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Abstract. In the following article we have introduced generalized mul-
tivalued a-1)-contractive type mappings and multi-valued (6, L)-weakly
contractive mappings in G-metric spaces and have established common
fixed point results for the concerned contractive mappings. We have also
proved some coincidence point theorems for multivalued G-a-admissible
mappings and relations. Some examples are also included in the support
of these results.Our results can not be derived directly from fixed point
theorems on metric or qusai-metric spaces as discussed by Jleli ef al. in
[21] and Azam ef al. in [9]. An interesting application is also added to
evaluate the solution of hyperbolic differential inclusion.
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1. INTRODUCTION

Fixed point theory is an interdisciplinary topic which can be applied in various disci-
plines of mathematical sciences like game theory, mathematical economics, optimization
theory, approximation theory and variational inequalities. Banach [10] in 1922, presented
a contraction principle for the existence of unique fixed p o int. T he fi xed point theory (as
well as Banach contraction principle) has been studied and generalized in different spaces
and various fixed p oint theorems were d e veloped. U sing the idea of famous B anach con-
traction theorem, many authors have worked to find the fi xed point of se veral contractive
mappings and have also introduced several new contractions. In this regard several fixed
point theorems, common fixed point theorems and coincidence results have been devel-
oped for mappings satisfying certain contractive conditions. Nadler [34] generalized Ba-
nach contraction principle to set-valued mappings by using the Hausdorff metric. After that
several mathematicians deliberated various fixed point results for multi-valued contraction
mappings [16,17,18,19,29,37,38,41].
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Alber and Guerre [2] in 1997, presented concept of weak contraction . Berinde in 2004
[11], introduced the concept of (6, L)-weak contraction and multi-valued (0, L)-weak con-
traction [12] and extended the idea of fixed point theory to multi-valued mappings satisfy-
ing the related contraction. Samet et al. [39], in 2012, presented a new concept of contrac-
tive mapping namely a-1p-contractive type mapping and studied fixed point theorem for
concerned contraction. With time concept of a-admissible mappings has been developed
in several directions like [4,5,13,14,15,20,24,36,40].

In the perspective of generalization, mathematicians have been focusing towards new
metric based structures as well as generalized contractions, in order to obtain more refined
fixed point results. So, in 2006, Mustafa and Sims [28] presented a generalized version of
metric spaces, namely G-metric spaces and after that various fixed point results have been
obtained using various contractive conditions for the concerned metric [1,6,7,22,27-32,35].
This article pursue for fixed point results of multi-valued contractive type mappings and
coincidence point results for multi-valued mappings and relation in G-metric spaces. In
[25, 26] Khuri and Sayfy applied the fixed point schemes for the numerical solutions of
initial and boundry value problems. Inspired by this an interesting application is also added
to evaluate the solution of hyperbolic differential inclusion.

2. PRELIMINARIES
The following section is related to some basic concepts and results mostly from [28].

Definition 2.1. Consider Y # () and mapping G : T x ¥ x ¥ — RT satisfying subsequent
axioms:

(91) G(p,v,6) =0if p=v =5,

(92) 0 < G(p,v,s),V p,v e Twithp # v,

(93) G(p, 9, v) < G(p,v,<) YV p,v,c € Twiths # v,

(g4) G preserves the symmetry in each variable,

(95) G(p,v,6) < Glp, ¢, 0") + G(0, v, ) Vv, 0" € 1.

Then Y is called G-metric space.

Definition 2.2. Consider Tbe a G-metric space. Then the sequence {,} in T is:

(¢) G-convergent if for any v > 0, there is o € T and X € N so that G(p, oy, pc) <7, V
U

(1) G-Cauchy if for any ~y > 0, there is X € N so that G(py, p¢c, o) <7,V 1,(, 7 > R.

Theorem 2.3. Consider Y be a G-metric space and {p,} be a sequence in Y. Conse-
quently subsequent are equal:

(¢) {on } is G-convergent to p,

(i0) G(n; s 9) = 0, as n = o0,

(#1) G(pn, 9, 9) — 0, as n — oo,

(iv) g(@{: ©ns @) — 0, as Ca n — 0.

Proposition 2.4. Every G-metric space Y, defines a metric space (Y,dg) by dg(p,v) =
G(pv,v) +G(p,p,v), Vv eT.

Theorem 2.5. Consider Y be a G-metric space and {p,} a sequence in Y respectively.
Consequently subsequent are equal.:
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() {son } is G-Cauchy.
(13) For every € > 0, there exists X € N such that G(py, p¢, 9c) < €,¥Vn,¢ > X.
(44i) {pn} is a Cauchy sequence in the metric space (T, dg).

T will be complete if every G-Cauchy sequence in T is a G-convergent sequence in Y.
Denote the class of all nonempty closed and bounded subsets of T as F'(T).
Consider Hg (-, -, -) be a Hausdorff G-distance on F'(T) [23], i.e.

Hg(C, D, E) = max{sup G(p, D, E), sup G(p, E, C), sup G(p, C, D)}

pel pED ek
where
G(p,D,E) = dg(p,D)+dg(D,E)+ dg(p, E)
dg(p, D) = inf{dg(p,v):v e D}
dg(C,D) = inf{dg(a,b):a€C,bec D}
G(p,v, B) = inf{G(p,v,s):s € E}.

Consider I' : ¥ — 2¥ and p € Y then g is a fixed point of I" if p € I'p..
Remark 2.6. Consider Y be a G-metric space, o € X and D C Y. For eachv € D,
G(p, D, D) <6G(p,v,v).

Lemma 2.7. ([33]) Consider Y be a G-metric space and C,D € F(Y), then for each
aeC:
G(a,D,D) < Hg(C, D, D).

Lemma 2.8. ([33]) Consider Y be a G-metric space. If C, D € F(Y) and p € C, then for
each € > 0 there exists v € D such that:

G(p,v,v) < Hg(C,D, D) +e.

Definition 2.9. ([12])Consider Y # () and mapping S : T — F(Y). S is said to be a
multivalued (0, L)-weak contraction if there exists two constants 6 € (0,1) and L > 0
such that

H(Sp,Sv) <0d(p,v)+ LD(p,Sv) forallp,v e .

3. RESULTS

Let ¥ be the family of all nondecreasing functions ¢ : [0,00) — [0, 00) such that
Zw"(t) < oo and 9(t) < t, foreach t > 0.
Definition 3.1. ([21]) Consider Y be a G-metric space, I' : T — Y be a mapping and
a: T x YT xT —[0,00). The mapping T will be G-a-admissible if for p,v,c € Y:
alp,v,¢) > 1= a(lp,T'v,Ts) > 1.
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Definition 3.2. ([3]) Consider Y be a G-metric space, I' : T — Y be a mapping and
a: T xTxT—[0,00). If a function ¢ € U, such that

a(p, v, <)G(Tp,Tv,Is) < (G(p,v,<))
Vo,v,¢ €Y, thenT is called G-a-1)- contractive type mapping.

Definition 3.3. Consider Y be a G-metric space, (I'1,1'2) be a pair of self mappings and
a: T x YT xYT —[0,00). The pair (T'1, ) will be G-a-admissible if for p,v,c € T,

Oé(p,l/,§) > 1= Oé(rlparll/7r2§) > 1704(1_‘2@7F1V7F1§) > 1.

Definition 3.4. Consider Y be a G-metric space, I' : T — F(Y) be a multi-valued map-
ping, a : T x T x T — [0,00). The mapping T is called multi-viaued G-a-admissible
mapping if for o, 0,50 € T,

a(po,v0,50) > 1 = a(p1,v1,51) > 1, where 1 € I'po, vy € T'vg, 61 € TS,

The pair (T'1,T'2) of multi-valued mappings is called multi-valued G-a-admissible if for
©0,v0,50 € T, a(po, vo,S0) > 1 imply

(1) ap1,v1,51) > 1, whenever p1 € T'1 0,1 € Tavg, <1 € Tago,

(i) a(p1,v1,51) > 1, whenever g1 € Tapg,v1 € T'1vo,61 € T'ig0.

Theorem 3.5. Consider Y be a complete G-metric space, I'1,T'y : X — F(Y) be a pair of
generalized multi-valued G-a-1)- contractive type mappings. Suppose ¥ p,v,c € T, L >
0,

1
a(p,v,s)Hg(T'1p, Tov, T'as) <9 [6%,3‘] +LZ;; 3.1

where
6G(p,v,<),G(p,Tip,Tip), G(v,Tjv,T;v),
g(l’,Fz o, p)+g(p,r]ll,r7l/)
Vi; = max G(v,Tyv D) 136 (. TipTip)] :

bl

1+6G(p,v <)
g(VszKLFzW)[l"Fg(K]vF]VvFJ”)]
146G (p,v,s)
g(@v szv sz)a g(”a ijv ij)a
g(pa ij7 ij)7 g(l/, Flpa Flp)
Also assume that a(p,v,v) > 1V p,v € Y. Then there exists a common fixed point of the
multi-valued mappings I'; and T';.

Zi,j = min

Proof. Let pg € Y. As I'1pg # ¢ so there exists p; € I'1pp. From Lemma 2, for a
nonnegative real number k < 1 there exists oo € 51 such that

G(p1, 02, 92) < kHg (190, T2p1,T201)
As a(po, 91, 1) > 1, so we conclude that

G(p1, P2, 02) < alpo, p1,91)Hg(T1p0, D201, Tap1).
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By condition (3.1) we get,

6G (90, P1,91), G (90,190, T1p0),

G(p1,T2p1,T2p1),
G(p1,T190,T190)+G(00,'201,"201)

1
’ ) < - Inax ?
g(pl P2 pz) v 6 g(pl71—‘2@171—‘2@1)[124-9(500,F15007F1500)]

146G (00,01,91) ’
G(p1.T'100,I"100)[1+G(00,l'201,2601)]
146G (p0,01,01)
G (90, 190, T190), G (91, T2p1,Tag01),

G(p0,T2p01,T201),G(p1, 190, T190)
< ¢ [max (G(po, p1,01), G (01, 02, 92))] -

+L min

By using properties of i) we have

G(p1, 02, 02) <P (G(po, p1,91)) - (3.2)

Now for @9 € I'sp1 there exists o3 € ' 2. By Lemma 2 and condition (3.1) we get,

G(p2, 93, 03) < alp1,p2, p2)Hg(Tap1,Tpa, Tpo)

6G (01, 92, 92), G (91, 291, T2p1),

G(p2, 12, T12),
G(p2,T2p1,l291)+G (91,0 1902,T102)

2 b)
6 G(p2,l1p2,T192)[1+G (01,0201, 2901)]
14+6G(p1,02,02) ’
G(p2,l2p01,l201)[1+G (01,0 1902,T192)]
146G (p1,02,02)
G(p1, 291, 1'201), G (02, T'192, T'102),

G2, 291, T'201), G(p1, T192, T1g02) |
< ¢ [max (G(p1, P2, 92), G (02, 03, 93))] -

IN
<
I
=
o

+L min

Again by using properties of v, we get

g(p2a 3, @3) < w2 (g(po, 1, pl)) .

Continuing in the same manner, we get a sequence {p,} in T for a(p,, Pn41, Py+1) > 1
such that

G(0ns Pnt1, Pnr1) < V" (G(po, 1, 91)) -
So by (¢5) and by a property of ¢, we have

¢—1 00
G(pn: 96, 90) < D" (G(po0, 01, 01)) < Y ¥* (G0, 91, 01)) < o0.
pa— k=0

This proves that the sequence {(,} is G-Cauchy. The completeness of T ensures an ele-
ment p* € T such that the sequence {p,, } is G-convergent to p* as n — oo.
Using the fact that ©g,, 41 € I'1 02, and poy,42 € 292,41, now it is shown that p* € I'; p*
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and p* € I'yp*.

G(p2n+2, 19", T1p") < Hg(T2p2n+1,T1p", T1p")
< afpan+1, 95 0 ) Hg(Topont1,Tip” Tip")
[ 6G (02n+1, ", 9*), 1
6g(pzn+17 §92n+25 @2n+2)7
g(p*’rlp*vrlp*)7
< Y |- max 6G (0" ,p2n+2,02n+2)+G (P2n+1,l19" T1p")

2
G(p" T1p" T1p")[1+6G (pan+1,02n+2,020+2)]
146G (p2n+1,0%,90%) ’
6G (9" ,02n+2,020+2)[1+G(p2n+1,l19",T1p")]
- 1+6g(p2'q+17p*)p*) -
6G (p2n+1, P2n+25 P2n+2),
g(p*v Flp*v Flp*)7
G(p2n+1, 19", T1p"),
6G (0", p2y+2, P25+2)

+L min

Applying limn — oo, we get,

6G(p2n+1, 9%, 9%,
6G (p2n+1, P2n+2, P2n+2);
G(p*, T1p*, T'1p"),
6G (9", pant2,P2n+2)+
G(pont1, 19", T1p")

2
. " « . 1 g *,F *’1-\ *
nlggog(@%-&-%rlp Tpt) < HILH;O¢ g max (p [115; 197)

6g(@2n+17 §2n+2, 9277+2)]
146G (p2n+1,0%,0) ’
GQ(P*y Q2n+2, @27I+2)
[1+
G(p2nt1, L1p*, T1p*)]
146G (p2n+1,0%,90%)
6g(@2n+1, §22n+2, @2n+2)a
. . G(p*, T1p* T'1p*)
+1 L ’ " .
ngn;c i g(@2n+171—‘1g‘7 ,F1@ )7
6G (9", pan+2, Pan+2)

)

Assuming G(p*,['1p*,T'1p*) # 0, and using property of i) we get

(p*, T1p*, T1p*) G(p*, I'1p*, T1p%)
6 < 6 ’

G(p™ I1p", T1p") <o g

a contradiction. Hence
G(p", T1p", T'1p") =0,
thatis p* € ' p*.

Similarly we can prove that p* € T'yp* and p* is the common fixed point of the pair
(T'1,T9).
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Example 3.6. Let T = [0,00). Define I'1,T'y : T — F(Y) by I'1p = [0,£] , Typ =
[0,£] V€ Y. Define aG-metric space on Y by G(p,v,s) = |p—v|+|v—<|+ s — ¢
and 0.1]

|1 ifp,v,cel0,1
g v,<) = { 0 otherwise

)

then for ¥(t) = %7 conditions of above theorem are satisfied and 0 is the common fixed
point of mappings I'y and I's.

Corollary 3.7. Consider Y be a complete G-metric space, T' : T — F(Y) be a generalized
multi-valued G-a-1p- contractive type mapping. Suppose ¥ p,v,c € T,

a(p,v,¢)Hg(Tp,Tv,T) < (é)ﬂ) +LZ (3.3)

where

6G(p,v,5),G(p,I'p, I'p),G(v,Tv,I'v),
G, T'p,Il'p)+G(p,I'v,I'v)

= max Q(V,Fu,Fu)[13—(}(@,1"@,1“50)3 ,
146G (p,v,s) )
G(v.I'p,l'e)[1+6(p,I'v,T'v)]
146G (p,v55)
G(p.Tp.T'p),G(v,Iv.Tv),
G(p,I'v,Tv),G(v,Tp,T'p)
Also assume that o(p,v,v) > 1V p,v € Y. Then there exists a fixed point of the multi-
valued mapping .

Z = min

O

Definition 3.8. Consider T be a G-metric space and " : T — F(Y). Then I is called
a multi-valued (0, L)-weak contraction in G-metric space if there exist two constants 0 €
(0,1) and L > 0 such that

Hg(Tp,T'v,I's) < 0G(p,v,<) + Ldg(v,Tp) Vp,v,ceT.

Theorem 3.9. Consider T be a complete G-metric space and T : T — F(Y) a multi-
valued (0, L)-weakly contractive mapping. Then there exists p* € T such that p* is a
fixed point of T

Proof. Consider pg € T, then there exists ;1 € T such that p; € I'pg. Similarly there
exists g2 € Y such that py € I'p;.
Then for some k1 > 0,

k1Hg(T'po, T'p1, T'p1)

k1 [0 (G(90, 91, 1)) + Ldg (91, T0)]

k110 (G(p0, 91, 1)) + Linf{dg(p1,v) : v € Ipo}]
k10 (G (0, 91, 91)) -

G(p1, P2, P2)

VAN VAN VAN VAN

Similarly, for some ko > 0,
kyHg(T'p1,Tp2,T'p2)
k1ka0°G (90, 91, 91)-

g(@% 3, @3)

IN A
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In general, p,4+1 € I'py,n € N. Continuing in this way, we get k; > 0,7 = 3,4, ..., 7 such
that

G(ns Pnt1s Pnt1) < kika . kn0"G (90, p1, 1) = 107G (9o, p1, 01),
where 1 = kiko...ky.
Consider for ¢ > 7, then by (¢5) :
g(pnv ¢, p() < en(ll + 120 + ...+ lC*neq_n_l)g(p(% 1, pl)

Applying limit {,7 — 00,G(p,, p¢, pc) — 0. Hence the sequence {, } is G-Cauchy.
Completeness of T ensures that, p* € T such that p,, — p* as n — oco.
Now, for some k& > 0

G(py, Tp™, Tp") < kHg(Tpy—1,Tp" Tp")
< k[0G(pn-1,9" 9") + Ldg (9™, Tpp—1)]
< k[0G(pn-1,0" 9") + Linf{dg(p*,v) : v € Tpy1}].
Applying limn — oo, we get

Jim G(py, o™, Tp™) < k lim [0G(py-1,¢", %) + Linf{dg(p",v) : v € Tpy—1}],
which gives,

G(p*, Ip", Tp") = 0,as py € Dpy1.

This implies p* € I'p*. Hence g™ is fixed point of the mapping I ]
Example 3.10. Ler Y = [0,1] and T : ¥ — F(Y) be a multi-valued (0, L)-weak contrac-
tive mapping defined as,

Fp:[O,g] VoeT,

then for 6 = % and L > 0, conditions of above Theorem are satisfied and 0 is the fixed
point of mapping T

Corollary 3.11. Consider Y a complete G-metric space. LetT' : Y — T be a (6, L)-
weakly contractive mapping, that is, there exists 0 € (0,1), L > 0andV p,v,c € T,L >
0, the following hold

G(Tp,Tv,T's) < 0G(p,v,s) + Ldg(v, T'p).

Then T has a fixed point in Y.

Theorem 3.12. Consider T a complete G-metric space. LetT'1,T's : T — F(7Y) be a pair
of multi valued (0, L)-weakly contractive type mappings satisfying

0
Hg(Ti, T, Ty¢) < oG+ Lidg (v, Tip) + LaMi (3.4)
where

Ni = max (6g(p7 v, §)7 g(@, sz7 sz)a

g(”; Fz@arz@> + g(§7 F’iﬁoa Fl@))
2

Mi,j - min [g(l/7rjy7rjy)7g(gvrip7 FZ@)7 g(@; F]§7I‘j§)]
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Vp,v,se€Y,0€(0,1)and Ly, Ly > 0, wherei £ ji,j =1,2.
Then there exists * € T such thatp* € I';p*andp™ € T';p* i.e p* is a common fixed
point of I'; and T';.

Proof. Consider pg € Y. As I'1pg # , define g1 € I'1 g and similarly o € T'op1.
By condition (3.3) and Lemma 2, there exists k1 > 0 such that

Glp1, 02, 902) < kiHg(T1po,T2p1,T2p1)

0 6G (00, 01, 91), (90,1900, T100),
6 max G(©1,l190,L'100)+G(91,L100,C190)

k1 G(p1,T2p1,T2p1),
+Lidg(p1,T190) + Lomin | G(p1,T190,T190),
G(po,T2p1,T2p1)

IN

k10G (o0, P1, 01)-

Now for g2 € I'og1 and p3 € T'1 o, there exists ko > 0 such that

G(p2,03,903) < koHg(T2p1,T102,T102)

0 < 6G (91, 02, 92), G (91, L2p1, T2p1), >

6 ax G(p2,l201,T201)+G (02,0201, 201)

2
ko +L3zdg(p2,T201)
. Q(m,l“mz,l“mzLQ(pz,l“zpl,l“zm), }
+L
4111111{ G(p1,T1p2,T192)

IN

< k260G (01, 92, 02)
< k1k202g(p07917p1)

Continuing in this way, we get
G(ons Pnt1s Pnt1) < kika. kn8"G (90, p1,01) = 107G (9o, p1, P1)

Vk; >0,i=3,4,..,n, where l; = kiky...ky.
Consider for ¢ > 7, then by (g5):

Gy, 9, 9¢) <011 + 120 + .. + 10 """ G (00, 01, 91)-

Applying limit ¢, 7 — 00, G(py, ©¢, c) — 0. Hence the sequence {p,, } is G-Cauchy. The
completeness of T ensures that, p* € T so that p,, — E* asn — oo.
Since pop4+1 € Doy, and @oy42 € T'agoy41, now it is shown that p* € I';p* and
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@* c ng*

G(pont1,Tap™, Tap")

IN

IN

IA

kHg(T1p2n, Dap™, Top™)

6g(p2n7 @*7 p*)a
% max G(pon: Tip2n, Tig2y),
G(p".T1p2n,I1 mn);g(s@*,rl ©2n,1'1 P2n)
+L1dg(p*, T12,)+
g(p*a FQp*7 F2@*)a
g(p*, Fpona Fpon)v
G(pan, Dap*, Tap™)

6G (921, 0™, ),
69(@277, §2n+1, @2n+1)7
6G (0", Pan+1, P2n+1)+
G(p*, P2n+1, P2n+1)

2
+L1 lnf{dg(@*, l/) Ve Fpon}
G(p*, Tap*, Tap”),
6G(p", P2n+1, p2n+1)7
G2y, Tap*, Tap™)

Lo min

6 max

+ Lo min

Applying lim 7 — 0, we get G(p*, Dap™*, Tap*) = 0, that is p* € T'op*.

Now,

G(pont2, T1p", T1p")

IN

IN

kHg(Topony1, T1p" T1p")

6g(@277+17 p*v @*)7
G(92n+1, Lapant1, Tapani1),
G(9*, Tapant1, Tapayi1)
+G(p*, Tapant1, N2p2n+1)

2
+L3dg (9", T2p2y+1)+
g(p*a Flp*a Fl@*)a
G(p*, Tapont1, Tapanti),
G(pon+1, T1p*, T1p")

6g(p2n+17 @*7 p*)a
6G(P2n+1, P2n+2, P2n+2),
6g(@*7 P2n+2, 9277+2)+
G(9", pant2, Pan+2)

2
+L3 lnf{dg(p*, I/) S F2p2n+1}
g(@*arlﬁ*»rlp*)a
6g(p*7 P2n+2, @277+2)7
G(pon+1, T1p*, T1p")

max

ol

L4 min

5 max

+L,4min

Applying lim 7 — oo, we get G(p*, 19", I'1p*) = 0 which implies p* € T'; p*.
So p* is the common fixed point of mappings I'; and I'5 in a complete G-metric space. [
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Example 3.13. Consider T = [0, 1]. Suppose T'1,T'5 : [0,1] — F(Y) be a pair of multi-
valued (0, L)-weakly contractive type mapping defined as,

% 1%
I'p= {0, —} Iop = {0, —
18 5 260 7

Define a G-metric space on Y as in Example 1, then for 0 = % and Ly, Lo, L3, Ly > 0,
conditions of above theorem are satisfied and 0 is the common fixed point of given map-
pings.

] VeeT,

By setting I'1 = I' in the last theorem, the following result is induced.

Corollary 3.14. Consider T a complete G-metric space. Let T' : T — F(Y) be a
multi-valued (6, L)-weakly contractive type mapping such that ¥ p,v,¢ € Y and 6 €
(0,1), L1, Ly > 0, the following holds

6G(p,v,<),G(p, I'p,T'p),
HQ(F@ I'v,Tg) < 6max< Q((V,Fgo,l“)p)-&-(G(s',F@,FsO) )
2

G(v,Tv,Tv),
+L1dg(v,T'p) + Lomin | G(s,I'p, T'p), (3.5)
G(p,T'¢,Ts)

Then there exists p* € Y such that p* € I'p* i.e p* is a fixed point of T'.
Coincidence Points of Mappings and Relation

Consider sets C, D # (). A relation Q2 from C'to D is a subset of C' x D represented by
Q : C ~ D. The statement (p, /) € ( is represented by pQuv.
A relation Q : C' ~» D is known as left-total if for every p € C there exists a v € D so
that pQu.
ForQ: C ~ D,W C C define[8]

QW) = {v € D : pQu for some p € W},

dom() = {p € C: Q({p}) # ¢},
Range(Q) = {v € D : v € Q({p}) for some p € dom(Q)}.

For ease of notation, present Q({p}) by O, and Range by o(Q).(C, D) denotes the class
of all relations from C' to D.
An element p € C is known as coincidence point of mapping I' : ¢’ — D and relation
Q:C~ DifTp € Yp}.
For Q: T ~» S and u, v, w € dom(§2),we define:

Dg (Qu, 0, ) = inf  Glp,v,9)
Theorem 3.15. Consider Y as G-metric space. Consider T'1,T'y : T — F(Y) be a pair of
multi-valued G-a-admissible mappings and Q) : 'Y ~~ Y be any relation in such a way that
(1) Q is left total;
(ii) o(Q) contains all the closed bounded subsets of T;
(7i1) o(QY) is complete;
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() a(p,v,v) > 1V p,veT.
Suppose that for v € ¥ andV p,v,c € T,

Oé(p, v, ()Hg (Fl o FQVa F2§) S ’(/) [Dg (va QV7 QC)] ) (3 6)
and

a(p, v,<)Hg(T2p, T, T'1) < 1p [Dg (g, Q. Q)] 3.7
Then there exists p* € Y such that T1p* NTap* N Q{p*} # .
Proof. Consider py € Y. Since € is left total, so for pg € T there exists 7o € ()
such that poQrg. Consider the sequences {p,} C T,{r,} C o(2). Let r; € I'1po. As
Tipo C Range(R?) select p; € T such that p;Qr. Let ro € Tag then there exists

g2 € T such that poQrs.
Now from Lemma 2 and (3.5) we have

a(po, o1, 1) Hg(T190, Tap1, Tagpr)
1/) [DQ (onva’Q@l)]
Y (G(ro,r1,71)) -

Again using condition (3.6) we have:

G(r1,72,72)

ININ A

G(ra,r3,m3) < alp1, 2, 92)G(F2p1, T1p2, Tig2)
w [Dg (Qm ) QKJwQKJz)]
Y (G(r1,m2,72)) -

By induction, we can have sequences {p,} C T and {r,} C o(2) such that 79,1 €
Tipon, rog+2 € Dapoyyr and p,Qry, forn =0,1,2...

G(roy,rnr1,mne1) < ¢[Dg (melanan)]
< 1/)(9(7"77—177”77,7"17))-

By the monotone property of 1, we have:
G(ry, g1, mn41) <" (G(ro,71,71)) .
So for > (, by (g5) we have,

g(rmTQTC) < wn(g(r()vrhrﬁ)+wn+1(g(r07r1ﬂr1))+"‘
+y° 7 (G(ro,m1,m1))

IN A

By a property of 1), we have

¢—1 e’}
Gry,re,re) <M (Gro,r,m)) <D WM (G(ro,m,m1)) < 00
k—n k=0

This shows that sequence {7, } is Cauchy. The completeness of o({2) ensures an element
w € () such that 7, — w as 7 — co. Also p*Quw for some p* € 1.
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Now
G(ront2, T1p", T1p") < HgTopant1,T1p" T1p")
< alp2n+1, 0% 0 ) Hg(D2p2n41, Trp™ T1p”)
< 9 [Dg (Q@2n+1vﬂ@*’9@*)]
< P (G(rage1, w,w))
< G(rops1, w,w).

Letting  — oo we have G(w, 'y p*, T'1p*) = 0. It follows that w € Ty p*.
Also,

G(rons1,Top™, Top*) < Hg(Tipante, Nap* Tap™)
< G(p2yt2, w,w).
Letting  — oo we obtain G(w,Tap*, Top*) = 0. It follows that w € Typ*. Conse-
quently,
Lip" NTap" N Qe+ # 0
O

Corollary 3.16. Consider Y be a G-metric space. Consider I' : T — F(Y) be a multi-
valued G-a-admissible mapping and §2 : T ~~ Y be any relation such that

(1) Q is left total;

(43) 0(Q2) contains all the closed bounded subsets of Y';

(7i1) o(QY) is complete;

() a(p,v,v) > 1V p,veT.

Suppose that for » € ¥ andV p,v,c € T,

Oé(p, V7 g)Hg(Fp? FVa FC) S 1/) [Dg (9507 QIM QC)] Y
Then there exists p* € Y such that Tp* N Q{p*} # .

Corollary 3.17. Consider T be a G-metric space. Consider ' : T — Y be a G-a-
admissible mapping and Q) : Y ~» Y be any relation such that

(1) Q is left total;

(13) 0(Q2) is complete;

(7i1) a(p,v,v) > 1V p,v e ™.

Suppose that for » € U andV p,v,c € T,

a(@7 v, g)g(l"p, PI/? F() S Q/J [Dg (9@7 QV’ QC)] )
Then there exists p* € Y such that Tp* € Q{p*}.

4. APPLICATION

In the following section we provide the application of our main result in terms of an
existence result for the following differential inclusion:

8%u x,
Tunt) ¢ B (x,t,u(w,t) for (z,t) € Haxr , (4.8)
u(.’I},O) 207 X ER,t GT: [070’]
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where IIgx7 = R x T. Suppose F : IIgx7 x R — 2% is a multivalued mapping. For
A = C (IIgx7, R) define a G-metric on A as follows:

(G (v1,v2,v3)) (2,1) = sup  |lv1 (z,t) — o2 (2, )| +
(z,t)Ellpx T
0 t 0 t
sup U1 (l‘, ) i U2 (‘T7 ) +
(@t)elaxr || 0T O
sup vz (z,t) — vs (2, 8)[| +
(z,t)EllpxT
0 t 0 t
sup V2 (.17, ) _ U3 (.T, ) +
(z,t)Ellrx T Oz Oz
sup  |lvg (z,t) — o1 (z, )] +
(z,t)EllpxT
v (x,t ov1 (z,t
sup 38( )— 18( ) ,
(z,t)ENRx T T x

for vy, va,v3 € A.Then A is a complete G-metric space.
Define a partial order < on A as follows:

forr,s € A,r < sifand only if
or (z,t) < Os (x,t)
ox - ox '

Let £ = L* (IIgx 1, R) be the Banach space consisting of all measurable functions ¢ :
IIrx7 — R which are Lebesgue integrable with norm given by

I (@, )l < |[s (x,2)]| and

el = //f(x,f)dfdx, Jorée L.

-0 0
For each + in the space A the set of all selections of F' is defined as
Try={€L:{cF(xty(zt)) ae (z,t) € rxr}.
Now we allocate ' a multivalued operator S from A to 2% by assuming
S(H)={weL:£€F(xt,v(xt)) for (z,t) € Urxr}

where S is the Niemytsky operator [7].
In order to establish our result we require a continuous mapping 7 : £ — * defined as

WM=]7W%ﬂWW

0 —oo

In the following we use Theorem to obtain the solution of differential inclusion.

Theorem 4.1. Suppose the multivalued mapping F : I 7 x R — 2R fulfills the following
conditions:

Al: F (x,t,7) is a closed and bounded subset for each (x,t,7) € Hrxr X A. Moreover,
Y p~ is nonempty for each vy in the space A.
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A2: For any 71,79 € N if v; =X 7, then for each v € F (x,t,7,) there exists vy €
F (z,t,7,) such that

6 {171 — Yl + |71z — Vaul}>
|I/1 _71|+|1/1$ _711|7
|I/2 _72| + |V2z _72z|7
V1 = Yol + V12 — Yoo | +
[va — 71l + [V2e — Y14l

lvi(z,t) —ve (2, t)] < g1 (x,1) }max p) ;
2 {Ivr =71l + (V1w = v1al} ¥
{1+ [v2 — Yol + [V2ue — 72,1}
1+6{‘71*’72‘+‘71m*"/2z|} ’
{v1 = 7ol + 1z — 72, |} X
{1+ va =71l + vee — 71,1}
14+6{|7v1 —v2 [+ 71e =22}
o BT
1 V2_V2+V21_721a
+92 (2,1) A min Vs — 71| + V22 — 11l , (4.9
‘Vl - 72| + |V1r - 72z|

where L > 0 and 0 < k < 1. Then there exists a solution of the differential inclusion (4.1).

Proof. The given problem is equivalent to the following integral inclusion

CGtA:C(:c,t):a(t)+ﬁ(t)fa(0)+

v (@:t) € / / 0(x,7)dxdr, ford € Tp,
0 —oo

Define a mapping S : A — 2% by

(S7) (@, t) e{CeA:((z,t) =a@®) +5() —a(0) +7(6(x,7)), for d € Tpy}.

Now we prove that (S7) (z,t) is compact for each v € A and § € T . For this purpose
it is enough to prove that 7 o Y, is compact. Let us assume that {x, } be a sequence in
T r,,. Then by definition of Y,

kn € Land k,, € F (z,t,7(x,t)) a.e (z,t) € rxp.

Since F' (x,t, (z,t)) is compact so there exists  (z,t) € F (x,t,7 (z,t)) such that x,, —
. By the continuity of 7, 7 o kK, — 7 o k. Since k € L and k (z,t) € F (z,t,7v (z,t))
therefore 7 o k € m o T, which implies the compactness of m o T .

Now suppose 7vy,7s € A with y; =< 7,5 and wy € I'yy, then there exists §; € Tr ., such
that

wi@t) = a(t)+ B —a0)+rE (@)
- a<t>+/3<t>—a<o>+//glw,g)dﬂd@
0 —o©

for (l',t) e Ilrxr.
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Now by the given assumption there exists a ¢ in F' (x, t,75) such that

|£1 (1’715) - C| < g1 (fE,t) X

6 {[v1 — 72l + 1712 — Voul} s
€1 =71l + €12 — Y12l
€2 — 72| + |§23; - 72z|7
€1 — 72l + €12 — Vaul +

1 €2 = 71l + 1820 — V1l
— max

2 b

2 € =71l + [€12 — 712} X

{1 + |§2 - 72‘ + |£2x - ’72x|}
14+6{v1—v2l+V1e—Y2a |} ’

{161 = val + €12 — Y2ul} ¥

{14169 — 71l + 1§20 — V1al}
1+6{[vi =2 V1o —V22}

+92 (.’E,t) X
1 =7l + vie — 71al 5
%min |V2_’Y2‘+|V23?_72m|7
k lve —v1| + [V2e — V1al

1 = Yol + [V1e — Yoo
Define a multivalued mapping O : I[Irx7 — R by

seER:[& (2,1) —¢| < g1 (x,1) x
6 {71 — Y2l + 712 — V2ul}>
€1 =71l +1€12 — Y1al >
€2 — Yol + 1825 — Y2ul »
1€1 = 72l + €12 — Vaul +
€2 — 71l + 1620 — V12

2
{{|51 ‘_ Y1l +||€1I| — Y1z} ><|}
. 14+ 52_72+£2;c_72w
O ([I,'t) 14+6{]v, =Y+ V1o =722} ’
{|£1 - 72| + ‘glz - 721‘} X

{14160 — 7l + 1§20 — v12l}
1+6{[v1 =2+t v1o— V22 1}
+92 ($7t) X
V1 =1l + 1z — Y1als
%min [ve — Yol + V22 — Vaul s
lva —v1l + [V2e — Y12l
V1 — 72l + (V12 — Youl

s )
) max

then the mapping ® : IIg«7 — R defined by
D (32,7) =0 (2,t) N TpH,

is a measurable selection which has non-empty values [7]. So there exists £, in ¢ such that

&y € F(z,t,75) and
|§1 ((E,t) - 52 (.’I},t)| < 9 (f,t) X
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6 {71 — 7ol + 1710 — Yaul}
1€1 =71l + €12 — Y1al 5
1€ — Yol + 1825 — Y2ul »

1€1 = 72l + €12 — Yaul +

1 €2 = 71l + 1§20 — V14l

— max 2 ’
2 {€1 =71l + €10 — 71} X

{14 1€ — 7ol + 169, — 72.l}
1+6{[v1—Y2 [+ 712 —V2z} ’
{1€1 = 72l +1€12 — Y2z} ¥

{1 + |§2 - 71‘ + |£2z - 71z|}
1+6{[v1 =2l 11o—V22 1}

+92(xat)x
lv1 —v1l + [Vie = V1al 5
%min |V2772|+|V217’721|3
k |V2_71|+|V2z_71:v|3
V1 = Yol + V12 — Yol
forall (z,t) € grxr.

For each (z,t) € TIgx7, set

wa(z,t) = a(t)+5(t) —a(0)+7 (& (2,1))

- a<t>+ﬂ<t>fa<o>+//sgw,g)dﬁdg.
0 —oo

Then

oo

jwn (1) — wa (2, 8)] < / / €1 (0.7) — & (0, 7)) dodr
0

— 00

6{|P)/1 - 72| + "Ylm - 72:v|}a
|§1 - ’Vl‘ + |£1a: _,719:|7
1€ — Yol + 1822 — Vaul s
1€1 = Yol + €15 — Y2u| +
€2 — 71l + 1625 — Y14l

2 b
{|§1 - ’71| + ‘glx _’711"} X
{1+ 1€ — Yol + 1625 — Y2ul}
1+6{[v1 =72+ |v12 = V22 I} ’
{1€1 = 72l + €12 — Y2z l} ¥

{1+ & — 7ol + 1600 — V1al}
1+6{[vi =2l V1o =22}

t oo
X / / g1 (0, 7) dodr
0 —oo

IA
N =
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1 =71l + V1w = Y1al
+%m1n |V2_72|+|V21_72w|’
k lve —v1l + [vae — V1al 5
V1 = Yol + V12 — 7oyl
t oo
x/ / 92 (0, 7) dodT
0 —oo
6 {171 —Val + 712 — Vaul}>
1€1 =71l + €12 — Y12l
1€2 = val + €22 — Vaul s
|£1 _’72‘ + |&|'1x _72x|r_
€2 — 71l + 1620 — V1a
S ||ngl: max 2 B
2 €1 =71l + €10 — Y1} X
{1+ €5 — Yol + [§2, — V2. |}
14+6{l7v1 =72 l+|710 =722} ’
{161 = 72l + 1612 = Y20 |} x
{1416 — 71l + 1§20 — 11al}
1+6{‘71772|+|71m772$|}
‘Vl - 71| + |V1x - 71z| )
3L [ve — Yol + V22 — Vaul s
+ ~m
1920l Ty =] e =
v = %al + 12 = 72|
Taking sup on both sides
6G (71572, 72)5
g(’VlvF’YlvFVl)v
g(723F727F72)7
G(ve, Iyy, Iyy)+
||g1||£ g(71ar727r72)
sup wi(z,t) —ws (z,1)] < —= max 2 ’
(m,t)eﬂkle 1( ) ( )l 2 G(v2, Ty, Iy3)
[1 +g(7171—‘71vr’71)]
14+6G(v1,72:72) ’
G(v2,Ty1,T71)
[1 +g(717F725F72)]

g(
g(
G(

3L
+llg2llz =~ min

Y15 I‘P)/lv FPYl )
Y2, Ly, Tyg
Y15 F’727 F72
G(v2, I'v1, 'y

14+6G(v1,72:72)

)

)

)
)
)
)
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6G (71,72, 72)5
G(v1,Iv1, 1),
G(7v2, 72, T'y),

Gy Tyq, Tyg)+
(11,79, ')

< —max 2 ’
12 G(v2, Iy, Tyy)

[1 + g(’}/la F’Yla F’Yl)]
146G (71,72:72) ’
G(v2: Ty1, Tp)

[1 + g('717 F’Y27 P’YQ)]
1+6g('71 :“/2772)

G(v1, vy, Tyy),
G(v2, Dva: T'y2)s
G(v1, Ty Tya)s 7
g(’727F’71,F71)

+— min

2

where £ = [|g;|| , < 1fori=1,2.
Now

|w1w (x7 t) w2w / / |£1w o, T 521 (Qa T)| deT

6 {71 — Vol + |71z — Vaul}>
|§1 771‘ + |€1x - 71x|7
1€2 = 72l + €20 — Voul s

€1 — Yol + €12 — Y2u | +
€2 — 71l + 1625 — Y14l

2 b
{161 = 71l + 1€ — Y1} ¥

{14+ [§5 — Yol + 1§92 — V2o |}
1+6{[v1 =2+ 712 —V22 1} ’
{1€1 = Y2l + [€12 — Y2ul} X

{1 + |§2 - 71‘ + |€2x - ’Y1z|}
1+6{[v1 =2+ V12 —V22 1}

t oo
X / / 91z (0, 7) dodT
0 —o0

V1 — 71 + V1w — Y1zl s
3L in {2l v =yl
k |I/2—’71|+|V2:c_’71:n|3

V1 =72l + V12 — Yol

t oo
X//QQI (QaT) deT

0 —

IN
| =
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6 {71 — 72l + 112 — Y2ul}
€1 — 71l + 112 — V1al s
1€ — Yol + €22 — V2ul s

€1 — 72l +1€10 — Voul +
1€2 — 71l + €22 — V1]

||glm||[j
< ——= max 2 ’
2 {1€1 =71l +1€12 — 712l} ¥
{14+ 1€ — ol 4 [€00 — Vaul}
1+6{lv1 =72+ V1o =22} )

{11 = val + [€12 — Vaul} ¥

{]‘ + ‘52 - 71| + |52x - ’VI:E'}
1+6{[vi =72+t V10 =22}

lv1 =Yl + V1o — Y1al 5
3L ) fva = ol + [var — Yol
+||92:r||5?mm lva —v1| + V2w — 712l 5
V1 — Yol + V12 — Yool

Taking sup on both sides
912l
sup  |wiz (2,1) — way (z,1)] < 5 X
(wvt)EHRxT

6G (71572 V2);
G(v1, 071, Tp),
G(72, 9, Ty2),
G(v2, Dyy, Tyq)+
g(’har’hyr%)

2
G(72, T2, 1)
[1 +G(v1, 'y, F’Y1)]
1+6g(’Y1 772772) ?
(](727 F’Ylar’h)

[1 + g(’}/la F727 F72)]
146G (v1,72:72)

max ’

g('YhF’YhF’Yl )
3L . (
—|—||ggl||£?mln (

)
g Y25 ]-—‘723 F72)a
g Y1 F’VZ; F’Y2)7
G(v2,Iv1, 1)

69(’71a Y25 72>7
G(v1,Ty1, 1),
G(72, T2, ),
< E max g("/27F"/1 Ty )Jrg('h 7FA/27F72)

2 )
G(v2: Ty, Ty ) [1+G (v, Ty, Ty)]
1+6G(71,72:72) ’
G (v, Iy, Ty ) [1+6G (1,2, )]
146G (v1,72:72)
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G(v1,Ty1,Ty1)s
G(v2, [v9, Ty2),
G(v1, D9, Ty2),
g(727 F’YU F’Yl)

+— min

Thus we have

6G (71,725 72,
g(’h, F'Vh F71)7
G (72,72, T2),

G(va, Ty, Tyq)+
G(v1, T2, Ty2)

2
G(v2, Ty, Tysy)

[1 + g(’Ylar’haFVl)]
146G (v1,72:72) ’
G(v2, Ty, T1p)

[T+ G (71, T2, T5)]
14+6G(7v1,72:72)

G(v1: Ty, Typ)s
g(727 F’727 F’VZ)?
91,172, T72),
G(v2:Tv1.T'71)
Assuming ¢ (t) = kt for all t € [0,00) and a(p,v,v) = 1 for all p,v € A we get the
hypothesis of the Corollary 1, which gives v € A such that v € I'y, which is the solution
of the Problem (4.1) . O

)

k
Hg(Tyq,Tyg, I'yg) < 6 max

+L min
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