequence {rη} is Cauchy. The completeness of %(Ω) ensures an element
w ∈ %(Ω) such that rη → w as η →∞. Also ℘∗Ωw for some ℘∗ ∈ Υ.
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Now

G(r2η+2,Γ1℘
∗,Γ1℘

∗) ≤ HG(Γ2℘2η+1,Γ1℘
∗,Γ1℘

∗)

≤ α(℘2η+1, ℘
∗, ℘∗)HG(Γ2℘2η+1,Γ1℘

∗,Γ1℘
∗)

≤ ψ
[
DG
(
Ω℘2η+1 ,Ω℘∗ ,Ω℘∗

)]
≤ ψ (G(r2η+1, w, w))

< G(r2η+1, w, w).

Letting η →∞ we have G(w,Γ1℘
∗,Γ1℘

∗) = 0. It follows that w ∈ Γ1℘
∗.

Also,

G(r2η+1,Γ2℘
∗,Γ2℘

∗) ≤ HG(Γ1℘2η+2,Γ2℘
∗,Γ2℘

∗)

< G(℘2η+2, w, w).

Letting η → ∞ we obtain G(w,Γ2℘
∗,Γ2℘

∗) = 0. It follows that w ∈ Γ2℘
∗. Conse-

quently,
Γ1℘

∗ ∩ Γ2℘
∗ ∩ Ω℘∗ 6= ∅

�

Corollary 3.16. Consider Υ be a G-metric space. Consider Γ : Υ → F (Υ) be a multi-
valued G-α-admissible mapping and Ω : Υ Υ be any relation such that
(i) Ω is left total;
(ii) %(Ω) contains all the closed bounded subsets of Υ;
(iii) %(Ω) is complete;
(iv) α (℘, ν, ν) ≥ 1 ∀ ℘, ν ∈ Υ.
Suppose that for ψ ∈ Ψ and ∀ ℘, ν, ς ∈ Υ,

α(℘, ν, ς)HG(Γ℘,Γν,Γς) ≤ ψ [DG (Ω℘,Ων ,Ως)] ,

Then there exists ℘∗ ∈ Υ such that Γ℘∗ ∩ Ω{℘∗} 6= ϕ.

Corollary 3.17. Consider Υ be a G-metric space. Consider Γ : Υ → Υ be a G-α-
admissible mapping and Ω : Υ Υ be any relation such that
(i) Ω is left total;
(ii) %(Ω) is complete;
(iii) α (℘, ν, ν) ≥ 1 ∀ ℘, ν ∈ Υ.
Suppose that for ψ ∈ Ψ and ∀ ℘, ν, ς ∈ Υ,

α(℘, ν, ς)G(Γ℘,Γν,Γς) ≤ ψ [DG (Ω℘,Ων ,Ως)] ,

Then there exists ℘∗ ∈ Υ such that Γ℘∗ ∈ Ω{℘∗}.

4. APPLICATION

In the following section we provide the application of our main result in terms of an
existence result for the following differential inclusion:{

∂2u(x,t)
∂x∂t ∈ F (x, t, u (x, t)) for (x, t) ∈ ΠR×T

u (x, 0) = 0, x ∈ R, t ∈ T = [0, a]
, (4. 8)
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where ΠR×T = R × T. Suppose F : ΠR×T × R → 2R is a multivalued mapping. For
Λ = C (ΠR×T ,R) define a G-metric on Λ as follows:

(G (v1, v2, v3)) (x, t) = sup
(x,t)∈ΠR×T

‖v1 (x, t)− v2 (x, t)‖+

sup
(x,t)∈ΠR×T

∥∥∥∥∂v1 (x, t)

∂x
− ∂v2 (x, t)

∂x

∥∥∥∥+

sup
(x,t)∈ΠR×T

‖v2 (x, t)− v3 (x, t)‖+

sup
(x,t)∈ΠR×T

∥∥∥∥∂v2 (x, t)

∂x
− ∂v3 (x, t)

∂x

∥∥∥∥+

sup
(x,t)∈ΠR×T

‖v3 (x, t)− v1 (x, t)‖+

sup
(x,t)∈ΠR×T

∥∥∥∥∂v3 (x, t)

∂x
− ∂v1 (x, t)

∂x

∥∥∥∥ ,
for v1, v2, v3 ∈ Λ.Then Λ is a complete G-metric space.
Define a partial order � on Λ as follows:

for r, s ∈ Λ, r � s if and only if

‖r (x, t)‖ ≤ ‖s (x, t)‖ and
∥∥∥∥∂r (x, t)

∂x

∥∥∥∥ ≤ ∥∥∥∥∂s (x, t)

∂x

∥∥∥∥ .
Let L = L1 (ΠR×T ,R) be the Banach space consisting of all measurable functions ξ :
ΠR×T → R which are Lebesgue integrable with norm given by

‖ξ‖L =

∣∣∣∣∣∣
∞∫
−∞

a∫
0

ξ (χ, τ) dτdχ

∣∣∣∣∣∣ , for ξ ∈ L.

For each γ in the space Λ the set of all selections of F is defined as

ΥF,γ = {ξ ∈ L : ξ ∈ F (x, t, γ (x, t)) a.e (x, t) ∈ ΠR×T } .

Now we allocate F a multivalued operator S from Λ to 2L by assuming

S (γ) = {ω ∈ L : ξ ∈ F (x, t, γ (x, t)) for (x, t) ∈ ΠR×T }

where S is the Niemytsky operator [7].
In order to establish our result we require a continuous mapping π : L → ∗ defined as

π (γ) =

t∫
0

∞∫
−∞

γ (χ, τ) dχdτ.

In the following we use Theorem to obtain the solution of differential inclusion.

Theorem 4.1. Suppose the multivalued mapping F : ΠR×T×R→ 2R fulfills the following
conditions:
A1: F (x, t, γ) is a closed and bounded subset for each (x, t, γ) ∈ ΠR×T × Λ. Moreover,
ΥF,γ is nonempty for each γ in the space Λ.
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A2: For any γ1, γ2 ∈ Λ if γ1 � γ2 then for each ν1 ∈ F (x, t, γ1) there exists ν2 ∈
F (x, t, γ2) such that

|ν1 (x, t)− ν2 (x, t)| ≤ g1 (x, t)



1

2
max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν1 − γ2|+ |ν1x − γ2x|+
|ν2 − γ1|+ |ν2x − γ1x|

2 ,
{|ν1 − γ1|+ |ν1x − γ1x|}×
{1 + |ν2 − γ2|+ |ν2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ν1 − γ2|+ |ν1x − γ2x|}×
{1 + |ν2 − γ1|+ |ν2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}





+g2 (x, t)

3L

k
min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|


 , (4. 9)

where L ≥ 0 and 0 < k < 1. Then there exists a solution of the differential inclusion (4.1).

Proof. The given problem is equivalent to the following integral inclusion

γ (x, t) ∈


ζ ∈ Λ : ζ (x, t) = α (t) + β (t)− α (0) +

t∫
0

∞∫
−∞

δ (χ, τ) dχdτ, for δ ∈ ΥF,γ

 .

Define a mapping S : Λ→ 2Λ by

(Sγ) (x, t) ∈ {ζ ∈ Λ : ζ (x, t) = α (t) + β (t)− α (0) + π (δ (χ, τ)) , for δ ∈ ΥF,γ} .

Now we prove that (Sγ) (x, t) is compact for each γ ∈ Λ and δ ∈ ΥF,γ . For this purpose
it is enough to prove that π ◦ ΥF,γ is compact. Let us assume that {κn} be a sequence in
ΥF,γ . Then by definition of ΥF,γ

κn ∈ L and κn ∈ F (x, t, γ (x, t)) a.e (x, t) ∈ ΠR×T .

Since F (x, t, γ (x, t)) is compact so there exists κ (x, t) ∈ F (x, t, γ (x, t)) such that κn →
κ. By the continuity of π, π ◦ κn → π ◦ κ. Since κ ∈ L and κ (x, t) ∈ F (x, t, γ (x, t))
therefore π ◦ κ ∈ π ◦ΥF,γ which implies the compactness of π ◦ΥF,γ .
Now suppose γ1, γ2 ∈ Λ with γ1 � γ2 and ω1 ∈ Γγ1, then there exists ξ1 ∈ ΥF,γ1

such
that

ω1(x, t) = α (t) + β (t)− α (0) + π (ξ1 (x, t))

= α (t) + β (t)− α (0) +

t∫
0

∞∫
−∞

ξ1 (ϑ, %) dϑd%,

for (x, t) ∈ ΠR×T .



102 Maliha Rashid and Lariab Shahid

Now by the given assumption there exists a ς in F (x, t, γ2) such that

|ξ1 (x, t)− ς| ≤ g1 (x, t)×

1

2
max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ξ1 − γ1|+ |ξ1x − γ1x| ,
|ξ2 − γ2|+ |ξ2x − γ2x| ,
|ξ1 − γ2|+ |ξ1x − γ2x|+
|ξ2 − γ1|+ |ξ2x − γ1x|

2 ,
{|ξ1 − γ1|+ |ξ1x − γ1x|}×
{1 + |ξ2 − γ2|+ |ξ2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ξ1 − γ2|+ |ξ1x − γ2x|}×
{1 + |ξ2 − γ1|+ |ξ2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}


+g2 (x, t)×3L

k
min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|


 .

Define a multivalued mapping f : ΠR×T → R by

f (x.t) =



ς ∈ R : |ξ1 (x, t)− ς| ≤ g1 (x, t)×

1
2 max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ξ1 − γ1|+ |ξ1x − γ1x| ,
|ξ2 − γ2|+ |ξ2x − γ2x| ,
|ξ1 − γ2|+ |ξ1x − γ2x|+
|ξ2 − γ1|+ |ξ2x − γ1x|

2 ,
{|ξ1 − γ1|+ |ξ1x − γ1x|}×
{1 + |ξ2 − γ2|+ |ξ2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ξ1 − γ2|+ |ξ1x − γ2x|}×
{1 + |ξ2 − γ1|+ |ξ2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}




+g2 (x, t)× 3L

k min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|






;

then the mapping Φ : ΠR×T → R defined by

Φ (κ, γ) = f (x, t) ∩ΥF,γ1

is a measurable selection which has non-empty values [7]. So there exists ξ2 in Φ such that
ξ2 ∈ F (x, t, γ2) and

|ξ1 (x, t)− ξ2 (x, t)| ≤ g1 (x, t)×
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1

2
max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ξ1 − γ1|+ |ξ1x − γ1x| ,
|ξ2 − γ2|+ |ξ2x − γ2x| ,
|ξ1 − γ2|+ |ξ1x − γ2x|+
|ξ2 − γ1|+ |ξ2x − γ1x|

2 ,
{|ξ1 − γ1|+ |ξ1x − γ1x|}×
{1 + |ξ2 − γ2|+ |ξ2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ξ1 − γ2|+ |ξ1x − γ2x|}×
{1 + |ξ2 − γ1|+ |ξ2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}




+g2 (x, t)×3L

k
min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|


 ,

for all (x, t) ∈ ΠR×T .

For each (x, t) ∈ ΠR×T , set

ω2(x, t) = α (t) + β (t)− α (0) + π (ξ2 (x, t))

= α (t) + β (t)− α (0) +

t∫
0

∞∫
−∞

ξ2 (ϑ, %) dϑd%.

Then

|ω1 (x, t)− ω2 (x, t)| ≤
γ∫

0

∞∫
−∞

|ξ1 (%, τ)− ξ2 (%, τ)| d%dτ

≤ 1

2
max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ξ1 − γ1|+ |ξ1x − γ1x| ,
|ξ2 − γ2|+ |ξ2x − γ2x| ,
|ξ1 − γ2|+ |ξ1x − γ2x|+
|ξ2 − γ1|+ |ξ2x − γ1x|

2 ,
{|ξ1 − γ1|+ |ξ1x − γ1x|}×
{1 + |ξ2 − γ2|+ |ξ2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ξ1 − γ2|+ |ξ1x − γ2x|}×
{1 + |ξ2 − γ1|+ |ξ2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}


×

t∫
0

∞∫
−∞

g1 (%, τ) d%dτ



104 Maliha Rashid and Lariab Shahid

+
3L

k
min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|


×

t∫
0

∞∫
−∞

g2 (%, τ) d%dτ

≤
‖g1‖L

2
max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ξ1 − γ1|+ |ξ1x − γ1x| ,
|ξ2 − γ2|+ |ξ2x − γ2x| ,
|ξ1 − γ2|+ |ξ1x − γ2x|+
|ξ2 − γ1|+ |ξ2x − γ1x|

2 ,
{|ξ1 − γ1|+ |ξ1x − γ1x|}×
{1 + |ξ2 − γ2|+ |ξ2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ξ1 − γ2|+ |ξ1x − γ2x|}×
{1 + |ξ2 − γ1|+ |ξ2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}



+ ‖g2‖L
3L

k
min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|

 .

Taking sup on both sides

sup
(x,t)∈ΠR×T

|ω1 (x, t)− ω2 (x, t)| ≤
‖g1‖L

2
max



6G(γ1, γ2, γ2),
G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)+
G(γ1,Γγ2,Γγ2)

2 ,
G(γ2,Γγ2,Γγ2)

[1 + G(γ1,Γγ1,Γγ1)]
1+6G(γ1,γ2,γ2) ,

G(γ2,Γγ1,Γγ1)
[1 + G(γ1,Γγ2,Γγ2)]

1+6G(γ1,γ2,γ2)



+ ‖g2‖L
3L

k
min


G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ1,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)


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≤ k

12
max



6G(γ1, γ2, γ2),
G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)+
G(γ1,Γγ2,Γγ2)

2 ,
G(γ2,Γγ2,Γγ2)

[1 + G(γ1,Γγ1,Γγ1)]
1+6G(γ1,γ2,γ2) ,

G(γ2,Γγ1,Γγ1)
[1 + G(γ1,Γγ2,Γγ2)]

1+6G(γ1,γ2,γ2)



+
L

2
min


G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ1,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)

 ,

where k
6 = ‖gi‖L ≤ 1 for i = 1, 2.

Now

|ω1x (x, t)− ω2x (x, t)| ≤
γ∫

0

∞∫
−∞

|ξ1x (%, τ)− ξ2x (%, τ)| d%dτ

≤ 1

2
max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ξ1 − γ1|+ |ξ1x − γ1x| ,
|ξ2 − γ2|+ |ξ2x − γ2x| ,
|ξ1 − γ2|+ |ξ1x − γ2x|+
|ξ2 − γ1|+ |ξ2x − γ1x|

2 ,
{|ξ1 − γ1|+ |ξ1x − γ1x|}×
{1 + |ξ2 − γ2|+ |ξ2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ξ1 − γ2|+ |ξ1x − γ2x|}×
{1 + |ξ2 − γ1|+ |ξ2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}


×

t∫
0

∞∫
−∞

g1x (%, τ) d%dτ

+
3L

k
min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|


×

t∫
0

∞∫
−∞

g2x (%, τ) d%dτ
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≤
‖g1x‖L

2
max



6 {|γ1 − γ2|+ |γ1x − γ2x|} ,
|ξ1 − γ1|+ |ξ1x − γ1x| ,
|ξ2 − γ2|+ |ξ2x − γ2x| ,
|ξ1 − γ2|+ |ξ1x − γ2x|+
|ξ2 − γ1|+ |ξ2x − γ1x|

2 ,
{|ξ1 − γ1|+ |ξ1x − γ1x|}×
{1 + |ξ2 − γ2|+ |ξ2x − γ2x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}
,

{|ξ1 − γ2|+ |ξ1x − γ2x|}×
{1 + |ξ2 − γ1|+ |ξ2x − γ1x|}

1+6{|γ1−γ2|+|γ1x−γ2x|}



+ ‖g2x‖L
3L

k
min


|ν1 − γ1|+ |ν1x − γ1x| ,
|ν2 − γ2|+ |ν2x − γ2x| ,
|ν2 − γ1|+ |ν2x − γ1x| ,
|ν1 − γ2|+ |ν1x − γ2x|

 .

Taking sup on both sides

sup
(x,t)∈ΠR×T

|ω1x (x, t)− ω2x (x, t)| ≤
‖g1x‖L

2
×

max



6G(γ1, γ2, γ2),
G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)+
G(γ1,Γγ2,Γγ2)

2 ,
G(γ2,Γγ2,Γγ2)

[1 + G(γ1,Γγ1,Γγ1)]
1+6G(γ1,γ2,γ2) ,

G(γ2,Γγ1,Γγ1)
[1 + G(γ1,Γγ2,Γγ2)]

1+6G(γ1,γ2,γ2)



+ ‖g2x‖L
3L

k
min


G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ1,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)



≤ k

12
max



6G(γ1, γ2, γ2),
G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),

G(γ2,Γγ1,Γγ1)+G(γ1,Γγ2,Γγ2)
2 ,

G(γ2,Γγ2,Γγ2)[1+G(γ1,Γγ1,Γγ1)]
1+6G(γ1,γ2,γ2) ,

G(γ2,Γγ1,Γγ1)[1+G(γ1,Γγ2,Γγ2)]
1+6G(γ1,γ2,γ2)


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+
L

2
min


G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ1,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)

 .

Thus we have

HG(Γγ1,Γγ2,Γγ2) ≤ k

6
max



6G(γ1, γ2, γ2),
G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)+
G(γ1,Γγ2,Γγ2)

2 ,
G(γ2,Γγ2,Γγ2)

[1 + G(γ1,Γγ1,Γγ1)]
1+6G(γ1,γ2,γ2) ,

G(γ2,Γγ1,Γγ1)
[1 + G(γ1,Γγ2,Γγ2)]

1+6G(γ1,γ2,γ2)



+Lmin


G(γ1,Γγ1,Γγ1),
G(γ2,Γγ2,Γγ2),
G(γ1,Γγ2,Γγ2),
G(γ2,Γγ1,Γγ1)

 .

Assuming ψ (t) = kt for all t ∈ [0,∞) and α(℘, ν, ν) = 1 for all ℘, ν ∈ Λ we get the
hypothesis of the Corollary 1, which gives γ ∈ Λ such that γ ∈ Γγ, which is the solution
of the Problem (4.1) . �

5. ACKNOWLEDGMENTS

We are grateful to the referees for their careful reading of our paper and many valuable
suggestions.

REFERENCES

[1] M. Abbas and B. E. Rhoades, Common fixed point results for noncommuting mappings without continuity
in generalized metric spaces, Applied Mathematics and Computation 215, No. 1, (2009) 262-269.

[2] Y. I. Alber and S. G.-Delabriere, Principle of weakly contractive maps in Hilbert spaces, In New Results in
Operator Theory and Its Applications, Birkhäuser, Basel (1997) 7-22.
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