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Abstract. In the research paper, some new integral results regarding con-
vex functions are authenticated by means of a new generalized fractional
operators so-called generalizédractional conformable integral opera-
tors. We also deduce some other classical integral inequalities as particu-
lar cases for our results.
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1. INTRODUCTION

The inequalities involving integral operators have a fundamental role in differential
equations concerning Mathematics and many fields of sciences. Furthermore, the inves-
tigation of fractional integral inequalities is also of great significance. Over the past two
decades, a great development in this subject has been contributed by many researchers.
A large bulk of work is available in the literature on the integral inequalities by involv-
ing fractional integral operators and tkeanalogues of fractional integral operators, see
[2,3,4,5,7,11, 12, 13, 14, 15, 16, 19, 20, 33, 34] and references therein. The further
details and information can be studied in [6]-[30]. Now, we present some existing results
that have motivated our study. Let us begin by the work of Ngo et al. [28], in which the
following result is established

1 1
/ P y)dy > / v g(y)dy (1.1)
0 0
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and
1 1
/ 9 (y)dy > / yg* (y)dy, (1.2)
0 0
provided that > 0 andg > 0 is a continuous function ob < y < 1 satisfying
1 1
/ 9(y)dy Z/ ydy, 7 € [0,1].

In [25], W. J. Liu. et. al. proved that

b b
/ g (y)dy > / (y — a) g’ (y)dy, (1.3)

whereX > 0, > 0 andg > 0 is a continuous function o < y < b such that

b b
/ 9" (y)dy = / (y —a)’dy;v € [a,b].
In [26], the following two theorems were presented by using the results (1. 1)-( 1. 3)

1.1. Theorem. For two continuous positive functionsandh ona < y < b whereg is
increasing ora, b] such thayy < h on[a, b] and{ is decreasing, then for a convex function
©; ©(0) = 0, the relation

b 1
I, 9(y)dy . 2

holds. And

1.2. Theorem. For three continuous and positive functions g, andh ona < y < b
whereg; andg, are increasing ofu, b] such thaty; < h on[a,b] and 4 is decreasing,
then for a convex functiop; ¢(0) = 0, the relation

12 g1(y)dy - 12 0(91(y))g2(y)dy
IPn)dy ~ [ e(h(y))ga(y)dy

holds. A considerable attention is given by many researchers in literature to (1. 1), (
1. 2)and (1. 3). Numerous generalizations, extensions and variations have existed in
the literature,(e.g. [8, 9, 17, 18, 24, 31]). The following studies [27, 29, 31, 32] and the
references therein can be referred for details. In [11], Dahmani has proved the following
integral inequalities by using the fractional Riemann-Liouville integral operator.

(1. 5)

1.3. Theorem. For two continuous and positive functiopsandh ona < t < b where
g is increasing orja, b] such thaty < h on [a,b] and { is decreasing, then for a convex
functiony; ¢(0) = 0, the relation

I%e(g(t))]
5 (1. 6)

is valid.
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1.4. Theorem. For three continuous and positive functiopsg: andh ona <t < b
whereg, andg, are increasing ofz, b] such thatg; < h on [a,b] and 4! is decreasing,
then for a convex functiop; ¢ (0) = 0, the relation

I ()] - I*e(91(t))g2(t)]
0] 2 e ®)ga (0] (.7

holds. In [10], Chinchane has extended the above integral inequalities by using the Hadamard
fractional integral operator.

1.5. Theorem. For two continuous and positive functiopsandh ona < t < b where
g is increasing orja, b] such thaty < h on [a,b] and { is decreasing, then for a convex
function; ¢(0) = 0, the relation

H*[g(t)]
Helh(t)]

H[p(g(t))] (1.8)

= Help(h(t)]’

is valid.

1.6. Theorem. Let g1, go andh be three continuous and positive functionswor ¢t < b
whereg; andg, are increasing ofu, b] such thaty; < h on[a,b] and 4 is decreasing,
then for any convex functiog; ¢(0) = 0, the relation

Helga(t)] _ HOlp(g1(1))ga (1) @ 9)
He[h(t)] — Hp(h(t)g2(t)]

holds. Recently, a new generalized fractional integral operator known as genekalizadtional

conformable integral operator and the related integral inequalities are introduced by Habib

et. al. [22].

Motivated by the above work, the objective of the presented manuscript is the general-

ization of some classical integral inequalities of [26] for convex functions by means of

generalized:—fractional conformable integral operators. Theorem 1 and Theorem 2 can

be concluded for our results as some particular cases.

2. NOTATIONS AND PRELIMINARIES

This section recalls some basic definitions of generalizeffactional conformable de-
rivative and integral as given in [22].

2.1. Definition. A function f(z) is said to be inL,a, b] if

1

b P
(/ If(Z)I”dz> coo 1<p<oo

2.2. Definition. A function f(z) is said to be inL,, ;[a, 0] if

b P
< |f(z)pzsdz> <oo, 1<p<oo,s>0.
a
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2.3. Definition. If f € Lq[a,b]. Then the left conformable fractional integral operator of
orders > 0 defined by Abdeljawad [1] is given by

I f(z) = /w(tfa)sflf(t)dt, 0<a<z<b<oo,0<s<1. (2. 10)

2.4. Definition. If f € L1[a, ], Then the right conformable fractional integral operator of
orders > 0 defined by Abdeljawad [1] is given by

b
Igf(x):/(b—t)s_lf(t)dt, 0<a<r<b<oo,0<s<l. (2. 11)

2.5. Definition. If f € Ly ,[a, b], then the generalized left conformable fractional integral
operatorf?-® of ordera € C, Re(a) > 0 and0 < s < 1, introduced by Jarad et al. [23] is
defined by

sl—oz

I'(«)

wherel is the Euler gamma function.

TS f(t) = / (t—a)® —(x—a)*)* " (z—a)* ' f(x)dz, 0<a<t<b< oo,

2. 12)

2.6. Definition. If f € Ly s[a,b], then the generalized right conformable fractional inte-
gral operatorg;"* of ordera € C, Re(«) > 0 and0 < s < 1, introduced by Jarad et al.
[23] is defined by

Slfa

’ a—1 1
F(a)/t ((bfﬂf) *(b*t)) (bfx) f(x)dL 0<a<t<b< oo,

(2. 13)

T,0f () =
wherel is the Euler gamma function.
2.7. Definition. If f € Ly ;[a,b], then the(k, s)-fractional conformable integrals (left and

right) [22] of ordera € C, Re(«) > 0 of a continuous functiorf (z) on [0, co), are given
as

a,s (s)l_% ! s s\ F—1 s—1
500 = (P | (=) — =) @) e, 0<a<t<beo,
‘ 2. 14)
and
)% b o
%'Z“ifkﬂt)—/ir)k(a) / ((b—2) = (b= " (b—x)* ' fl@)de, 0<a<t<b<oo,

(2. 15)
respectively, if integrals exist, whefe > 0,0 < s < 1. The existence of thék, s)-
fractional conformable integrals ( 2. 14 ) and ( 2. 15) is proved in [22].

3. FRACTIONAL INTEGRAL INEQUALITIES INVOLVING CONVEX FUNCTIONS

This section contains our main theorems.
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3.1. Theorem. For two continuous and positive functiopsh ona < t < oo whereg
is increasing orja, co) such thaty < h on [a,00) and { is decreasing, then for a convex
function; ©(0) = 0, for anya > 0,3 > 0,t > a, the relation

Batle (900) 8o s (p(h(1) + 80 (9 Tt (A (3. 16)
Bots (O B2 4 (Plo0) + 25 (W) Foiy (w(9() ~ |
is valid.

Proof. Since the functiorp is convex satisfyingp(0) = 0, so the function‘@ is increas-
ing. The functiong is increasing, then the functi 2‘7(5?) is also increasing. Given that

% is decreasing, so for all, p € [a,t),t > a, we have

e(g(r))  wlglp) (9lp)  g(7)
implies that
e(g(n) glp) | eg(p) 9(r)  ¢(g(1) 9(r)  »(g(p)) 9(p)
9(t) hip) g(p) h(r) g(t) h(r g(p) hip) = 0. (3.18)

Multiplying ( 3. 18 ) byh(7)h(p), we have

)
P00 i 4 £OOD

9(7) 9(p)
29 gip) - LX) g(opnr) > . (3.19
Multiplying ( 3. 19 ) on both sides bm (“’“)S’S(T’a)s>% ' s a)H, then inte-
grating the resulting identity w.rit from o to ¢, we get
as [(elg(t)) ) ©(9(p)) s
5, (2 nn) + 2D )52, (00
., S t ., S
h()3, (“”(gg(ff)”g@)) - 29Dy 5, o) 20 (320
Again, multiplying ( 3. 20 ) on both sides b@h ((t )’ ;(" a)’ )Z ' (pii)l,s,then

integrating the resulting identity w.rtfrom o to ¢, we get

si s oo ase, (20 ) + 57, (2900 ) 527, (o)

(i ()
> 5 )2, (P00 + 5 (29000) 522, 000 @20

sinceg < h on|a, o) and function@ is increasing, so for, p € [a,t), we have

p(9(r) _ ¢ (h(r))
g(r) = h(r) ’

(3. 22)
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3
51

Multiplying (3. 22) on both sides byl (w)
integrating the resulting identity w.rtfrom a to ¢, we get
v (9t),
3.23
52, (£9n0) < 522, (o ) (3. 29)
Hence, from (3. 33), (3. 21) and ( 3. 23), the required result ( 3. 16 ) is obtained]

L h(r), then

3.2. Corollary. For two continuous and positive continuous functigns ona < ¢t < oo
whereg is increasing orja, co) such thaty < h on [a, c0) and { is decreasing, then for a
convex functionp; ¢(0) = 0, for anya > 0,t > a, the relation

Salw (9(1) 87, (plg(D))
St n (W) — T3, (e(h(1))”

(3. 24)

is valid.

Proof. Since the functiorp is convex satisfying(0) = 0, so the function‘@ is increas-

ing The functiong is increasing, then the functioﬁﬁw is also increasing. Given that
g(t

[a,t),t > a, we have

ap(g(f)) o9 (9(p)  g(7)
< 9(7) 9(p) )(h(p) h(7)> 20, (3. 25)

implies that

so(g(T))g(p)+sD(g(p)) (1) wlg(r))

J g 9(p)
g9(r)  hip) g(p) h(7) g(t) h(7) 9(p) h(p)ZO. (3. 26)

Multiplying (3. 26 ) byh(7)h(p), we have

)
290 g(ppn(r) + £
el
9(7)

(9(p))

oo —~79(1)h(p)

)
©(g(p))
g(m)h(p) — o(0) ——2g(p)h() > 0. (3. 27)

a1
: : : 1 (t—a)’—(r—a)® \ ¥ 1 . _
Multiplying ( 3. 27 )'on b'oth sides bycm ( . ) T then inte
grating the resulting identity w.r:it from a to ¢, we get

(P <w(g(t))h(t)> +so(g(p))

h(p)Bo¥ k. (9(t)

“BRA () 9(p)
s, (P8 g0)) - 28 gz, )z 0. @29

s s Q71
Again, multiplying ( 3. 28 ) on both sides by ((t_“) —(p—a) ) ’ oy then
integrating the resulting identity w.rstfrom o to ¢, we get

3 () 35 (W(t” h(t)) 13 (W“” h(t)) 3 (9(0)

g(t) g(t)
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> 5 ) 52 (E20000)) 4532, (L0000 ) 522, i) 2. 29)

which follows that

3, () 32 (*"(j(g))h(t)) > 3o, (1) 35 (*”(g(mg(t)) (3. 30)

Sarwl9®) Sar ()
5o (24200) 5o, (9n0)
sinceg < h on|[a, o) and function@ is increasing, so for, p € [a,t), we have

¢ (9(7) _ #(h(r))
g(r) = h(r)

_ . —a) —(r—a)* \ * L
Multiplying ( 3. 32 ) on both sides bm (%) Wh(ﬂ’ then
integrating the resulting identity w.rtfrom a to ¢, we get

(3. 31)

(3. 32)

t
52, (22 ) < 52 e o) (3. 39
Hence, from (3. 31) and ( 3. 33), the required result ( 3. 24 ) is obtained. O

3.3. Remark. Clearly, Theorem (1.1) would follow as a special case of Corollary (3.2)
whenk =1, =1,s =1andt = b.

3.4. Theorem. For three continuous and positive functionsg: andh ona < t < o
whereg; andg, are increasing ofu, co) such thay; < hon|a,co) and%* is decreasing,
then for a convex functiom; ¢(0) = 0, for anya > 0,3 > 0,t > a, the relation

Forp (1@O) 5 (p(h(8)g2(8)) + T, (Fu(D) B2y, (0(h(D))g2(1))
Foi (M0) T (0lg1(8)g2(1)) + T3, (A(E) Foi™, (91 () g2(1)

is valid.

>1, (3.34)

Proof. since the functiorp is convex satisfying>(0) = 0, so the function@ is increas-
ing. The functiory, is increasing, then the functio‘ﬁ(qgll(%’;)) is also increasing. Given that

anlt) jg decreasing, so for afl, p € [a,t),t > a, we have

0)
(P8 o) - 22 ) (a(oinr) - o) 20, @.39)
implies that
AR, ) + ALLDRE g 7y
e(91(m)g2(7) _ ¢l91(p))g2(p) .
AR (1)) - HEEL (i) 0. (@ 30)
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—, then inte-

@1

A : 1 (t—a)®—(t—a)® \ ¥ 1

Mult.lplymg (3. 36 ).on b.oth sides bXW ( . ) )
grating the resulting identity w.rit from a to ¢, we get

5, (PO, ), AN s

g1(t) 91(p)
oy, (P ) - IR )50, ) > 0. @37

f’ _1
Again, multiplying ( 3. 37 ) on both sides b,—yF— ((t o)’ S(p o)’ ) (pfi)lfs , then
integrating the resulting identity w.iptfrom a to ¢, we get

52 o) 32 (OO ) gz, (L)) o, ) >

For (D) F05 , (P(91(8)g2() + Foi', (91 (D) g2(D) F5 s (h(1)) . (3-38)

sinceg; < hona, 00) and the functior?™92(!) s increasing, we obtain

o (W (t >> < §02 (p(hl1)g2(1)) p = . B. (3. 39)
Hence from (3. 38 ) and ( 3. 39 ), we obtain ( 3. 34). 0

3.5. Corollary. For three continuous and positive functionsg. andh ona <t < o
whereg; andg, are increasing ofu, co) such thaly; < h on|[a,co0) and4* is decreasing,
then for a convex functiop; ©(0) = 0, for any« > 0,t > a, the relation
Sty (91(t)) . Stk (0(91(2))g2(1))
3L (D)~ 3, (p(h(0)g2()

(3. 40)

is valid.
Proof. sinceg; < hon|a, ) and function@ is increasing, so for, p € [a,t), we have

¢ (91(1) _ ¢ (h(7))
g(r) = h(r)

£l s g_l
Multiplying ( 3. 41 ) on both sides by'—s ((t’a) —(r=a) )k (T_;)l,sh(r)g2(r),

S

then integrating the resulting identity w.r.from a to ¢, we get
o, S t «o,S
52, (E2Dnn(0) <522, (0 () (0) (3. 42
Also, since the functio is convex satisfying(0) = 0, so the functioﬁ"g—t) is increasing.

The functiong, is increasing, then the functiéﬁ% is also increasing. Given th%i%
is decreasing, so for all, p € [a,t),t > a, we have

(2D gyr) — 2D 0, 05) ) uoantr) ~ oo 20, @49

(3. 41)
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implies that
AR (1)) - HEVEL) (i) 0. (@.4)

s s T-1
Multiplying ( 3. 44 ) on both sides b% (“’“) —(r—a) ) * L, then inte-

s (t—a)

grating the resulting identity w.rit from a to ¢, we get

(537 (LD ) 4 HOD )5 g0

. a,s (p(gl(t))QQ(t) _ (P(gl(p))QZ(p) a,s
e, (2, 1)) - AR g, (1) 2 0. (3. 45)

s s g71
Again, multiplying ( 3. 45 on both sides by ((t_“) —(p—a) ) ’ o then
integrating the resulting identity w.iptfrom a to ¢, we get

Tl s (91(2) Stk (p(g1(2))g2(1))
3Zf7k (h(t)) — g:ﬁk (Mh(t)gg(t))’

g1(t)

(3. 46)

Hence, from (3. 42 ) and ( 3. 46 ), we obtain ( 3. 40). O

3.6. Remark. Clearly, Theorem (1.2) would follow as a special case of Corollary (3.5)
whenk =1,a=1,s =1andt = b.

4. CONCLUSION

The inequalities presented in this manuscript contribute the fractional calculus theory
and related integral inequalities and are projected to direct to applications for developing
uniqueness of solutions in fractional differential and integral equations.

5. ACKNOWLEDGMENT

This work was supported by the Higher Education Commission, Pakistan.

6. CONFLICT OF INTERESTS

The author(s) declare(s) that there is no conflict of interests regarding the publication of
this article.



108 Siddra Habib and Shahid Mubeen

REFERENCES

[1] T. Abdeljawad,On conformable fractional calculysournal of computational and Applied Mathematics
279, (2015) 57-66.
[2] A.Akkurt, Z. Kagar and H. YildirimGeneralized Fractional Integrals Inequalities for Continuous Random
Variables Journal of Probablity Statistics, 2015.
[3] A. Akkurt, M. E. Yildirim and H. Yildirim, On some integral inequalities fdik, h)-Riemann-Liouville
fractional integral] New Trends in Mathematical SciencgNo. 2 (2016) 138-146.
[4] A. Akkurt, M. E. Yildirim and H. Yildirim, On Some Integral Inequalities for Conformable Fractional
Integrals Asian Journal of Mathematics and Computer ReseabchNo. 3 (2017) 205-212.
[5] A. Akkurt, M. E. Yildirim and H. Yildirim, A new Generalized fractional derivative and integraiXiv
preprint arXiv:1704.03299, 2017.
[6] G. A. Anastassiourractional differentiation inequalitiesSpringer, 2009.
[7] S. Belarbi and Z. Dahman@®n some new fractional integral inequalitiek Inequal. Pure Appl. Matl10,
No. 3 (2009) 1-12.
[8] L. Bougoufa,An integral inequality similar to Qi inequalityd. Inequal. Pure Appl. Matlé, No. 1 (2005)
27.
[9] K. Boukerrioua and L. A. Guezan®n an open question regarding an integral inequalitylnequal. Pure
Appl. Math.8, No. 3 (2007) 77.
[10] V. L. Chinchane and D. B. Pachpatt&, note on some integral inequalities via Hadamard integthl
Fractional Calculus AppH4, No. 11 (2013) 1-5.
[11] z. DahmaniA note on some new fractional results involving convex functidog Math. Univ. Comeni-
anae8l, No. 2 (2012) 241-246.
[12] z. DahmaniNew inequalities in fractional integral$nt. J. Nonlinear Sci9, No. 4 (2010) 493-497.
[13] Z. Dahmani,The Riemann-Liouville operator to generate some new inequalities). Nonlinear Scil2,
No. 4 (2011) 452-455.
[14] Z. DahmaniSome results associated with fractional integrals involving the extended Chebyshev functional
Acta Universitatis Apulensig7, (2011) 217-224.
[15] Z. Dahmani and A. Benzidanblew inequalities using Q-fractional theqrigull Math. Anal. Appl.4, No.
1(2012) 190-196.
[16] Z. Dahmani, L. Tabharit and S. Taflew generalisation of Gruss inequality using Riemann-Liouville frac-
tional integrals Bull. Math. Anal. Appl.2, No. 3 (2012) 92-99.
[17] Z. Dahmani and N. Bedjaou§ome generalized integral inequalitis Advan. Resea. Appl. MatB, No.
4 (2011) 5866.
[18] Z. Dahmani, H. Metakkel ElardGeneralizations of some integral inequalities using Riemann-Liouville
operator, Int. J. Open Problems Compt. Ma#h.No. 4 (2011) 4046.
[19] Z. Denton and A. S. Vatsal&ractional integral inequalities and application€omput. Math. Appl59,
(2010) 1087-1094.
[20] A. A. George Fractional Differentiation InequalitiesSpringer Publishing Company, New York, 2009.
[21] R. Gorenflo and F. MainardFractional calculus: integral and differential equations of fractional order
Springer Verlag, Wien (1997) 223276.
[22] S.Habib, S. Mubeen and M. N. Naee@hebyshev type integral inequalities for Generalized-ractional
Conformable IntegralsJournal of Inequalities and Special Functi@lo. 4 (2018) 53-65.
[23] F. Jarad, E. Ugurlu, T. Abdeljawad and D. BaleaBu a new class of fractional operatgrAdvances in
Difference Equationg, (2017) 247.
[24] W. J. Liu, C. C. Liand J. W. DondPn an open problem concerning an integral inequalityinequal. Pure
Appl. Math.8, No. 3 (2007) 74.
[25] W. J. Liu, G. S. Cheng and C. C. Lkurther development of an open problem concerning an integral
inequality, J. Inequal. Pure Appl. Mat!9, No. 1 (2008) 14.
[26] W. J. Liu, Q. A. Ngo and V. N. HuySeveral interesting integral inequalitie3ournal of Math. Inequis,
No. 2 (2009) 201212.
[27] D. S. Mitrinovic, J. E. Pecaric and A. M. FinKlassical and new inequalities in Analysi€luwer Acad-
emic Publishers, Dordrecht, 1993.



Some New Fractional Integral Results Involving Convex Functions by Means of Generalizedtional Conformable Inted@9

[28] Q. A. Ngo, D. D. Thang, T. T. Dat and D. A. TuaNptes on an integral inequalityl. Inequal. Pure Appl.

Math.7, No. 4 (2006) 120.

B. G. Pachpattdylathematical inequalitiedNorth Holland Mathematical Librar§7, (2005).

1. Podlubny, Fractional Differential EquationsAcademic Press, San Diego, 1999.

F. Qi, Several integral inequalities). Inequal. Pure Appl. Matfi, No. 2 (2000) 19.

M. Z. Sarikaya, H. Yildirim and A. Saglan©n Hardy type integral inequality associated with the gener-

alized translationInt. J. Contemp. Math. Scl, No. 7 (2006) 333340.

[33] W. Yang,Some new fractional quantum integral inequalifiéppl. Math. Lett.25, No. 6 (2012) 963-969.

[34] C. Zhu, W. Yang and Q. Zha&ome new fractional g-integral Gss-type inequalities and other inequali-
ties J. Inequal. Appl. (2012) 299.

[29
[30
[31
132



