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1. INTRODUCTION

The past few decades have witnessed an explosion of research on inequalities, including
a large number of papers and many fruitful applications. It is recognized that, in general,
some specific inequalities provide a useful and essential gadget in the development of var-
ious branches of mathematics.

A function z : I C R — Riis called convex function if

zwve+ 1 —-v)y) <vz(z)+(1-v)z(y),

where z, y € I and v € [0, 1].
The theory of convex functions is considered to play a fundamental part in the study of
inequalities.
As is notable, the Hermite-Hadamard inequality is one of the most important mathemat-
ical inequalities for classical convex functions. It is stated as follows:
If z : [U1,92] C R — Ris a convex function, then
Z(ﬁl+ﬁ2) < 1 /192 z (91) + 2z (J2)

<
5 <h=ul, z(x)dx < 5

(1. 1)
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holds. The importance of the Hermite-Hadamard inequality is due to its role in different
branches of modern mathematics such as numerical analysis, functional analysis and math-
ematical analysis. It was first observed by Hermite [8] and redeemed later by Hadamard
[6]. It is considered as one of the most distinguished results on convex functions due to
its strong geometrical significance and applications. Various refinements, generalizations
and applications of Hermite-Hadamard inequality can be seen in [1]-[5], [7], [9]-[13] and
[14]-[34].

Definition 1.1. [11] Ler I C R\ {0} be a real interval. A function z : I — R is said to be
harmonically convex, if

Ty
Z<V$+(1—V)y> <vz(y)+ (1 -v)z(z) (1.2)

forallz, y € I and v € [0,1). If the inequality in ( 1. 2 ) is reversed, then z is said to be
harmonically concave.

A result which connects the usual convexity and the harmonic convexity can also be
found in [11].
The following Hermite-Hadamard type inequalities were studies in [6].

Theorem 1.2. [11] Let z : I C R\ {0} — R be a differentiable mapping on I°, where ¥,
Yo € I° with 91 < . IfZ/ SR [191, ’192], then

9o

2191192 191192 z (191) +z (192)

< < —F— =7 .

z<191+192>192_191/z(x)d95 5 (1. 3)
91

The above inequalities are sharp.

The following error bounds for the difference between the middle and the rightmost
terms in ( 1. 3 ') were also studied in [11].
Theorem 1.3. [11] Let z : I C (0,00) — R be a differentiable mapping on I° and 4,

Yo € I° with ¥ < Uo. Ifz’ € L [91,92) and ‘z/’ is harmonically-convex on [V, 93] for

oc>1
P
)20 0 [ g
Y1
< WAi—% (a2’ )7 + s ]2 (92))7, (1. 4)
where

1 2 ?
A = _ _In (U1 +92) ’
V12 (91 — ) 40172

1 (391 +92) . [ (01 + 12)°
Ao = — + )4
? Oo (91 = Va2) (9 —)* ! ( 40172
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and

1 (3’[92 + 191) (191 + 192)2
)\3 = - 3 In .
U1 (01 —d2) (99 — ) 49172

Theorem 1.4. [11] Let z : I C (0,00) — R be a differentiable mapping on I1° and ¥,
V9 € I° with 91 < Vs Ifz/ € Ly [¢1,92] and ‘z/’ is harmonically-convex on [¥1, J2] for
J>1,%+%:1,then

P
z (191) + z (192) 191’(92
5 —192_191/2(33)@:
U1
910 (95 — 0 1 NE ok
< el =) () (e 001 4l 0L (1.9)

where
92727 19372 (P99 — 91) (1 — 20) — V4]
2(05 — 1) (1 — o) (1 — 20)

=

9372 — 9127 (0 — 0h) (1 - 20) + 03]
2 (0 — 91)> (1 — o) (1 — 20)

H2 =

In Section 3, we will give a comparison of our results with those given in Theorem
1.3 and Theorem 1.4. For different generalizations and extensions of harmonic convex
functions and related Hermite-Hadamard type inequalities, see for example [1, 2, 7], [10]-
[13], [16], [23] and [32]-[34].

2. HERMITE-HADAMARD TYPE INEQUALITIES FOR HARMONICALLY-CONVEX
FUNCTIONS

Lemma 2.1. Let z : I C R\ {0} — R be a differentiable mapping on I°, where 94,
¥y € I° with ¥y < 5. If 2 € Ly [01,92), then

P
V19
Ea— /z(x)dx—z(ﬁl)
91

1

1—|—V / 29115
= 9192 (¥ — 91) / z ( )dl/
102 (92 = 1) J (X 1, 920))" \Xa (91, 0250)

1

’ 29199 >
d 2.6
/ X1 ?91,192, ))22 (Xl (191a192§y) v ( )

0

+
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1
l—V) ’ 2191192 )
= 9195 (¥3 — 94) dv
! 2( 2 ! [0/ 191,192, ))2Z <X2 (19171925V)

1
271/ ’ 2191192 )
+ 2 |, @7
0/ 1 (01,095 1))? <X1 (V1,92;v) ]

where X (V1,V2;v) = vis + (2 —v) 01 and Xo (V1,02;v) = (1 +v) 02 + (1 —v) V1.

Proof. By integration by parts, we have

1
/ 1+I/ ’ ( 2191192 >d}/
z
; ?91,192, )2 Xo (791’19%”)
1

_ / (1+v)d 2019 }
T 2010, (92 — 1) 192—191 X5 (01,92;v)

0
1 2099
= -—— ]. - A <
299199 (192—191) ( +Z/)Z(X2 (191,’!92;1/))

1
1 291099 )
+— = )dv
2019, (V2 — 1) o/ (Xz (V1,995 1)

_ 2(191) + 1 5 ( 2191192 >
- Y199 (192 — ?91) 29115 (192 — 191) ¥ + 99

1
1 291099 )
+— = | —= _)dv
20195 (Y2 — V1) 0/ (Xz (91,99; V)

1 (19 )+ 1 Z( 211199 )
=
¥199 (192 — 191) ! 291195 (192 — 191) Y1 + 99

1

0
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Similarly, we can get

1
he (2
; (X1 191,1927 )? X1 (V1,72;v)

1 ( 21917 ) n 1 / (2)d
- z z (x) dx,
20199 (V2 — ¥1)  \ V1 + 2 (95 — 91)°

1

/ 1— V Z/ ( 2191192 )du
5 (91, 09: 1)) Xo (91,925 v)

0

291 9g

_ 1 z( 20105 ) - L / 2 (z) dw
20192 (V2 —0h) " \ 1 +92/) (95— 91)*

and

1

/ 2—1/ Z/( 2'(91192 >dl/
L (91,09;0)F \ X1 (01,925 v)

0

B ( 2011, ) . 1 £ (0)
2010, (192 00 N\ 02 ) T 0105 (02— 91) 2
P

29199
T1F0

Adding I; and I, and multiplying the result by ¢ 92 (92 — 1), we get (2. 6 ). Adding I3
and I and multiplying the result by ¥19s (92 — ¥1), we get (2. 7). |

Corollary 2.2. Let z : I C R\ {0} — R be a differentiable mapping on 1°, where 94,

192 € I° with 191 < 192. IfZ/ €l [191,’192], then

Yo
2O0) +2(0) 010
1 : 2) U1l /z(m)dm

Yo —
1
/ 1 — l/ ZI < 2191192 ) dy
) L (01,09:0)F \ X1 (01,92;5v)
1

’ 2'[91'[92 )
z dv|. (2.8
/ X2 191,’192, )2 <X2 (1917192;1/) ] ( )

0

l

=195 (99 — 0
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Condition A Let z : I C (0,00) — R be a differentiable mapping on I° and ¥,
¥y € I° with ¥y < . If 2 € Ly [¢}1,¥2] and ’z/‘ is harmonically-convex on [¢1, J5]
foro > 1oro > 1, then

Theorem 2.3. With reference to Condition A and o > 1, then

V2
V19,
Fa— /z(m)dacfz(ﬁl)

91

X {[041 (191,192)]1_é (B1 (91,02) 12" (91)|7 + B2 (V1,92) |2 (92) |U)%

o (91, 92)] 77 (Ba (91,92) [/ (91)|7 + B (9, 92) |2/ (92)]) 7}, (2. 9)

< Y195 (V2 — th)

where
191 1 27.92 )
o (V1,72) = + In ,
0Y2) = G T oy~ da (191+192
1 1 294 )
91,0 + In ,
o (91,92) = 01—V (9 —a)° (?91 + U2
1 1 291
91,0 — 1 ,
Bu (01, 92) = U1 =2 (91 —92)? n(ﬁl +192>
201 — 9199 — U9
91,0
B2 (V1,92) = 205(0; — 92)3(91 + U2)
29 299
|
BT SE n<191+192>’
Y1 + 39
ﬂ3 (1917192) = ! 2 2
2 (91 —¥2)” (91 + 92)
2094 ( 2094 )
— 3ln
(V1 —2) U1+ D2
and
Y1 + 3¢
Ba (V1,92) = — ! 2

2 (9 — 92)% (91 + 92)

(01 + 92) ( 204 )
— 7 1n .
(191 — 192) 191 + 192
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Proof. From (2. 6), using the power-mean inequality and the harmonic-convexity of ‘z/

on [¢1, 2] for o > 1, we have

s ! -7
U102 / / (A +v)dv
dr — z (91)| < 9192 (Y2 — ¥ —
192_19119 z(z)dr — 2z (V1) < V192 (V2 1) (0 (X2(191,192;V))2

1 (1+v) 14v e lov. , 0 ’
X (0/ (Xz(ﬁhﬁz;V))Q{ 5 12" (V)" + 5 12" (92)] }dy)

1 -2 -
vdy vI[412 (01)]7 + 2 |2 (92)]7] dv
i (/ X, (1917192%V))2> </ (X1 (9, 023 )" )

Calculations of the integrals in ( 2. 10 ) leads to the inequality ( 2. 9). O

Corollary 2.4. Ifo = 1 in Theorem 2.3, we have

Vo
V199
Ea— /z(x)dx—z(ﬂl)
U1

< V195 (92 — 91) {[B1 (01, 02) + B3 (91,92)] |2 (01)]
+ B2 (91,02) + Ba (V1,02)] [2' (92)[}, (2. 11)
where 31 (91,92), B2 (V1,92), B3 (1, 02) and B4 (01, 92) are defined in Theorem 2.3.

Theorem 2.5. With reference to Condition A and o > 1, % + % =1, then

V2
19;91_19391 /z(x) dx — z (%)
91
< 102002 = ) fioe 1) (3, (0,0 2 (00)17 + 2 (91, 02) [/ (92)]°)
(€ + 1)
+ (93 (91,92 |2 (01))7 + 9 (91,02) [ (92)7) 7}, 2. 12)
where
71 (91, 72)

A9 (20 (0 — 1) — 92 (20 — 1)) — (91 + U2) 72 (91(20 — 3) — U2 (20 — 1))
B 4(9; —92)2(0 —1)(20 — 1) ’

417792727 (9 4 99)1 727 (91 (20 — 1) — 95 (20 — 3))

2 (91, 92) = 401 — 02)%(0 — 1)(20 — 1) ’
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417792729 4 (9 + 99) 27 (91 (20 — 3) — 05 (20 — 1))
409, — 99)2(0 — 1)(20 — 1)

vz (V1,72) =
and

Y4 (91, 72)
LAY (205(0 — 1) — ¥y (20 — 1)) + (D1 + U2) 727 (91 (20 — 1) — ¥2(20 — 3))
B 4(9; — 9)2(0 — 1)(20 — 1) '

Proof. By using the first equality of Lemma 2.1, application of the Holder inequality and

the usage of harmonic-convexity of

! .
z’ ,o>1,gives

Jo
/z () dx — z (91)| < V102 (V2 — V1)

a1

9199
Vg —

1 . € 1 [1457,/ |Z/(191)‘U+1;7V|Z/(’l92)|0] dv e
X (O/(I—HJ) du) (/ (X (1917192;V))20 )

0

+ /1V€du 51 @0 + 5 @) v |
o (X1 (91,92; 1))

0

After evaluating the integrals in the above inequality, we get (2. 12). O

Theorem 2.6. With reference to Condition A and o > 1, % + % =1, then

Jo
191192 /Z({)S) dw—z(ﬁl) Sﬁl’ﬂz (192 —191)
Pg — 91
91

e

(W e I AN et I wzﬂa) %

x {[75 (Y1, 99)] 2(c+1)(c+2)

L0+ 2) |2 ()7 + (0 +3) ]2 (92)]7)?
+ [v6 (¥1,92)]¢ ( IEESCES) > } (2. 13)
where
. 21725192 — (191 + 192)1_25
) = T - )
and
21269, — (91 4 ¥5)" %
Y6 (V1,02) = — 1~ (1 +7)

(26 = 1) (V1 — V)
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Proof. Usage of the first equality of Lemma 2.1, application of the Holder inequality and

applying the harmonic-convexity of ‘ ’ o >1,gives

9o 1

1 3
1902 / z)dx — 2 (91)| < 9102 (95 — 1) / s dv
192—19]_ o X2 19171927 ) '
1 a
1 — o
x (/(HVV’[ - Y1 (9,) ]d)
0
1 % 1 2
— UV
+ Ve 2" (V1) 2 (Y U] dv
(/ Xl 1917192; ) (/ |: | 1 2 ‘ ( 2>| )

2" (00" +

1
o

0 0
2. 14)
By evaluating each integral in ( 2. 14 ), we get (2. 13). g
Theorem 2.7. With reference to Condition A with ¢ > 1. Then
s f
172 /z(x) dz — 2 (92)] < 9195 (95 — 1)
¥y — V1
91
x {161 (91, 92)]' 77 (61 (91,02) |2/ (90)]7 + 02 (91, 92) |2/ (92)[7)
(02 (91, 92))177 (83 (91, 92) |2/ (92)]7 + 64 (91, 92) |2/ (92)]°) ?} , (2. 15)
where
1 1 20, >
01 (91,0 In ;
e (91 — o) (ﬁl + 72
By — 910 1 20
92(’!91,’[92): 2 21 2 + 2111( ! ),
Al (’191 — 192) (191 + 192) (’191 — 192) U1 + U
—391 + 20105 — 99 (191 + 192) ( 299 >
61 (91,02) = _In
1 (01, 72) 2001 — U2)3(01 + 92) | (91 —92)3  \0; + s
¥1 4 20195 — 30, 20, ( 20, >
b (91,0) = - 1
2 (01, 2) 201 — 92)3(01 +92) (91 —92)3  \ W1 + s
V1 4 20195 — 392 (01 + U) ( 204 )
85 (91,09) = — - 1
30 02) = = W+ 0a)  Wh =920 "\ 9y 1 05
and
V1 4 9195 — 204 204 ( 204 )
64 (91,0 - In :
(W, 72) = 201 (91 — 02)3(01 +02) (01 —02)3 \ 0y + Vs
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Proof. Taking the absolute value on both sides of ( 2. 7 ), using the power-mean inequality

’ (o2
and the harmonic-convexity of ‘z ‘ on [J1, 5] for o > 1, we have

Jo 1 17%
191’[92 / / (1—V)
dr — z (V)| < itdg (Vo — 0 —d
192719119 z(z)dz — z (V)| < 9192 (92 — V1) (0 (Xa (01, 92:0))° v

/ 1-v) 14+v,, o 1—-v, , .
X(!@&whmww{ o+ QZwa@da

1& EZ/ o 2—-v Z/ o 5
x(g/(xl(ﬂl,ﬂQ;y)V [2 W0)” + == |2 (92)] ]d) . @ 16)

Calculations of the integrals in ( 2. 16 ) give the inequality ( 2. 15). ]

Corollary 2.8. If o = 1 in Theorem 2.3, we have

V2
919
172 /z(x)dx—z(ﬂg) < 9195 (9 — 1)
Vg — V1
91

X {[51 (191,192) + 53 (191,192)] |Z/ (191)| + [52 (191,192) + 04 (191,192)] ‘Z/ (192)”’, 2.17)

where §1 (91,92), 02 (91,92), d5 (U1, 92) and 64 (91, 92) are defined in Theorem 2.7.

Theorem 2.9. With reference to Condition A and o > 1, % + % =1, then
0o [
1V2
Fa— /z(x)dm—z(ﬂg)

91
9192 (P9 — 0 - o 1

< D02 =) £ (0 (9,0 27 007+ (92,9 ' (92)[°)*

(E+1)¢

1

+ (2 - 1)% (73 (01, 92) |2 (91)] + 7 (91,92) [/ (192)|U);}7 (2. 18)

where 1 (V1,92), Y2 (V1,72), v3 (¥1,92) and 4 (01, 02) are defined in Theorem 2.5.
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Proof. By using the second equality of Lemma 2.1, application of the Holder inequality

and the usage of harmonic-convexity of ‘ ‘ on [91, 5] for o > 1, gives
D0y [
172 /z(x) dz — z (92)] < 9195 (92 — 91)
¥o —
Y1
1 € /1 g
1+1/ 1—v V
7+ 9 d
/(1—1/)§du / |Z 19 N |Z(2>|] v
r 0 1, V25V ))
1 T/ >
2 u / 19 o d ’
o fe-vra) ([lE = @] i
X1 191,1927 v))*
0 0
After evaluating the integrals in the above inequality, we get ( 2. 18 ). ]

Theorem 2.10. With reference to Condition A and o > 1, % + % =1, then

V2
10 /z () dz — 2 (02)| < 91095 (93 — V1)
0y — 01
91

L (@ +3) 7 )] + (0 + 1) |2 (02)]7 7
X {[75 (191’192)} ( 2(U+1) (U+2) )
+ [y6 (91, 92)] €

(20+2 R — 3) |2 (191)|0 F(o+1) (20+2 . 1) E (192)|g' 1
X( 2(c+1)(c+2) ) , (2.19)

where v5 (91, 02) and v6 (¥1,V2) are defined in Theorem 2.6.

Proof. Usage of the second equality of Lemma 2.1, application of the Holder inequality

and applying the harmonic-convexity of ‘z/‘ on [91, 5] for o > 1, we get

=

Yo 1

V19 / / dv
dr — z (99)] < 97099 (V5 — 9
192719119 z(x) dx — z (¥2)| < D192 (V2 — 1) J (X (0r. 09 0%
/ 1 1 ’ / d
+v , o -V, , o v
X |2 (V1) + |2" (92)] }du + /
/ [ 2 (X1 (01,095 1))%
0 0
1 z
/(2 —)e [; 12 (90)] + 2 v (192)|"] i b o0

0
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By evaluating each integral in ( 2. 20 ), we get (2. 19) O
Now we present some trapezoidal type inequalities for harmonically-convex functions

Theorem 2.11. With reference to Condition A and o > 1, then

V2
z (V1) + 2z (U2) B 9199 /Z (z) dz| < 919 (99 — V1)
2 192 — 191

Y1

X {[771 (91,92))' "7

+ [ (92,91)]' 7

al-

(1 (91,92) |2/ (91)]7 + p2 (91,92) |2/ (92)]7)

(p2 (92,01) [2" (91)]7 + pa (92,91) |2 (¥2)]7)

5}, 2. 21)
where
1 1 2199 )
91,72) = + In ,
m (91,92) 2(01 —02) V2 (9 — 0,)? (191 + 7
) + 9 3 + 9 21
w1 (01,92) = ! 22 + (371 2)3 In < 2 )
2 (191 — 192) 192 2 (’191 — ’192) 191 + 792
and
1 3 + 0 29
N2("917192):_ 5 — ( 2 1)3111( 2 )
(191 — 192) 2 (191 — ’192) 7~91 + 192

Proof. Taking the absolute value on both sides of ( 2. 7 ), using the power-mean inequality

on [¢1,¥s] for o > 1, we have

P
z (’191) + z (192) . 9199

< _
5 192 — 191 /Z(.’t) dx < 191’[92 (192 191)
Y1
1 17% P’ o 1—u / o %
/ /V H)|° + |2/ (92)|7] dv
J (X2 19171927 v))? J (191,1927 v))?
1 1_% 1 o 2—v o ;
N / (1—v)dv / (1-v) 2|,z V)7 + 2|2 (02)] ]du
J (X1 (01,92 1))° J (X1 (91, 923))?

(2.22)
Calculations of the integrals in ( 2. 22 ) give the inequality ( 2. 21)



New Hermite—Hadamard type Inequalities for Harmonically-Convex Functions

Corollary 2.12. According to the assumptions of Theorem 2.11 and for o = 1, we have

P
Z(Q91)+Z(192) 191192

9 — 192_191 /Z(I)dl‘ Sﬂl’ﬂg (1927’[91)
Y1

X {[p1 (91, 02) + pa (92,91)] 12" (91)]

+[,LL2 (191,1924’#1 (1927191))”2/ (192)|}, (2 23)

where iy (U1, 92), po (U2, 91), po (Y1, 92 and py (¥2,91)) are defined in Theorem 2.11

Theorem 2.13. With reference to Condition A and o > 1 Ly % =1, then

Vo
z (191) +z (192) 191192 /
5 Ea— z (x) dx

Y1

M 1191’[922/’!910 219119221/192(7é
< {1 @192 127 @1)17 + 72 (91,02 |2 (92)]7)

+ (3 (93, 92) |2 (00)|7 471 (91, 92) | (82)]7)7 (2. 24)

where 1 (91, 92), v2 (91, 92), v3 (V1,92) and v4 (91,92) are defined in Theorem 2.5

Proof. By using the second equality of Lemma 2.1, application of the Holder inequality

on [¥1,Ys] for o > 1, gives

Vo
2(191)+Z(192) 191’[92

B) — 192_191 /Z(l’)dﬁﬂ §191’l92 (1927191)
91

1 1-v
/ 7+ 57 |2 (92)] ]dl/
0
z

=

191; '1927 ))

1 =
271/ / 9 o d
[ Jamwar) ([LE )]
J X1 191,1927 v))*?

After evaluating the integrals in the above inequality, we get ( 2. 24 )



14 Muhammad Amer Latif and Sabir Hussain

Theorem 2.14. With reference to Condition A and o > 1, % + % =1, then

Yo
z(01) +2(02) V10 /z(x)da: < 010 (95 — 01)
2 Yy — 91
U1

2(c0+1)(0c+2)

+ [y6 (91, 9)]¢ ('Z/ (191)2| (;4521(; 2;31'22)/ (V)] >} (2. 25)

8 {[% (91, 92)]¢ ((2”3) |2 (91)|7 + |2/ wg)r’)v

where v5 (91, 02) and 6 (¥1,V2) are defined in Theorem 2.6.

Proof. Usage of the second equality of Lemma 2.1, application of the Holder inequality

and applying the harmonic-convexity of ’zl ‘ on [91, 9] for o > 1, we get

P
2(191)+Z(192) 191192 /
5 Ea— z (x) dx
Y1

=

1
1
<y (g — 0 / dv
102 (V2 — V1) J (X (01, 92; 1))

—

o=

=

1

1
1+l/ , o 1—v o dv
X v’ |2 (01)|” + |2 (92)] :|dl/ + /
O/ |: 2 2 ) (Xl(’lgl,ﬁg;y))QE

1

1

(e 2 - o
X /(1 —v)’ [; 12" (V1)]” + > v |2 (92)] ] dv p. (2.26)
0
By evaluating each integral in ( 2. 20 ), we get (2. 19). 0

3. COMPARISON OF THE RESULTS

In this section we give a numerical comparison of our results given in Theorem 2.11,
Theorem 2.13 and Theorem 2.14 with those given in Theorem 1.3 and Theorem 1.4. Let
FE4, Es, E3, E4 and Es5 be the error bounds in Theorem 1.3, Theorem 1.4, Theorem 2.11,
Theorem 2.13 and Theorem 2.14 respectively, then the following tables have been prepared
to compare the results by using the software Mathematica From Table 1 and Table 2, it is
obvious that the error bounds in Theorem 2.11, Theorem 2.13 and Theorem 2.14 are better
than those given in Theorem 1.3, Theorem 1.4.
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TABLE 1
E, Esy
U1 =5,0,=10,0=3.2/ (x) =« 11.1168 | 11.0697
U1 = 05,05 = 0.75,0 = 2,2 (z) = « | 0.0416266 | 0.0415459
Y1 =5, =10,0 =2,2' () =z 11.4336 11.2709
U1 =05,0, =0.75,0 = 2,2 (x) =z | 0.0421681 | 0.041863
TABLE 2
Fy E, Es
Uy =50, =10,0=2,6=5,2 (z) =x 147838 | 143739 | 11.6059
Y91 =0.5,99 =0.75,0 = %,5 =57 (x) = 0.0570742 | 0.0564602 | 0.0432951
9 =509 =10,0 =2, =2,2'(z) =« 13.8193 12.5324 12.2711
01 =05,0,=0.75,0 = 2,£ = 2,7 (z) = « | 0.0495933 | 0.041863 | 0.0476111
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