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Abstract. In the paper, Copson and Leindler type inequalities are proved
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results in the literature.
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1. INTRODUCTION

Copson’s Inequalities
In 1976, Copson [7] proved that@f < r < 1, ¢ < 1, andA(-), g(-) both are positive real
valued functions, then
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07 (/i (f)))C (7 M ds)r § <1ic>ro/°° ASA) () ds, (1D

N

S
whereA (¢) = [ A(s)ds. He also proved thatiff < » < 1 andc > 1, andA(s) — oo as
0

¢ — oo, then

7 <AA<(<§>)>C (/ A(S)g(s)ds>r> (—1)7 A A ()" ()ds. (1.2)

a a a

In actual, Copson'’s original motive was to obtain a generalization of the following inequal-
ity given by Hardy and Littlewood in [9].

il_c (ig (k)) > Mil_c(lg ) ,r>0,c<1,
=1 k=l =1

where M is a fixed positive number that depends-onandg(l) > 0 for i € N.
Leindler’s Inequalities:
Leindler in [11] proved that it < 0 < r < 1, g(I) > 0 andA(l) > 0 for! € N, then

> (A/\((zl)))c (Z A(L)g(b)> >(1 - C) > A (Z A@)) o0, (L3
=1 =1

l
whereA(l) = > A(¢) andife > 1> r > 0, A,, — oo, then

= AD) (v L VS
;(A(l))c (;Amgu)) 2(6_1) ;/\(l)(A(l)) g (),  (1.4)
(1)

whereL = inf NS

In 1988, S. Hilger, a German mathematician presented time scales theory which deals both
discrete and continuous cases simultaneously. For introduction to time scales calculus, the
readers are referred to [5, 6] and for some Hardy inequalities on time scales, we mention
[2, 3,8, 10].

Agarwal et al., extended the inequalities (1. 1 )—(1. 4)in [1, Theorem 2.3.1, Theorem
2.3.2, Theorem 3.4.1, Theorem 3.4.2] (see also [12]) respectively on time scales in the
following form:

Theorem 1.1. LetT be a time scale with € (0,00); = (0,00) NT, ¢ <0 <r < 1and
S
A: T — Rt issuchthatA(s) = [ A(s)As > 0. Defineg : T — R* such that

x(s) Z/A(s)g(s)As exists
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then

RGO S ST
/(M(c))CA<>(1_C) /MQ(A ()" "“g"(s)As . (1. 5)

Theorem 1.2. LetT be a time scale with € (0,00)4, 0 <r <1 <candX:T — R*
S

is such thatA(s) = [ A(s)As > 0. Define
a

L::z’nfji\g((i))>0,geﬂl“ (1. 6)

andg : T — R™T is such that

<

x(<) :/)\(s)g(s)As exists

a

then

FAQOT O 5 o (T2 Ty neayr—eg
/(Af’(g))cA<>( 1) /A(O(A ()9 ()As. (1.7)

a a

Theorem 1.3. Let T be a time scale with € (0,00)p, c <0 <r <landX:T — Rtis
such thatA(s) = [ A(s)As. Defineg : T — R* such that
S

<

\I/(§):/)\(s)g(s)As exists

a

then

[ A(g) e r r " r—c r
a/Ac(g) (\I’ (()) Ag Z(l —C) a/A(()(A(g)) g (C)Ag (l 8)

Theorem 1.4. LetT be a time scale with € (0,00);, 0 <7 <1 <cand\: T — R*
is such thatA(¢) = [ A(s)As. Define
S

=1in A%(<)
K = ceTf A<) >0 (1.9

andg : T — Rt is such that

B(s) = / Ms)g(s)As  exists
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then

A(gg) (P(s (TKC> / A(s )" 9" (6)As. (1. 10)

The aim of the paper is to extend Theorem 1.1- Theorem 1.4 for function of several
variables by using mathematical induction principle.

2. PRELIMINARIES

First we recall the basic concepts from [5, 6] used in the paper. An arbitrary nonempty
closed subset dR is called a time scale and is denotedThyR, N andZ are the examples
of time scales.
Forg € T, the forward operatos : T — T is:

o()=inf{reT:r>c}
and the backward operatpr. T — T is:
p(s) :=sup{reT:r <}

If we takeinf ¢ = supT (i.e.,o(s) = ¢ for T having a maximumy) andsup ¢ = infT
(i.e., p(s) = < for T having a minimuny ), where¢ denotes the empty set, theis right-
scattered ifr(¢) > ¢ andc is stated as left-scatteredfs) < <. Isolated points are the
points that are right-scattered and left-scattered at the same time. Acpairit is said
to be right-dense if < sup T ando(s) = ¢ and is said to be left-densedf> inf T and
p(s) = <. Dense points are the points that are right dense and left dense simultaneously.
The graininess functiop : T — R is defined asu(s) := o () — .
A real valued functiomy on T is rd-continuous (right-dense continuous), if

e 7 is continuous at each € T wherek < supT ando (k) = k,

o left hand limits exist at eactn. € T wherem > infT, andp(m) = m.

The class of rd-continuous functioris T — R is denoted byC,4(T,R) or C,,.
Define

Tk _ { T\(p(supT),supT], if supT <oo,

T, otherwise.

Delta Derivative
Assumew : T — R is a function and let € T*. Then we defines®(s) to be the number
(provided it exists) with the property that for givern> 0, there is a neighborhoo# of ¢
(i.,e.,P = (¢ —0,¢+0)NTfor somesd > 0) such that

[w(0(<) = w(r)] = w(9)lo(s) = 7]l < elo(<) — 7|

holds for allr € P. We callw is delta differentiable at or w* () is the delta (or Hilger)
derivative ofw ats.

Antiderivative
AfunctionW : T — Ris called an antiderivative af : T — R provided

W2(s) = w(s)
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holds for alls € T*.
Delta Integral
ForW2(s) = w(s), s € T*, the delta integral ofv is stated as:

N
/ w(s)As =Wi(s)—W(), forleT.
l
Also forw € C,4(T*,R), the Cauchy integral

W(s) := /g w(s)As

So

exists forgy € T* and satisfie$V 2 (s) = w(s).
An indefinite integral is defined as:

o5} P
/ w(s)A¢ = lim w(s)As  for t € T,
t

p— 00 t

2.0.1. Fubini’'s Theorem

Theorem 2.1. [4] Supposef : T; x T, — R is an integrable function w.r.t both time
scales. Defineq = [ f(y1,y2)Ay:, which exists for almost every, € T, andw =

T,
| f(y1,y2)Aya, which exists for almost evegy € T, then,
Ta
/Ay1/f(y1,y2)ﬁy2 Z/Ay2/f(y1»y2)Ay1- (2.11)
T, T, T2 Ty

Note:
Throughout the paper, functions are considered to be non-negative and delta integrals are
assumed to exist.

3. COPSONTYPE INEQUALITIES FORFUNCTIONS OFn VARIABLES

In the sequel, following notations are used:
Sn = (S15-++5Sn), Sn = (51,...,8,) and(0,00)y = (0,00) N'T,.

Theorem 3.1. Let: = 1,2,...,n; T, be time scales with, € (0,00); ,¢, <0<r <1
Se

and), : T, — R* such thatA,(,) = [ A\.(s,)As, > 0. Defineg : Ty x - x T,, — RT

such that L

oo oo

bulsn) :/.../HAH(SH)g(SH)ASL...Asl exists

S1 S
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Then
[T el Ao A
/ / Gzl - A
>I£Hl<1—r6,‘§> /”./E)\”(gﬁ)(/\?(gn))rCngr(<n)A§n’-~A§17 (3.12)

whereA? () = A(o(s)).

Proof. To prove the required result, we use mathematical induction principlen Forl,
the statement is true by Theorem 1.1. Now, suppose statement is truecfor < ¢. To
prove the result fon = ¢ + 1, left hand side of (3. 12 ) can be written as

o0 o q o0
A (S) Agr1(Sg+1) r
/ ‘ / 11 (AZ)"" / (A"“gl (s +q1))0q+1 n1 (Sar1)Asqp1 p Ay --Agy
k=1 r q+ q
al Qg Ag+1
(3.13)
oo oo gq+1
whereyy1(sqi1) = [+ [ H1 Ai(8k)9(8q+1)Asgrr -+ -Asy.
S1 Sq+1 K=
Denote
T Agyalsgs) .
L = / (Aaqu?_(g _::’_))Cq+1 wq+1(§q+1)A§q+1- (3 14)
q+ q

Aq+1

Use (1.5)in (3. 14 ) with respect tg;, € Tqq1 for fix (s1,...,5,) € T1 x--- x Ty to
obtain

r

) /{)‘q+1(<q+1)[/\0"“(<q+1)]r_c““1/};(sqa<q+1)}A<q+1-

Ag+1

(I)" = (

1-— Cq+1

(3. 15)
Substitute (3. 15)in (3. 13) and use ( 2. 11) g-times in resultant inequality to get

q+1

r T
> (=)
1-— Cq+1

o0 oo )\H gK/ oo )\ g )
//H (A"(“)C)“ / (Aaqu(lg(:j)l))chrl a+1(Sa+1) A1 ¢ Ay ... Ag
" q
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oo oo o0 q
g, r—c 1 )\I{ g){ T
X / Ag+1(Sq+1) [A79F (Sqen)]77F //H (Aa(n)c)ﬁ Vg (Sas Sq+1)Acq - Act p Aggy1.
k=1 K
Gq+1 a1 %q

(3. 16)
Use induction hypothesis fap; (sq, ;+1) With fixed ¢, 1 € Tyy1 instead ofyy (sq) to
obtain

® gq+1

/ / H u VYar1(Sqr1) A1+ Ag
ag+1
q+1 r 0 g+1 e
Z Hl;[1 (1 — Cn) / / H A (S ) (A7 () 9" (Sq+1)Ag1 -+ -Agy.
a1 Ag+1
Hence by induction principle, statement is true for all positive integers a

Example 3.2. In Theorem 3.1, if we assurfig =R, , ¢, <0 <r < 1anda, = 1 forall
t=1,...,n. Then, (3. 12) takes the form

oo oo

o

= ﬁ (1 _TCK>T17"'/i[lM(%)(An(%))w“gr(cn)dcn---d<1-

Example 3.3.In Theorem 3.1, choose = N, a, = 1andg, =m, forall. =1,2,...,n
In this case

m,—1 m,
A, (m) = > A (s,)andA% (m,) = > A, (s,),whereo, (s,) =¢ +1landy, (s,) =

s, =1 s, =1
1. Also

U (ma,.mp) = D o Y A (1) A (Sn)g (51, 8n).

s1=mq Sp=Mn

Therefore, (3. 12 ) takes the form

> H<m/\(m>>[ PO Hkk(pk)g(pl,.--,pn)]
(5.)

pP1=m1 Pn=mn k=1
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Example 3.4. In Theorem 3.1, choosE, = ¢, a, = 1,5, = ¢"™ ands, = ¢ for
m,,p, € Ngpandgq, > 1forall . =1,2,...,n. Inthis case

m,—1 m,

A(g™) =(q.—1) > X(g)gandA, (™) = (q¢. — 1) > A (¢)q,

s, =1 s, =1
whereo, (¢,) = q,5, = ¢ p (s,) = (¢ — 1)<, = (g, — 1) g™
Also

() =T @D S o 3 T @ @l

k=1 p1=m1 Pn=mn k=1
Therefore, (3. 12) takes the form

D R | e e PORCD ol | AV VS
mip=1 my=11=1 (Z L( ) ) p1=mq Pn=mn k=1
s, =1

L

’fl’!'

\ \/

00 00 n m, r—c,
n Z Z H)\L (th)qznb lz )\L (qf‘)qu‘| gT (q;ﬂl’.”’q;nn).
H (1 - CL) my1=1 my=1:=1 s,=1

Theorem 3.5. Let: = 1,2,...,n; T, be time scales with, € (0,00); ,0 <7 <1<g¢,

and), : T, — R™ are such that\, ( f>\ .)As, > 0. Define
A, (s)
L, =in 7,L:1,...,TL; 3. 17
ey 547

andg : Ty x --- x T,, — R* is such that

.(n) / /H)\ g(sn)As, ---As;  exists

Then
7 c,‘ (T (6n)) Agy - - Ay
[l
. TL]‘ Cr o0 o0 n . i
=11 / /H)‘K () (AT ()" 9" (n) Agp - - -Agy, (3. 18)
k=1 k=1

whereA? () = A(o(s)).

Proof. To prove the required result, use mathematical induction principlenFerl, the
statement is true by Theorem 1.2. Now, suppose above statement is tiug for< ¢. To
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prove the result fon = ¢ + 1, left hand side of ( 3. 18 ) can be written as

r I )‘m(%) r )‘q+l(§q+1) 1041 "A A A
e | I (AZH (§ ))CN (Ao-jjil (§q+1)>cq+1 (wq-l-l (§q+1)) Sg+1 Y ARREES|
k=1 K q
al Qg Ag41

(3. 19)

S1 Sq+1 g+1

whereygy1(sqr1) = [ -+ [ TI Me(sk)9(Sq+1)Asg+1 - - -Asy. Denote

ay ag41 k=1
[ Aaaltar)
t P
b= / (A"qu—(z Jl:)l)cqﬂ (Ygi1 q+1(§q+1))TA<q+1- (3. 20)
q+1 \>q

Aq+1

Use (1. 7)in (3. 20) with respecttg,, € T4 forfix (¢1,--- ,¢;) € Ty x --- x Ty to
obtain

Cqr1 — 1

TLl Cat1 by r—c r
(I)" > <q+1> / {)\q+1(€q+1)[qu“(<q+1)] (T (oq, Sg41)) }A§q+1~
Agq+1
(3. 21)
Substitute (3. 21)in (3. 19 ) and use ( 2. 11) g-times on the right hand side of resultant
inequality to get

0o 00 4 o
)‘q+1(§q+1) 01 0g41 r
H 0q Cqt1 (%H (§q+1)) A§q+1 qu A
K:l Ag41 (Aq++11 (qurl))

1—c, 1
rL (7"
Cq+1—1
o0

q
X / )\q+1(§q+1)[A q+1 C +1 r Cq+1/ /H Cm ﬂjal 7a (sqagq—i-l))r qu"'Aglqu—i-l-
Ag+41 r=1
(3. 22)
Use induction hypothesis fap; (sq, 5;+1) With fixed ¢,..; € T, instead fory; (sq) to
obtain

q
/\ﬁ(gm) o1 0gi1 T
o e (Vi1 7 (sqr1)) Acgyr - -Ag
GZ lqu\1 r=1 (A (gﬁ)) '
q+1 FLl-cx\ T o0 0 g+1
- <c Kl) / / TT A (o) (AT ()" 0" (sqy1) gy - - -Acy.
k=1 r =1
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Hence by induction principle, statement is true for all positive integers d

4. LEINDLER-TYPE INEQUALITIES FORFUNCTIONS OFn VARIABLES

Theorem 4.1.Let, =1,2,...,n andT; be time scales. Let, : T, — RT are such that
f A (s,)As, eX|st W|thA (0c0) =0andg: Ty x --- x T,, — R* such that

a(on) = / / (M (5) 9(sa) Do -+ Asy

n =1

exists, then for, € [0,00)r,;0 < r < 1 and¢, < 0, we have

A(s))e

() 1L

n =1

e n AL L .ee
/ [ S }(‘le 7 (6n)) Ay - Agy
ai an =1

n

|:AC’ —r §1)] gr(§n)A§n ce A§1. (4 23)

Proof. To prove the result we use the principle of mathematical inductionnFer1 the

statement is true by Theorem 1.3. Assume that (4. 23) holds fon < ¢. To prove the
result forn = ¢ + 1, the left hand side of (4. 23 ) can be written as

q
) 00 >\L(§L) ] {/OO )\q+1(§q+1) 1 Cain
o e (Wi T (Sqr1)) Ayt p Agg - Aq
/m /qu L];E |:AL (gi) g1 Aqlz:—ll(gq_'_l) q
(4. 24)

Denote

- A 1S g1°°0q T
It = Agz;tl(iqm(‘l’qh " (Sqr1)) " ASgt1- (4. 25)

ag+1 rq+1 (gq-i-l)
Use (1. 8)in (4. 25) with respecttQ, € T,y forfix (¢q) € Ty x --- x T, to obtain

rier A T (o g1)"
Tyi1] +1 > ( r )/ g+1(Sg+1) (Vg (Sqs Sq+1)) Acysr. (4. 26)
Aq+1

_ Cqt1—T
L =cqp ASH (Sg+1)

Substitute (4. 26 ) in (4. 24 ) and use ( 2. 11 ) g-times on the right hand side of the
resultant inequality to get

/ / q |:
Qg =1
L —cgm1

/OO % / /Oo q [)\C(Q) } (\IIUI 79 (Sqs Sq+1)) " Ag - Agt p Ay
agr1 N Wy (§q+1 A (<)

q+1

= A 01 0g41 -
}x{/ Aae1lSast) orwown (o) quH}qu,,.Agl

Cq+1(Sq+1)
q+1 Aqil a4

r r




Copson, Leindler Type Inequalities For Function Of Several Variables On Time Scales 167

Use induction hypothesis for fixegli1 € Ty1 0n(¥g" 7 (¢, sq+1))" instead oflg' 7 (¢4)
to obtain

[e's) Q+1 )
/ / |: L))C: } (\Ilg-ll-.iﬂﬁl (Sq+1))" A1+ Agt

q+1 =1

o[ Taap {5 EEN

Hence by the principle of mathematical induction inequality (4. 23) is true for all positive
integersn. O

Theorem 4.2. LetL =1,2,...,nandT, be time scales. Let, : T, — R* is such that

= ft s,)As, eX|st WlthA (o0) = 0and K, = inf e, %f))) > 0 and
g: T1 X oo X T — R is such that
U, (sn) i= / / ) g(Sn)Asy, - Asy
S1 Sn = 1

exists, then fou, € [0,00)r,; 0 <r <1 < ¢, we have

/ / HACLCL —r (n Agn.. A§1
n KCL oo n
ZH [(T > ]/ / Acb—r ) T(gn)Agn"'AQ. (4. 27)

n =1

Proof. To prove the result we use the principle of mathematical inductionnFerl. the
statement is true by Theorem 1.4. Assume that (4. 27 ) holds forn < ¢. To prove the
result forn = ¢ + 1, the left hand side of (4. 27 ) can be written as

h i i = Agra(Sg1) @
o H WX mqjq+l(§q+l)A§q+1 Agq - Agy
ai ag i\Se agi1 g
(4. 28)

Denote

oo )\ C ,
Iy = / A?jﬂ(i"“)@qﬂ@qmmﬁl. (4. 29)
ag+1 g+ (Sq+1)

Use (1.10)in (4. 29) with respectig,; € Ty for fix (¢q) € Ty x - -- x T, to obtain

rKS N 100 Agi1(Se41) P (sqn s
R / il Bl L @)
Cqp1 — 1 agir [Dat1(Sgpn)]at?
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Substitute (4. 30)in (4. 28) and use ( 2. 11) g-times on the right hand side of resultant
inequality to get

g) > Agra(Set1)
/ / ) )e ngﬁliq a+1(Sa+1) A1 ¢ Ay - Agy
ag+1 “rq+1 (Sg+1)

TKCq+1 r 00 A 0o q
- / Ctil o) / / |:ACL 2 :| v a(Sa+1)Asq - Agy p Aggyr.
g1 — 1 ag+1 qu-l (Sq+1) ()

Use induction hypothesis for fixeg,; € T,y on \I/q(qu) instead ofl, (¢q) to get

o) +1 (( )
/ / ( )L) \I/Z+1(§+1>A§q+1 T A§1
ai Ag+1 L

T (ET P

q+1
-1l (2
Hence by the pr|nC|pIe of mathematical induction inequality ( 4. 27 ) is true for all positive
integersn. d

Remark 4.3. It is possible to provide examples similar to Example 3.2—Example 3.4 for
Theorem 3.5, Theorem 4.1 and Theorem 4.2 by using special time scales.
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