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Abstract. This paper presents the Ulam’s type stability results of non—
linear Hammerstein impulsive integro—dynamic system on time scales with
delay, by using fixed point method. In order to overcome difficulties arises
in our considered model, we pose some conditions along with Lipschitz
condition.
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1. INTRODUCTION

In 1940, Ulam gave a famous talk before a mathematical seminar at the university of
Wisconsin [21, 22]. He raised a question in the matter of stability of homomorphisms.
His question was answered by Hyers [9] for the case of Banach spaces, by using direct
method. So this interesting stability concept, initiated by Ulam and Hyers, was named as
Hyers—Ulam stability. In 1978, Rassias [17] extended Hyers—Ulam stability concept by
introducing new function variables and this stability concept was named as Hyers—Ulam—
Rassias stability. For more details and discussions on Hyers—Ulam types stability, see
[10-13,15,18-20,23-27,29-38].

The theory of time scale analysis has been rising fast and has acknowledged a lot of
interest. The pioneer of this theory was Hilger [8]. He introduced this theory in 1988, in
his PhD thesis. For further details on time scale, see [1-7, 14,16, 19,20,28, 34, 36].

Agarwal et al. [1], in 2014, discussed some results about the stability of linear impul-
sive Volterra integro—dynamic system on time scales. Then Zada et al. [36] extended the
stability results of [1] to non—linear impulsive Volterra integro—delay dynamic system on
time scales. As we studied, no one has checked the Hyers—Ulam stability of non-linear
Hammerstein impulsive integro—delay dynamic systems on time scales. So motivated by
the work done in [36], for the first time, using fixed point method, we obtain Hyers—Ulam
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stability and Hyers—Ulam—Rassias stability of non—linear Hammerstein impulsive integro—
delay dynamic system of the form:

wi(t) =M(t)w(t)+G(t,W(t),W(p(t)))/ g(t, s)H(s,w(s), w(p(s)))As,

to
teTs =Ts"\{ti,ta, - ,tm},

Pute) = (i) — w(t) = Telw(tp)), k=T,m b
w(t) = alt), t € [to — A\, tolrs,
w(to) = a(ty) = wo,

where A > 0, 1, m denotes 1,2,--- ,m, the m x m regressive square matrix M(t) is

piecewise continuous on T's" := [to,tf]rg.tf > 8 >1t) > 0andG : Ts"xR"xR™ — R,
H: Ts® x R* x R* = R”, Tp : R* = R, a : [to — \ to]rs — R, the kernal g :
Ts® x Ts — R™ are continuous functions. Also the right and left side limits, respectively
w(ty) = lim, o+ w(ty + 7) and w(t;) = lim, ,o- w(ty — 7) of w(t) at t;, satisfies
to <t1 <tg <+ <ty < tymyr =ty < +o0o0. Moreover, p : Ts® = T U [to — A, to]Ts
with p(t) < t, is a continuous delay function.

2. PRELIMINARIES

Any non—empty arbitrary closed subset of real numbers is called time scale, which is
denoted by T's. The forward jump operator O : T — T is defined as:

O(s) =inf{t € Tg : t > s}.
The derived form of a time scale T’s, denoted by Ts, is defined as:

Ts\(p(supTs),supTs], if supTs < oo,
Ts* = .
Ts, if supTs = .

The delta derivative and A—integral of H : T's — R are respectively defined as

, H(O(t) — H(s) /b
HA2t) = 1 L W teTs®, | H(t)At = h(b)—h(a),Va,be Ty,
®) sat,{géle(t) O(t) —s § a ®) (b)=h(a), Va s
where h® = H on Ts*.
The equation £2(t) = M(1)E(t), (tg) = &, t € Ts” has general solution called
fundamental matrix denoted by W o4 (¢, to).

3. BASIC CONCEPTS AND REMARKS

Let C(Ts” U [to — A, to]7s, R") (resp. PC(Ts° U [to — A, to]rs, R™)) be the Banach
space of continuous functions (resp. the Banach space of piecewise continuous functions)
with the norm
lw] = SUD; e 750U 10— Ao w(t)||. Also, we denote PC*(Ts® U [to — A, to]rs, R?) =
{w e PC(Ts" U [tg — A\ tolrs, R?) : w? € PC(Ts” U [to — A, to]7s, R™)}, the Banach
space with norm ||wl|; = max{||w|], |w?||}.
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Consider the following inequalities in the sequel:

C4(5) = MU5)6(5) = Gl5: ). Glols)) [ gl OB G0, <<p<t>>>AtH <e

S0

s € TS/,

Hrask) - Tk@(s,:))H <e k=T m

3.2)
CA(5) = MUIC() — Bls. 651 o)) [ gl FCE G0 <<p<t>>>AtH < ols):
ERS TS/,
Te(o0) = Yulcs))| < n k=T
3.3)

where ¢ : TSO U [to — A, to]Ts — R is right dense continuous and increasing.

Definition 3.1. Equation (1. 1) is said to be Hyers—Ulam stable on T's® U [to — A, to]Ts if
for every ( € PC! (TSOU [to— A, to]rg, R™) satisfying (3. 2), there exists (o € P(Cl(TSOU
[to — /\, to}TS, Rn) Of (1 1 ) with HCQ(S) —C(S)” < CE, C > O, Vse TSOU [to —)\7 tO]Ts-

Definition 3.2. Equation (1. 1) is said to be Hyers—Ulam—Rassias stable on Ts® U [to —
A tolrs if for every ¢ € P(Cl(TSO U [to — A, to]Ts, R™) that satisfies (3. 3), there exists
Co € PCH(Ts"Ulto — A, to]rs, R™) of (1. 1) with ||Co(s) —C(s)]| < C(s), C >0, Vs €
Ts U [to — A, to]re.

Remark 3.3. A function { € PCY(Ts° U [to — M, to|rs, R™) satisfies (3. 2) if and only if
there exist f € PC(TsU[to—\, to]rs, R™) and a finite sequence fy, such that || f(t)|| < e,
VteTs" Ulto— A\ tolrs. [1full < e, VE=T,m,

¢A (1) = M()C(E) + Gt C(8), C(p(1) / ot $)H(s, C(s) C(p(s))) As + F(8),

C(to) = <07 te TS/7
L¢(te) = Tr(C(ty)) + fr-
3.4

Lemma 3.4. Every solution { € P(CI(TSO U [to — A, to]Ts, R™) of (3. 2) also satisfies

)= o)~ aatt oo~ 3 ¥(c(67))

*/ ‘I’M(t@(5))G(S,C(S),C(p(8)))/ g(s,r)H(r,((r),C(p(r))) ArAs

to So

< (m

+ C(ty —to))e,

fort € (ty,tx11] C Ts", where C is the bound of fundamental matrix W v (¢, O(s)).
Proof: If ¢ € PC'(T5U[to—\, to]rs, R™) satisfies (3. 2 ), so by Remark 3.3, the solution
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of equation (3. 4 ) is given as

C(t) = C(to) + W (t:to)Co + 3 T(CE)) + D fi
N t

=~

‘IIM(LG(S))G(S,C(S),C(p(S)))/Sg(s,T)H(nC(T),C(p(T)))A?"AS

S0

-

+ [ Pa(t,0(9))f(s)As.

to

So,

Hat) (o) — Ut )G — SO X))

j=1
[ Ot BN 661, [ gl ). Clplr)) Arss
< [ 1wt eI IAs+ Y 14
< (m+C(t—to)e )
< (m+C(ty —to))e.

Similar remarks also holds for (3. 3).

4. MAIN RESULTS

Before proving our result on Hyers—Ulam stability for equation (1. 1), we assume the
following conditions:
(C1)H : Ts” x R™ x R™ — R is continuous with the Lipschitz condition | [H(t, z1, z2) —
H(t,yl,yg)H < Z?Zl L|jz; — yi|, L > 0, forall t € Ts® and z;,4; € R™, i € {1,2};
(C2) Ty : R — R™is such that || T (x1) — Tr(z2)|| < Mg||lz1 — x2|, Mk > 0, for all
ke{l,2,...,m}and x1,z5 € R", i € {1,2};
(C3) For some positive constants C, § and 7, we have || U (¢, O(s))|| < C,
1G5, w1(s), w1 (p(5))) — Gls,wa(s), wap(s)| <, lg(t, )| < 7 for every t, 5 € T

(C4) (Z;n_l M; + 2f:0 f:o C(STLATAS) <1;

(C5) ¢ : Ts® U [to — A, to]rs — RT is right dense continuous and increasing such that

/ p(s)As < pp(t), p> 0.

to

Theorem 4.1. If conditions (C1) — (C4) hold, then equation (1. 1) has unique solution
in P(Cl(TSO U [to — /\, tO]Ts y Rn)
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Proof. Consider an operator A : PC(Ts" U [to — A, to]7s, R?) — PC(Ts® U [to —
AatO]TsJRn) by

O[(t), te [t() — )\,tQ]TS,

Oz(to) + \I/M(t, t())UJQ

Wm(t,@(S))G(SM(S),W(I?(S)))/59(87T)H(T7W(7“)7w(p(7‘)))ﬁ7‘As,

to £l

te (t07t1]

alto) +ZT ) + Wt to)wo

S

+ / U pa (1, O(5))G (5, w(s), w(p(s))) / o5, P)H(r, w(r), w(p(r)) ArAs,

to S0

t € (tistiya], 1 =1, m.

(4. 5)
We see that for any wi, wo € PC(TSO U [to — A, to]rs, R™) and for all ¢ € [tg — A, to]rs,
we have ||(Aw)(t) — (Awz2)(t)|| = 0. For t € (tm, tm+1], simple calculation shows that

(A1) () = (Aw2) ()] <ZHT wi(ty)) = Liwa (7))l

i [ et 00) Nl[CEErTE)

to

~G(s,w(5) )H/mH (101 (r), 1 (1))

_H(r, w2<r>,w2<p<r>>>HAms

m t s
< S Milla(ty) — wnlt )+ [ €8 [ rLa(r) - war)aras
j:l to S0
t s
+/ 05/ L1 (p(r) — wa(p(r)) [ ArAs
to S0
S SN SXCRE]
t€Ts Ulto—A,to]Tg
+2/ 6’5/ TL sup lwr (t) — wa(t)||ArAs
teTs U[to—A,to]Tg
t s
< ZMJ||W1_W2||+2HW1_WQH/ / CéTLArAs
j=1 to v'so
m t s
< ||w1—w2||<ZMj+2//C(STLATAS).
— to 7 so

j=1
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From (Cy), A is contractive and so it is a Picard operator on PC(Ts® U[to — A, to]7s, R™).
The operator A has a unique fixed point which is the unique solution of (1. 1) (from (4. 5))
in PCY(Ts® U [to — A, to]7s, R™). O

Theorem 4.2. If conditions (C1) — (C4) hold, then equation (1. 1) has Hyers—Ulam
stability on T U [to — A, to]Ts-

Proof. Let ¢ € PCY(Ts" U [ty — A, to]7s, R™) satisfies (3. 2). The unique solution w €
PCY(Ts" U [to — A, to]7s, R™) of the dynamic equation

wh(t) = M(t)w(t) +G(t,w(t),w(p(t)))/t g(t, s)H(s,w(s),w(p(s)))As,
teTs =Ts\{t1,t2, - ,tm},
Tw(ty) = w(tl) —w(ty) = Te(w(ty)), k=1, m,

w(t) =¢(t), t € [to— A tolTs,
w(to) = C(to) = wo,

is
C(t)v te [to - AvtO]Tsv
C(to) + W ar(t, to)wo
; / a1, ()G (5, w(5), w(p(s))) / (s, PH(r w(r), w(p(r)) ArAs,
te (to,tl],
w(t) =

((to) + Z Tj(w(t;)) + Yalt, to)wo

+/t ‘I’M(t9(8))G(87w(8)7W(P(8)))/39(8,?")H(TM(T)M(ZJ(T)))ATA&

t e (ti,ti+1}, =1, m.

Since for all ¢t € [tg — A, to]1s, ||C(t) — w(t)|| = 0. For t € (L, ty1], using Lemma 3.4,

‘C(t) o) — aalta o) — SO X))

Jj=1

—/t ‘IIM(t9(8))G(8,C(S)7C(p(8)))/Sg(s,T)H(?“,C(T%C(p(T)))ATAS

1€(8) = w(@®)] <

/ m(t,e(s))(G<s,<<s>,<<p<s>>>

to

£ ITHCE) — Tl )+ ‘
G, w<s>,w<p<s>>>) [ st (H<r, C0r), o)

—H(r,w(r), w(p(r)))) ArAs
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< (m+C(ty —to))e+ ZMJ'HC(t}) —w(t;)

‘ (G(s, ¢(s).C(p(s))

[ ateoo| (0. coon)

ArAs

t

WAt (t, O(s))

to

~Gs(5)wl0(9)

—H(rw(r), w(p(rm) |

IN

(m+ Clty — to))e + S M) — wl(t)]) + / cs [ i)

Jj=1

—w(r)||ArAs+/t 05/5 FLIC() — w(p(r) |ArAs.

Now we define an operator T : PC(Ts” U [to — A, to]rs, RY) — PC(Ts® U [t —
A, to]7s, RT) and we will show that it is an increasing Picard operator on PC(Ts" U [t —
A tolrs, RT),

0,te [to - A tO]Ts7

(tf—to)e—I—/ 0(5/ TLw(r)ArAs

/ 05/ TLw(p(r))ArAs, t € (to, t1],
(Tw)(t) = (4. 6)
t s
(t+ty —to 6+ZMU) / Cé/ TLw(r)ArAs
to S0

/ 05/ TLw(p(r))ArAs, t € (t;,tit1], i =1, m.

For t € (ty, tm+1], following the same steps as in Theorem 4.1, we get

|(Twi) () ~ (Tws) D) < g — wQ(ZM +2 / / CerArAs>

j=1

From (C4), T is contractive on PC(Ts°U[to—\, to] 7, R1). By using Banach contraction
principle, T is Picard operator with unique fixed point w* € PC(Ts" U [t — A, to)7s, RT)
ie.

w*(t) = (m—i—C(tf—to))e—FZMjw*(t;)-i—/ Cé/STLw*(r)ArAs

j=1 ¢

/05/ TLw*(p(r))ArAs.
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As w* is increasing, so w*(p(s)) < w*(s) and we get

m t s
w*(t) < (m+ C(ty —to))e—i—ZMjw*(t;) +2/ 0(5/ TLw* (r)ArAs.
to S0

j=1
By applying Gronwall’s inequality ( [14], Lemma 2.1), we get
w*(t) < (m+Clty—to))e [[ (14 M)ep(t to),
t0<tj <t
where P = f; 2C9TLAr. By setting w(t) = ||¢(¢) — w(t)|| and from (4. 6), w(t) <
(T'w)(t) and hence by abstract Gronwall lemma, we get w(t) < w*(t), so
1K) —w®)]| < (m+Clty —to))e [[ (14 Mj)ep(t to).

t0<t]‘ <t

Similarly, we can prove the following theorem.

Theorem 4.3. If conditions (C1) — (C5) hold, then (1. 1) has Hyers—Ulam—Rassias sta-
bility on Ts" U [tg — A\, to]rs.

Remark 4.4. Following the same procedure, results of Hyers—Ulam stability and Hyers—
Ulam—Rassias stability of (1. 1) can be extended to noninstantaneous impulses of the
form:

wA(t) = A(tw(t) + G(t,w(t),w(p(t)) [ Gt s)H(s, w(s),w(p(s)))As,

to

te (Si,ti—i-l] NTs, 1=0,1, m,
w(t) = gi(t,w(t),w(p(t))), t € (ti,si| N Ts, i =1, m,
w(t) = alt), t € [so — X, s0] N T,

w(to) = Oé(to) = Wo,

where \ > 0, A(t) is a piecewise continuous regressive square matrix, 0 = tg = sop < t; <
51 <ty < ...ty < 8y <ty < g1 =ty are pre—fixed numbers, g; : (t;, s;]NTs xR™ x
R™ — R", i = 1, m are continuous functions and G : (s;,t;11] N Ts x R™ x R" — R™,
H : (Si7ti+l] NTg x R® x R™ — R™, the kernal G : (Si,ti_;_ﬂ NTg x (Si,ti—H] NTg —
R™, i = 0,1, m, are continuous functions. Also « : [to — A\, to]lry — R is a history
function. Moreover, h : [so — X\, tf] N Ts — (s;,tiv1] N Ts is a delay function with the
consumption of continuity, additionally h(t) < t.

5. CONCLUSION

In this paper, we established the Hyers—Ulam stability and Hyers—Ulam—Rassias stabil-
ity of equation (1. 1) with the help of fixed point method together with abstract Gronwall
lemma and Gronwall’s inequality. When finding the exact solution is difficult, then the con-
cept of Hyers—Ulam stability is very important i.e. our results are fruitful in approximation
theory.
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