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1. INTRODUCTION

Copson’s Inequalities:
In 1976, Copson [7] proved that if0 < r ≤ 1, c < 1, andλ(·), g(·) both are positive real
valued functions, then
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∞∫

0

λ (ς)
(Λ (ς))c




∞∫

ς

λ (s)g (s) ds




r

≥
(

r

1− c

)r
∞∫

0

λ (s)(Λ (ς))r−c
gr (ς) dς, (1. 1)

whereΛ (ς) =
ς∫
0

λ (s)ds. He also proved that if0 < r ≤ 1 andc > 1, andΛ(ς) → ∞ as

ς →∞, then

∞∫

a

λ (ς)
(Λ (ς))c




ς∫

a

λ (s)g (s) ds




r

≥
(

r

c− 1

)r
∞∫

a

λ (s)(Λ (ς))r−c
gr (ς) dς. (1. 2)

In actual, Copson’s original motive was to obtain a generalization of the following inequal-
ity given by Hardy and Littlewood in [9].

∞∑

l=1

l−c

( ∞∑

k=l

g (k)

)r

≥ M

∞∑

l=1

l−c(lg (l))r
, r > 0, c < 1,

where M is a fixed positive number that depends onr, c andg(l) > 0 for l ∈ N.
Leindler’s Inequalities:

Leindler in [11] proved that ifc ≤ 0 < r < 1, g(l) > 0 andλ(l) > 0 for l ∈ N, then

∞∑

l=1

λ(l)
(Λ(l))c

( ∞∑

ι=l

λ(ι)g(ι)

)r

≥
(

r

1− c

)r ∞∑

l=1

λ(l)

(
l∑

ι=1

λ(ι)

)r−c

gr(l), (1. 3)

whereΛ(l) =
l∑

ι=1
λ(ι) and if c > 1 > r > 0, Λn →∞, then

∞∑

l=1

λ(l)
(Λ(l))c

(
l∑

ι=1

λ(ι)g(ι)

)r

≥
(

rL

c− 1

)r ∞∑

l=1

λ(l)(Λ(l))r−c
gr(l), (1. 4)

whereL = inf λ(l)
λ(l+1) .

In 1988, S. Hilger, a German mathematician presented time scales theory which deals both
discrete and continuous cases simultaneously. For introduction to time scales calculus, the
readers are referred to [5, 6] and for some Hardy inequalities on time scales, we mention
[2, 3, 8, 10].
Agarwal et al., extended the inequalities ( 1. 1 )–( 1. 4 ) in [1, Theorem 2.3.1, Theorem
2.3.2, Theorem 3.4.1, Theorem 3.4.2] (see also [12]) respectively on time scales in the
following form:

Theorem 1.1. LetT be a time scale witha ∈ (0,∞)T = (0,∞) ∩ T, c ≤ 0 < r < 1 and

λ : T→ R+ is such thatΛ(ς) =
ς∫
a

λ(s)∆s > 0. Defineg : T→ R+ such that

χ(ς) =

∞∫

ς

λ(s)g(s)∆s exists,
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then

∞∫

a

λ(ς)(χ(ς))r

(Λσ(ς))c ∆ς ≥
(

r

1− c

)r
∞∫

a

λ(ς)(Λσ(ς))r−c
gr(ς)∆ς . (1. 5)

Theorem 1.2. LetT be a time scale witha ∈ (0,∞)T, 0 < r ≤ 1 < c andλ : T → R+

is such thatΛ(ς) =
ς∫
a

λ(s)∆s > 0. Define

L := inf
Λ(ς)
Λσ(ς)

> 0, ς ∈ T (1. 6)

andg : T→ R+ is such that

χ(ς) =

ς∫

a

λ(s)g(s)∆s exists,

then

∞∫

a

λ(ς)(χσ(ς))r

(Λσ(ς))c ∆ς ≥
(

rL1−c

c− 1

)r ∞∫

a

λ(ς)(Λσ(ς))r−c
gr(ς)∆ς . (1. 7)

Theorem 1.3. LetT be a time scale witha ∈ (0,∞)T, c ≤ 0 < r < 1 andλ : T→ R+ is

such thatΛ(ς) =
∞∫
ς

λ(s)∆s. Defineg : T→ R+ such that

Ψ(ς) =

ς∫

a

λ(s)g(s)∆s exists,

then
∞∫

a

λ(ς)
Λc(ς)

(Ψσ(ς))r∆ς ≥
(

r

1− c

)r
∞∫

a

λ(ς)(Λ(ς))r−c
gr(ς)∆ς. (1. 8)

Theorem 1.4. LetT be a time scale witha ∈ (0,∞)T, 0 < r < 1 < c andλ : T → R+

is such thatΛ(ς) =
∞∫
ς

λ(s)∆s. Define

K := inf
ς∈T

Λσ(ς)
Λ(ς)

> 0 (1. 9)

andg : T→ R+ is such that

Ψ̄(ς) =

∞∫

ς

λ(s)g(s)∆s exists,



160 W. Ahmad, K. A. Khan, A. Nosheen, M. A. Sultan

then

∞∫

a

λ(ς)
Λc(ς)

(
Ψ̄(ς)

)r∆ς ≥
(

rKc

c− 1

)r
∞∫

a

λ(ς)(Λ(ς))r−c
gr(ς)∆ς. (1. 10)

The aim of the paper is to extend Theorem 1.1– Theorem 1.4 for function of several
variables by using mathematical induction principle.

2. PRELIMINARIES

First we recall the basic concepts from [5, 6] used in the paper. An arbitrary nonempty
closed subset ofR is called a time scale and is denoted byT. R,N andZ are the examples
of time scales.
For ς ∈ T, the forward operatorσ : T→ T is:

σ (ς) := inf{r ∈ T : r > ς}
and the backward operatorρ : T→ T is:

ρ(ς) := sup{r ∈ T : r < ς}.
If we takeinf φ = supT (i.e., σ(ς) = ς for T having a maximumς) andsup φ = infT
(i.e.,ρ(ς) = ς for T having a minimumς ), whereφ denotes the empty set, thenς is right-
scattered ifσ(ς) > ς andς is stated as left-scattered ifρ(ς) < ς. Isolated points are the
points that are right-scattered and left-scattered at the same time. A pointς ∈ T is said
to be right-dense ifς < supT andσ(ς) = ς and is said to be left-dense ifς > inf T and
ρ(ς) = ς. Dense points are the points that are right dense and left dense simultaneously.
The graininess functionµ : T→ R is defined as:µ(ς) := σ(ς)− ς.
A real valued functionη onT is rd-continuous (right-dense continuous), if

• η is continuous at eachk ∈ T wherek < supT andσ(k) = k,
• left hand limits exist at eachm ∈ T wherem > infT, andρ(m) = m.

The class of rd-continuous functionsf : T→ R is denoted byCrd(T,R) orCrd.
Define

Tk =
{
T\(ρ(supT), supT], if supT <∞,
T, otherwise.

Delta Derivative
Assumeω : T → R is a function and letς ∈ Tk. Then we defineω∆(ς) to be the number
(provided it exists) with the property that for givenε > 0, there is a neighborhoodP of ς
(i.e.,P = (ς − δ, ς + δ) ∩ T for someδ > 0) such that

|[ω(σ(ς))− ω(r)]− ω∆(ς)[σ(ς)− r]| ≤ ε|σ(ς)− r|
holds for allr ∈ P. We callω is delta differentiable atς or ω∆(ς) is the delta (or Hilger)
derivative ofω at ς.

Antiderivative
A functionW : T→ R is called an antiderivative ofw : T→ R provided

W∆(ς) = w(ς)
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holds for allς ∈ Tk.
Delta Integral
ForW∆(ς) = w(ς), ς ∈ Tk, the delta integral ofw is stated as:

∫ ς

l

w(s)∆s = W (ς)−W (l), for l ∈ T.

Also for w ∈ Crd(Tk,R), the Cauchy integral

W (ς) :=
∫ ς

ς0

w(s)∆s

exists forς0 ∈ Tk and satisfiesW∆(ς) = w(ς).
An indefinite integral is defined as:

∫ ∞

t

w(ς)∆ς = lim
p→∞

∫ p

t

w(ς)∆ς for t ∈ Tk.

2.0.1. Fubini’s Theorem.

Theorem 2.1. [4] Supposef : T1 × T2 → R is an integrable function w.r.t both time
scales. Defineχ =

∫
T1

f(y1, y2)∆y1, which exists for almost everyy2 ∈ T2 and ω =
∫
T2

f(y1, y2)∆y2, which exists for almost everyy1 ∈ T1, then,

∫

T2

∆y1

∫

T1

f(y1, y2)∆y2 =
∫

T2

∆y2

∫

T1

f(y1, y2)∆y1. (2. 11)

Note:
Throughout the paper, functions are considered to be non-negative and delta integrals are
assumed to exist.

3. COPSON-TYPE INEQUALITIES FORFUNCTIONS OFn VARIABLES

In the sequel, following notations are used:
ςn = (ς1, . . . , ςn), sn = (s1, . . . , sn) and(0,∞)Tι

= (0,∞) ∩ Tι.

Theorem 3.1. Let ι = 1, 2, . . . , n; Tι be time scales withaι ∈ (0,∞)Tι
, cι ≤ 0 < r < 1

andλι : Tι → R+ such thatΛι(ςι) =
ςι∫

aι

λι(sι)∆sι > 0. Defineg : T1 × · · · × Tn → R+

such that

ψι(ςn) =

∞∫

ς1

· · ·
∞∫

ςι

ι∏
κ=1

λκ(sκ)g(sn)∆sι . . .∆s1 exists.
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Then

∞∫

a1

· · ·
∞∫

an

n∏
κ=1

λκ(ςκ)
(Λσκ

κ (ςκ))cκ
ψr

n(ςn)∆ςn . . . ∆ς1

≥
n∏

κ=1

(
r

1− cκ

)r
∞∫

a1

· · ·
∞∫

an

n∏
κ=1

λκ(ςκ)(Λσκ
κ (ςκ))r−cκgr(ςn)∆ςn . . .∆ς1, (3. 12)

whereΛσ(ς) = Λ(σ(ς)).

Proof. To prove the required result, we use mathematical induction principle. Forn = 1,
the statement is true by Theorem 1.1. Now, suppose statement is true for1 ≤ n ≤ q. To
prove the result forn = q + 1, left hand side of ( 3. 12 ) can be written as

∞∫

a1

· · ·
∞∫

aq

q∏
κ=1

λκ(ςκ)
(Λσκ

κ )cκ





∞∫

aq+1

λq+1(ςq+1)
(Λσq+1

q+1 (ςq+1))
cq+1 ψr

q+1(ςq+1)∆ςq+1





∆ςq · · ·∆ς1

(3. 13)

whereψq+1(ςq+1) =
∞∫
ς1

· · ·
∞∫

ςq+1

q+1∏
κ=1

λκ(sκ)g(sq+1)∆sq+1 · · ·∆s1.

Denote

I1 =

∞∫

aq+1

λq+1(ςq+1)
(Λσq+1

q+1 (ςq+1))
cq+1 ψr

q+1(ςq+1)∆ςq+1. (3. 14)

Use ( 1. 5 ) in ( 3. 14 ) with respect toςq+1 ∈ Tq+1 for fix (ς1, . . . , ςq) ∈ T1 × · · · × Tq to
obtain

(I1)
r ≥

(
r

1− cq+1

)r
∞∫

aq+1

{
λq+1(ςq+1)[Λσq+1(ςq+1)]

r−cq+1ψr
q(sq, ςq+1)

}
∆ςq+1.

(3. 15)
Substitute ( 3. 15 ) in ( 3. 13 ) and use ( 2. 11 ) q-times in resultant inequality to get

∞∫

a1

· · ·
∞∫

aq

q∏
κ=1

λκ(ςκ)
(Λσκ

κ )cκ





∞∫

aq+1

λq+1(ςq+1)
(Λσq+1

q+1 (ςq+1))
cq+1 ψr

q+1(ςq+1)∆ςq+1





∆ςq . . .∆ς1

≥
(

r

1− cq+1

)r
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×
∞∫

aq+1

λq+1(ςq+1)[Λσq+1(ςq+1)]
r−cq+1





∞∫

a1

· · ·
∞∫

aq

q∏
κ=1

λκ(ςκ)
(Λσκ

κ )cκ
ψr

q(sq, ςq+1)∆ςq · · ·∆ς1





∆ςq+1.

(3. 16)
Use induction hypothesis forψr

q(sq, ςq+1) with fixed ςq+1 ∈ Tq+1 instead ofψr
q(sq) to

obtain

∞∫

a1

· · ·
∞∫

aq+1

q+1∏
κ=1

λκ(ςκ)
(Λσκ

κ (ςκ))cκ
ψr

q+1(ςq+1)∆ςq+1 · · ·∆ς1

≥
q+1∏
κ=1

(
r

1− cκ

)r
∞∫

a1

· · ·
∞∫

aq+1

q+1∏
κ=1

λκ(ςκ)(Λσκ
κ (ςκ))r−cκgr(ςq+1)∆ςq+1 · · ·∆ς1.

Hence by induction principle, statement is true for all positive integersn. ¤

Example 3.2. In Theorem 3.1, if we assumeTι = R+, cι ≤ 0 < r < 1 andaι = 1 for all
ι = 1, . . . , n. Then, ( 3. 12 ) takes the form

∞∫

1

· · ·
∞∫

1

n∏
κ=1

λκ(ςκ)
(Λκ(ςκ))cκ

ψr
n(ςn)dςn · · · dς1

≥
n∏

κ=1

(
r

1− cκ

)r
∞∫

1

· · ·
∞∫

1

n∏
κ=1

λκ(ςκ)(Λκ(ςκ))r−cκgr(ςn)dςn · · ·dς1.

Example 3.3. In Theorem 3.1, chooseTι = N, aι = 1 andςι = mι for all ι = 1, 2, . . . , n.
In this case

Λι (mι) =
mι−1∑
sι=1

λι (sι) andΛσι
ι (mι) =

mι∑
sι=1

λι (sι), whereσι (ςι) = ςι + 1 andµι (ςι) =

1. Also

ψn (m1, . . . , mn) =
∞∑

s1=m1

· · ·
∞∑

sn=mn

λ1 (s1) · · ·λn (sn)g (s1, . . . , sn).

Therefore, ( 3. 12 ) takes the form

∞∑
m1=1

· · ·
∞∑

mn=1

n∏
ι=1

λι (mι)(
mι∑

sι=1
λι (sι)

)cι

[ ∞∑
p1=m1

· · ·
∞∑

pn=mn

n∏

k=1

λk (pk)g (p1, . . . , pn)

]r

≥ rnr

n∏
ι=1

(1− cι)
r

∞∑
m1=1

· · ·
∞∑

mn=1

n∏
ι=1

λι (mι)

[
mι∑

sι=1

λι (sι)

]r−cι

gr (m1, . . . ,mn) .



164 W. Ahmad, K. A. Khan, A. Nosheen, M. A. Sultan

Example 3.4. In Theorem 3.1, chooseTι = qN0
ι , aι = 1, ςι = qmι

ι and sι = qpι
ι for

mι, pι ∈ N0 andqι > 1 for all ι = 1, 2, . . . , n. In this case

Λι (qmι
ι ) = (qι − 1)

mι−1∑
sι=1

λι (qsι
ι )qsι

ι andΛι
σι (qmι

ι ) = (qι − 1)
mι∑

sι=1
λι (qsι

ι )qsι
ι ,

whereσι (ςι) = qιςι = qmι+1
ι , µι (ςι) = (qι − 1) ςι = (qι − 1) qmι

ι .
Also

ψn (qm1
1 , . . . , qmn

n ) =
n∏

k=1

(qk − 1)
∞∑

p1=m1

· · ·
∞∑

pn=mn

n∏

k=1

λk (qpk

k )qpk

k g (qp1
1 , . . . , qpn

n ) .

Therefore, ( 3. 12 ) takes the form

∞∑
m1=1

· · ·
∞∑

mn=1

n∏
ι=1

λι (qmι
ι ) qmι

ι(
mι∑

sι=1
λι (qsι

ι )qsι
ι

)cι

[ ∞∑
p1=m1

· · ·
∞∑

pn=mn

n∏

k=1

λk (qpk

k )qpk

k g (qp1
1 , . . . , qpn

n )

]r

≥ rnr

n∏
ι=1

(1− cι)
r

∞∑
m1=1

· · ·
∞∑

mn=1

n∏
ι=1

λι (qmι
ι )qmι

ι

[
mι∑

sι=1

λι (qsι
ι )qsι

ι

]r−cι

gr (qm1
1 , . . . , qmn

n ) .

Theorem 3.5. Let ι = 1, 2, . . . , n; Tι be time scales withaι ∈ (0,∞)Tι
, 0 < r ≤ 1 < cι

andλι : Tι → R+ are such thatΛι(ςι) =
ςι∫

aι

λι(sι)∆sι > 0. Define

Lι = inf
ςι∈Tι

Λι (ςι)
Λι

σι (ςι)
, ι = 1, . . . , n; (3. 17)

andg : T1 × · · · × Tn → R+ is such that

ψι(ςn) =

ς1∫

a1

· · ·
ςι∫

aι

ι∏
κ=1

λκ(sκ)g(sn)∆sι · · ·∆s1 exists.

Then

∞∫

a1

· · ·
∞∫

an

n∏
κ=1

λκ(ςκ)
(Λσκ

κ (ςκ))cκ
(ψσ1···σn

n (ςn))r∆ςn · · ·∆ς1

≥
n∏

κ=1

(
rL1−cκ

κ

cκ − 1

)r ∞∫

a1

· · ·
∞∫

an

n∏
κ=1

λκ(ςκ)(Λσκ
κ (ςκ))r−cκgr(ςn)∆ςn · · ·∆ς1, (3. 18)

whereΛσ(ς) = Λ(σ(ς)).

Proof. To prove the required result, use mathematical induction principle. Forn = 1, the
statement is true by Theorem 1.2. Now, suppose above statement is true for1 ≤ n ≤ q. To
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prove the result forn = q + 1, left hand side of ( 3. 18 ) can be written as

∞∫

a1

· · ·
∞∫

aq

q∏
κ=1

λκ(ςκ)
(Λσκ

κ (ςκ))cκ





∞∫

aq+1

λq+1(ςq+1)
(Λσq+1

q+1 (ςq+1))
cq+1

(
ψ

σ1···σq+1
q+1 (ςq+1)

)r
∆ςq+1





∆ςq · · ·∆ς1.

(3. 19)

whereψq+1(ςq+1) =
ς1∫

a1

· · ·
ςq+1∫

aq+1

q+1∏
κ=1

λκ(sκ)g(sq+1)∆sq+1 · · ·∆s1. Denote

I1 =

∞∫

aq+1

λq+1(tq+1)
(Λσq+1

q+1 (ςq+1))
cq+1

(
ψ

σ1···σq+1
q+1 (ςq+1)

)r
∆ςq+1. (3. 20)

Use ( 1. 7 ) in ( 3. 20 ) with respect toςq+1 ∈ Tq+1 for fix (ς1, · · · , ςq) ∈ T1 × · · · ×Tq to
obtain

(I1)r ≥
(

rL
1−cq+1
q+1

cq+1 − 1

)r ∞∫

aq+1

{
λq+1(ςq+1)[Λσq+1(ςq+1)]

r−cq+1
(
ψσ1···σq

q (ςq, ςq+1)
)r

}
∆ςq+1.

(3. 21)
Substitute ( 3. 21 ) in ( 3. 19 ) and use ( 2. 11 ) q-times on the right hand side of resultant
inequality to get

∞∫

a1

· · ·
∞∫

aq

q∏
κ=1

λκ(ςκ)
(Λσκ

κ (ςκ))cκ





∞∫

aq+1

λq+1(ςq+1)
(Λσq+1

q+1 (ςq+1))
cq+1

(
ψ

σ1···σq+1
q+1 (ςq+1)

)r
∆ςq+1





∆ςq · · ·∆ς1

≥
(

rL
1−cq+1
q+1

cq+1 − 1

)r

×





∞∫

aq+1

λq+1(ςq+1)[Λσq+1(ςq+1)]
r−cq+1

∞∫

a1

· · ·
∞∫

aq

q∏
κ=1

λκ(ςκ)
(Λσκ

κ (ςκ))cκ

(
ψσ1···σq

q (sq, ςq+1)
)r





∆ςq · · ·∆ς1∆ςq+1.

(3. 22)
Use induction hypothesis forψr

q(sq, ςq+1) with fixed ςq+1 ∈ Tq+1 instead forψr
q(sq) to

obtain

∞∫

a1

· · ·
∞∫

aq+1

q+1∏
κ=1

λκ(ςκ)
(Λσκ

κ (ςκ))cκ

(
ψ

σ1···σq+1
q+1 (ςq+1)

)r
∆ςq+1 · · ·∆ς1

≥
q+1∏
κ=1

(
rL1−cκ

κ

cκ − 1

)r ∞∫

a1

· · ·
∞∫

aq+1

q+1∏
κ=1

λκ(ςκ)(Λσκ
κ (ςκ))r−cκgr(ςq+1)∆ςq+1 · · ·∆ς1.
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Hence by induction principle, statement is true for all positive integersn. ¤

4. LEINDLER-TYPE INEQUALITIES FORFUNCTIONS OFn VARIABLES

Theorem 4.1. Let ι = 1, 2, . . . , n andTi be time scales. Letλι : Tι → R+ are such that
Λι(ςι) :=

∫∞
ςι

λι(sι)∆sι exist withΛι(∞) = 0 andg : T1 × · · · × Tn → R+ such that

ψn(ςn) :=
∫ ς1

a1

· · ·
∫ ςn

an

n∏
ι=1

(λι(sι)) g(sn)∆sn · · ·∆s1

exists, then foraι ∈ [0,∞)Tι
;0 < r < 1 andcι ≤ 0, we have

∫ ∞

a1

· · ·
∫ ∞

an

n∏
ι=1

[
λι(ςι)

(Λι(ςι))cι

]
(Ψσ1···σn

n (ςn))r∆ςn · · ·∆ς1

≥
n∏

ι=1

[(
r

1− cι

)r] ∫ ∞

a1

· · ·
∫ ∞

an

n∏
ι=1

[
λι(ςι)

Λcι−r
ι (ςι)

]
gr(ςn)∆ςn · · ·∆ς1. (4. 23)

Proof. To prove the result we use the principle of mathematical induction. Forn = 1 the
statement is true by Theorem 1.3. Assume that ( 4. 23 ) holds for1 ≤ n ≤ q. To prove the
result forn = q + 1, the left hand side of ( 4. 23 ) can be written as

∫ ∞

a1

· · ·
∫ ∞

aq

q∏
ι=1

[
λι(ςι)
Λcι

ι (ςi)

]{∫ ∞

aq+1

λq+1(ςq+1)

Λcq+1(ςq+1)
q+1

(Ψσ1···σq+1
q+1 (ςq+1))r∆ςq+1

}
∆ςq · · ·∆ς1.

(4. 24)

Denote

Iq+1 =
∫ ∞

aq+1

λq+1(ςq+1)
Λcq+1

q+1 (ςq+1)
(Ψσ1···σq+1

q+1 (ςq+1))r∆ςq+1. (4. 25)

Use ( 1. 8 ) in ( 4. 25 ) with respect toςq+1 ∈ Tq+1 for fix (ςq) ∈ T1 × · · · × Tq to obtain

[Iq+1]
r+1−r ≥

(
r

1− cq+1

) ∫ ∞

aq+1

λq+1(ςq+1)(Ψ
σ1···σq
q (ςq, ςq+1))r

Λcq+1−r
q+1 (ςq+1)

∆ςq+1. (4. 26)

Substitute ( 4. 26 ) in ( 4. 24 ) and use ( 2. 11 ) q-times on the right hand side of the
resultant inequality to get

∫ ∞

a1

· · ·
∫ ∞

aq

q∏
ι=1

[
λι(ςι)
Λcι

ι (ςι)

]
×

{∫ ∞

aq+1

λq+1(ςq+1)

Λcq+1(ςq+1)
q+1

(Ψσ1···σq+1
q+1 (ςq+1))r∆ςq+1

}
∆ςq · · ·∆ς1

≥ (
r

1− cq+1
)r

∫ ∞

aq+1

λq+1(ςq+1)

Λcq+1−r
q+1 (ςq+1)

×
{∫ ∞

a1

· · ·
∫ ∞

aq

q∏
ι=1

[
λι(ςι)
Λcι

ι (ςι)

]
(Ψσ1···σq

q (ςq, ςq+1))r∆ςq · · ·∆ς1

}
∆ςq+1.
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Use induction hypothesis for fixedςq+1 ∈ Tq+1 on(Ψσ1···σq
q (ςq, ςq+1))r instead ofΨσ1···σq

q (ςq)
to obtain

∫ ∞

a1

· · ·
∫ ∞

aq+1

q+1∏
ι=1

[
λι(ςι)

(Λι(ςι))cι

]
(Ψσ1···σq+1

q+1 (ςq+1))r∆ςq+1 · · ·∆ς1

≥
q+1∏
ι=1

[(
r

1− cι

)r] ∫ ∞

a1

· · ·
∫ ∞

aq+1

q+1∏
ι=1

[
λι(ςι)

Λcι−r
ι (ςι)

]
gr(ςq+1)∆ςq+1 · · ·∆ς1.

Hence by the principle of mathematical induction inequality ( 4. 23 ) is true for all positive
integersn. ¤

Theorem 4.2. Let ι = 1, 2, . . . , n andTι be time scales. Letλι : Tι → R+ is such that
Λι(tι) :=

∫∞
tι

λι(sι)∆sι exist withΛι(∞) = 0 and Kι = infςι∈Tι

Λι(σι(ςι))
Λι(ςι)

> 0 and

g : T1 × · · · × Tn → R+ is such that

Ψ̄n(ςn) :=
∫ ∞

ς1

· · ·
∫ ∞

ςn

n∏
ι=1

(λι(sι)) g(sn)∆sn · · ·∆s1

exists, then foraι ∈ [0,∞)Tι ; 0 < r < 1 < cι, we have

∫ ∞

a1

· · ·
∫ ∞

an

n∏
ι=1

λι(ςι)
Λcι

ι (ςι)
Ψ̄r

n(ςn)∆ςn · · ·∆ς1

≥
n∏

ι=1

[(
rKcι

ι

cι − 1

)r] ∫ ∞

a1

· · ·
∫ ∞

an

n∏
ι=1

λι(ςι)
Λcι−r

ι (ςι)
gr(ςn)∆ςn · · ·∆ς1. (4. 27)

Proof. To prove the result we use the principle of mathematical induction. Forn = 1. the
statement is true by Theorem 1.4. Assume that ( 4. 27 ) holds for1 ≤ n ≤ q. To prove the
result forn = q + 1, the left hand side of ( 4. 27 ) can be written as

∫ ∞

a1

· · ·
∫ ∞

aq

q∏
ι=1

λι(ςι)
(Λi(ςι))cι

×
{∫ ∞

aq+1

λq+1(ςq+1)
Λcq+1

q+1 (ςq+1)
Ψ̄r

q+1(ςq+1)∆ςq+1

}
∆ςq · · ·∆ς1.

(4. 28)

Denote

Iq+1 =
∫ ∞

aq+1

λq+1(ςq+1)
Λcp+1

q+1 (ςq+1)
Ψ̄r

q+1(ςq+1)∆ςq+1. (4. 29)

Use ( 1. 10 ) in ( 4. 29 ) with respect toςq+1 ∈ Tq+1 for fix (ςq) ∈ T1× · · · ×Tq to obtain

Iq+1 ≥
(

rK
cq+1
q+1

cq+1 − 1

)r ∫ ∞

aq+1

λq+1(ςq+1)Ψ̄r
q(ςq, ςq+1)

[Λq+1(ςq+1)]cq+1−r
∆ςq+1. (4. 30)
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Substitute ( 4. 30 ) in ( 4. 28 ) and use ( 2. 11 ) q-times on the right hand side of resultant
inequality to get

∫ ∞

a1

· · ·
∫ ∞

aq

q∏
ι=1

λι(ςι)
(Λι(ςι))cι

{∫ ∞

aq+1

λq+1(ςq+1)
Λcq+1

q+1 (ςq+1)
Ψ̄r

q+1(ςq+1)∆ςq+1

}
∆ςq · · ·∆ς1

≥
(

rK
cq+1
q+1

cq+1 − 1

)r ∫ ∞

aq+1

λq+1(ςq+1)

Λcq+1−r
q+1 (ςq+1)

{∫ ∞

a1

· · ·
∫ ∞

aq

q∏
ι=1

[
λι(ςι)
Λcι

ι (ςι)

]
Ψ̄r

q(ςq+1)∆ςq · · ·∆ς1

}
∆ςq+1.

Use induction hypothesis for fixedςq+1 ∈ Tq+1 on Ψ̄q(ςq+1) instead ofΨ̄q(ςq) to get

∫ ∞

a1

· · ·
∫ ∞

aq+1

[
q+1∏
ι=1

λι(ςι)
Λι(ςι))cι

]
Ψ̄r

q+1(ς+1)∆ςq+1 · · · ∆ς1

≥
q+1∏
ι=1

[(
rKcι

ι

cι − 1

)r] ∫ ∞

a1

· · ·
∫ ∞

aq+1

q+1∏
ι=1

[
λι(ςι)

Λcι−r
ι (ςι)

]
gr(ςq+1)∆ςq+1 · · ·∆ς1.

Hence by the principle of mathematical induction inequality ( 4. 27 ) is true for all positive
integersn. ¤
Remark 4.3. It is possible to provide examples similar to Example 3.2–Example 3.4 for
Theorem 3.5, Theorem 4.1 and Theorem 4.2 by using special time scales.

5. ACKNOWLEDGMENTS

Authors are thankful to the referees for their valuable comments on the paper.

REFERENCES

[1] R. P. Agarwal, D. O’ Regan, S. H. Saker,Hardy Type Inequalities on Time Scales,Springer, 2016.
[2] M. S. Ashraf, K. A. Khan, A. Nosheen,Hardy-Copson Type Inequalities on Time Scales for The Functions

of n Independent Variables,I. Jour. Anal. Appl., Vol. 17, No. 2 (2019), 244-259, DOI: 10.28924/2291-8639-
17-2019-244.

[3] J. Baric, R. Bibi, M. Bohner, A. Nosheen,Jensen’s Inequalities and Their Applications on Time Scales,
Element, Zaghrab, Croatia, 2015.

[4] M. Bohner, A. Nosheen, J. Pecaric, A. Younus,Some Dynamic Hardy-type Inequalities with General Kernel,
J. Math. Ineq. Volume 8, Number 1 (2014), 185-199.

[5] M. Bohner, A. Petereson,Dynamic Equations on Time Scales: An Introduction with Applications,
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