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Abstract. Given a simple graph G(V, E), consider a bijective function
I' from V(G) U E(G) to [v + €], where v = |V(G)| = order of G,
e =|E(G)| = size of G.Ifforalle = 2y € E(G),T'(z)+T'(e) +T'(y)
is a constant, then I is called an edge-magic total (EMT) labeling. More-
over, if I'(V(G)) = [v], then T is a super edge-magic total (SEMT) label-
ing of G and GG is a SEMT graph. If a graph G has at least one SEMT label-
ing then the smallest of the magic constants for all possible distinct SEMT
labelings of G describes super edge-magic total (SEMT) strength, sm(G),
of G. For any graph G, SEMT deficiency is the least number of isolated
vertices which when uniting with G yields a SEMT graph. This paper fo-
cuses on finding SEMT strength of generalized comb Cb,(2,3,...,7+1)
and evaluating SEMT labeling and deficiency of forests be composed of
two components, where one of the components for each forest is aforesaid
generalized comb and other component is star, bistar, comb, path respec-
tively.
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1. BASIC TERMINOLOGIES

The graphs throughout our discussion will be planar, finite, without having; directions,
multiple edges, loops. A (v,e)-graph G determines an edge-magic total (EMT) labeling
when I' : V(G) U E(G) — {1,v+ ¢} is bijective so as the weights at every edge are
same constant (say) ci.e., for z,y € V(G); I'(x) + I'(xy) + I'(y) = ¢, independent of the
choice of any xy € E(G), such a number is interpreted as a magic constant. If all vertices
gain smallest of the labels then an EMT labeling is called a super edge-magic total (SEMT)
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labeling. Kotzig and Rosa [17] and Enomoto et al. [7] first introduced the notions of EMT
and SEMT graphs respectively and presented the conjectures: every tree is EMT [17], and
every tree is SEMT [7].

If a graph G has at least one SEMT labeling then smallest of the magic constants for all
possible distinct SEMT labelings of G is called a super edge-magic total (SEMT) strength,
sm(G), of G. Avadayappan et al. first introduced the notion of SEMT strength [4] and
found exact values of SEMT strength for some graphs.

In [17], the notion of EMT deficiency was proposed by authors and Figueroa-Centeno et
al. [8] continued it to the SEMT graphs. For any graph G, the SEMT deficiency, denoted
1s(@G), is the least number n of isolated vertices that we have to take in union with G s.t.
the resulting graph G U nK; is SEMT, the case +oo will arise if no number of isolated
vertices meet this criterion.

Exact values for SEMT deficiencies of several classes of graphs are provided in [9, 8],
authors also proposed a conjecture which tells us about the confined deficiencies of the
forests. In [10], an assumption was made as a special case of previous one that says, the
deficiency of each two-tree forest is not more than 1. Baig ef al. [6] determined SEMT
deficiencies of various forests made up of banana trees, stars etc. In [13, 20], S. Javed
et al. and Ngurah et al. gave some upper bounds for SEMT deficiency of forests be
composed of stars, fans, comb, double fans, wheels and generalized comb. The results in
[1,2,3,5, 15, 16, 18, 19] migth found useful in the aspect of examined labeling here. A
general reference to graph theoretic terminologies can be found in [21]. For more review,
see the recent survey of graph labelings by Gallian [12].

SEMT strength of generalized comb Cb,(2,3,...,7 + 1) and SEMT labeling, SEMT
deficiency of forests formed by aforesaid generalized comb with star, bistar, comb and path
respectively, are enveloped in our present work. The values of parameters of star, bistar,
comb and path are totally dependant on the parameters involved in generalized comb.

2. THE RESULTS

Star on n vertices is isomorphic to K ,_;. When we join two stars K 4, K ; through
a bridge, where g,h > 1 and g + h = n — 2, the resulting tree is termed as a bistar
BS(g,h). P, denotes the path of order n and size n — 1, with vertices labelled from z; to
xy, along P,. The comb Cb,, [6] is an acyclic graph consists of P,, together with n — 1 new
pendant vertices y1, Y2, ..., Yyn—1 adjacent to x3, x3, ..., T, respectively, thus the new edges
obtained are {2, 11y, : © € {1,n — 1}}. A generalized comb [13] is basically a detailing
(or subdivision) of a comb’s pendant vertices hanging from main horizontal path to form
7 hanging paths of order ¢,, this is denoted by Cb, ({1, {2, ...,¢,). This work deals with
the generalized comb Cb,(2,3,...,7 + 1), in which each next hanging path has one more
vertex than the previous one, as shown in fig. 1.
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FIGURE 1. Generalized comb Cb4(2,3,4,5)

FIGURE 2. (i) A Bistar BS(5,4) with consecutive edge-sums,
(ii) A SEMT Bistar BS(5,4) with magic constant ¢ = 28

The following Lemma is an elementary tool for proving graphs to be SEMT. It will be
used as a base in each result presented in this work.

Lemma 2.1. [11] A (v, ¢e)-graph G is SEMT if and only if 3 a bijective map T : V(G) —
{1, v} s.t. the set of edge-sums

S={T()+T(m):lme EG)}

constructs € consecutive Z . In that case, G can elongate to a SEMT labeling of G with
magic constant ¢ = v + € + min(S) and

S={c—(w+e),c—(wv+e)+1,....c— (v +1)}.

To understand the lemma 2.1, we consider an example, see fig. 2, where it is shown that
if a graph constitutes consecutive edge-sums then its super edge-magicness is assured.
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It can be seen easily that following result about SEMT graphs also holds i.e.,

Note. [4] Let ¢(I") be a magic constant of a SEMT labeling of I of G(V, E), then we end
up on this statement:

eel) = Y dego(@)T(v) + Y. T(p), =BG @1
veV peER

For a single graph, many SEMT labelings might exist and of-course for a different la-

beling, there will be a different magic constant. In our another paper [14], we already have

established the bounds for magic constants of generalized comb Cb, ({1, 0o, ..., 0. ); 7 > 2

with e = 7¢ and SEMT strength for balanced generalized comb Cb, (¢, ¢, ..., ¢). Hence,

for generalized comb Cb,(2,3,...,7 + 1), the bounds for SEMT magic constants will be

same with ¢ = @ but SEMT strength will vary with some differences as described
under.

3. SEMT STRENGTH OF GENERALIZED COMB

From SEMT labeling for generalized comb Cb,(2,3,...,7+ 1); 7 > 2, [13], we have
27246742 +1
2

magic constant ¢ = 72+44T+111 and by given lower bound of magic constants
for SEMT labelings of generalized comb in Lemma 2.3 of [14], we have:

Theorem 3.1. The SEMT strength for generalized comb G =2 Cb,(2,3,...,7+1); 7 > 2
T(T+3) .
5

is, for e =

5e2 + 272 — 27 4+ Te — 27+ 2 <

2 2
! <27 +6T+2+ T4+ 47+ 11
€

< TS L T

sm(Q)

4. SEMT LABELING AND DEFICIENCY OF FORESTS FORMED BY GENERALIZED
COMB AND STAR, GENERALIZED COMB AND BISTAR

Theorem 4.1. Fort > 2
(a): Cb-(2,3,..., 7+ 1) UK  is SEMT.
(0): ps(Cb-(2,3, ..., T+ 1)U K1 1) < 1, 7 # 2, where w > 2 and is given by

{(Tl)(7+3) ;7 odd

_ ]
w = 2

—4
77(72 ) I T even

Proof. (a): Consider the graph G = Cb,(2,3,..., 7+ 1)U K] o
Here V(K1,o) ={y;1 <t <w+1}and E(K1 o) = {tay;2 <t <w+ 1}
Letv = |V(G)|and e = |E(G)|, so we getv = W—f—w—f—lande: @—&—w.

ValuationT" : V(Cb,(2,3,..., 7+1)) — {1, W%M} is described as follows:

1% -1 .
F(xm) — , 4 2 ;1,7 odd
' L +3 11,7 even
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Now consider the labeling Q : V(G) — {1,v}

For 7 even:
e | t=11
'r+1 T+2)+t 1 t41
For 7 odd:
;t=11
T+2)+t 1 t#1
Let

A { T(TH) +1 ;7 even

—(”;1) +1 ;7 odd

and B = m%ﬁ + w.
For 7 even:

A+ J(]+2) + =1 ;1 odd, j even

A+M_1 ;1 even, j odd
INEE { i j
2

For 7 odd:

A+ GDO+3) =2 g ;1 even, j odd
F(%J) = { 2

A—l-w#—l ;2 0dd, j even

[(z10)=B+1= W‘Fwﬁ-l
Q(xhj) :F(Iz,j)Ql <1<734+1,0< <1,

The edge-sums of G induced by above labeling €2 form consecutive integers starting

from h + 1 and ending on A + ¢, where

5 77(722”8 1T even
=5 2
7(74'14) 8 odd

Hence from Lemma 2.1, we end up on a SEMT graph with ¢ = (TH)(T+2)+4w2+4+25+7“+3) .

(b): Let G = Cb.(2,3,..., T+ )UK 5 1 UK 7 #2
50, V(GQ) =V (Cbr(2,3,..., T+ 1)) UV (K1 1) U{z}
and V(K1 ,o-1) ={y;;1 <t <w}and E(K; z—1) = {p1y;2 <t < w}
Letv = [V(G)| = D | 4 1and ¢ = |E(G)| = |E(G)| = 52 4 o —1

Keeping in mind the valuation I" defined in (a), we describe the labeling 2 : V(&) —
{1,7} as

ForlStSW,Q(yt)ZQ(yt)WithAasin(a)andB:ngﬁ+w_l_
Qer0) = B+2= T 4 o1 Oz) = B4 1= T 4 5
Q@) =T(2,,):1<e< )+ 1L,0< )< 7

The edge-sums of G induced by above labeling Q) form consecutive integers starting
from 2 4 1 and ending on i + €, where h = h. Hence from Lemma 2.1, we end up on a
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SEMT graph.
]

In formulation of all next results in this work, we will use the labeling I" provided in
previous theorem 4.1.

Theorem 4.2. Fort > 3; w,w >1
(a): Cb-(2,3,..., 7+ 1)U BS(w,w) is SEMT.
(b): ps(Cb-(2,3,..., 7T+ 1)UBS(w,w —1)) < 1;7 #3,w > 2

where
{ (r—1)(7+3)—4 -7 odd
T =

1
2)-8
77(71 ) T even

Proof. (a): Consider the graph G = Cb,(2,3,..., 7+ 1) UBS(w,w); 7 > 3,w,w > 1
V(BS(w,w)) ={zut : u=1,2;0 < t < p}, where

_Jw u=1
P=1 w U= 2
and E(BS((JJ,W)) = {Zlozlt;l <t< w} @] {Zl()ZQ()} @] {ZQ()ZQt; 1 <t< w} Let v =

|[V(G)|and e = |E(G)|, so we get v = %+w+w+2 ande = w-x-w—i-w#—l.
Keeping in mind the valuation I" defined in Theorem 4.1 with

A 77(712) +1+w ;7 even
B @+1)* +14+w ;7 odd
1 9

and B = (TH)QM +w + @ + 1. We describe the labeling Q2 : V(G) — {1,v} as

7'(7':‘2)_;'_t ;u:l;t:’]"71§7"§w,7'€v€n
2
(7"21) +t ;u:l;t:’nlﬁ?"f&),TQdd
42 L 41 su=2,t=0,T even
Q(Z ): 4 2
ut (t+1)
4w+l su=2,t=0,7 odd
DT 4+ 1 ju=1t=0
%+w+l+t ;u:2,t:r71§7"§w

Vwiy) =Ty 1< <y+1,0<y<7
Uzro) = T 4 1w 42=B+1.

)

The edge-sums of G induced by above labeling € form consecutive integers starting
from & + 1 and ending on A + &, where

b 77(722”8 +w T even
2
7““4) 4w 7 odd

Hence from Lemma 2.1, we end up on a SEMT graph.
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FIGURE 3. SEMT deficiency; Cb5(2,3,4,5,6) U BS(5,6) U K

(b): Let G = Cb.(2,3,..., 7+ 1) UBS(w,w — 1) UKy; 7 > 3,
omega > 1, > 2Here V(G) = V(Cb,(2,3,..., 7+ 1)) UV(BS(w,w — 1)) U {z}
and where V(BS(w,w — 1)) = {2z : u=1,2;0 < ¢ < p}, where

Jw su=1
P=Y w-1 Tu =2

and E(BS(w,w—1)) = {z10211; 1 <t <w}U{z10220} U{220202t;1 <t < ww — 1}. Let
v = |V(G)| and € = |E(G)|, so we get 7 = v and € = ¢ — 1. Keeping in mind the
valuation I" defined in Theorem 4.1 with A as in (a) and B = w + w + w, we
describe the labeling Q : V(G) — {1, 7} as

Q(JSLO) =B+2,Qz) =B+1
Oz,,) =T(2,,);1<1<7+1,0< < 7.

The edge-sums of G induced by above labeling () form consecutive integers starting

from + 1 and ending on A + &, where fi = h. Hence from Lemma 2.1, we end up on a
SEMT graph. g

5. SEMT LABELING AND DEFICIENCY OF FORESTS FORMED BY GENERALIZED
CoMB AND COMB, GENERALIZED COMB AND PATH

Theorem 5.1. ForT™>2,w >1
(a): Cb-(2,3,..., 7+ 1)UCb, is SEMT.
(0): ps(Cb-(2,3,..., T+ 1)UCb,—1) < 1;w > 2, 7 # 2, where

_ 7(7'21)2 —1 ;7 odd
w = T(T+2) 1

1 ;T even

Proof. (a): Consider the graph G = Cb,(2,3,..., 7+ 1) U Cb,,, where
V(Cby) ={zp;0 < p < wjU{ygsl <g<w}
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and
E(Cby,) = {zpxp1;0 <p <w — 1} U{apyp; 1 <p < w}.

Let v = |V(G)| and e = |E(G)|, so we get v = (T'H)Qﬁ +2w+1lande =

# + 2w. Keeping in mind the valuation I' defined in Theorem 4.1 with

A= 7T(T:23—|—w+1 ;T even
LT) +w+1 ;7 odd

and B = W%ﬂ + 2w. We describe the labeling Q : V(G) — {1,v} as

For0<p<w,1<¢<w

#—i—p—i—l 1P, T are even
2

Qzp) = % +p+1 ;p even, T odd

D) 4 p spodd
and

@42 4yt g g even

Qyq) = 7(7421) +qg+1 1 q, T are odd
W—ﬁ—q—i—l ;q odd, T even

Uz, ) =T(2,,);1<2<3+1,0<y<7and Qz19) =B+ 1.

The edge-sums of G induced by above labeling €2 form consecutive integers starting
from /2 + 1 and ending on % + €, where

h— { 7T(TZ2H8 +w T even

7(T+14)2+8 4w ;7 odd

Hence from Lemma 2.1, we end up on a SEMT graph.

(b): Let G = Cb,(2,3,..., 7+ 1) UCby_1 UKy; T # 2,
where V(Chy—1) = {2,;0<p<w-1} U{y;1<¢g<w-—-1}, V(K1) = {z} and
E(Cby1) = {2p2p11;0 <p < w —2} U{zpyp; 1 <p<w—1}. Letv = [V(G)| and
¢ = |E(Q)], so we get 7 = % + 2wand &€ = 23 4 20, — 2 Keeping in mind
the valuation I' defined in Theorem 4.1 with

2
A:{ T(T4+2)—|—w ;T even

(721)2 4w ;7T odd

and B = W%ﬂ + 2w — 2. We describe the labeling 2 : V(G) — {1, 7} as

For0<p<w-11<¢qg<w-1

LTIQ) +p+1 :p, T are even
. 2
Q(zp) = # +p+1 ;p even, T odd

7(T+1)2(T+2) +w+p—1 ;podd
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FIGURE 4. SEMT labeling of Cbg(2, 3,4,5,6,7) U Cbyy

and
TH)(+2) 4 4 g—1 :qeven
Q(yq) = (TH) +q+1 1q, T are odd
T(sz) +q+1 :q odd, T even

Uz,y) =T(@,):1<1<y+1,0< )< 7
Q(z) =B+ 1and Q(z19) = B+ 2.

The edge-sums of G induced by above labeling () form consecutive integers starting
from 7 + 1 and ending on 7 + €, where i = /i — 1. Hence from Lemma 2.1, we end up on

a SEMT graph. 0
Theorem 5.2. FOrT > 2,

(a)(i): Cb( 3,..., T+ 1)U Py is SEMT,

(a)(i1): Cb-(2, 3 ,T+1)qu,1isSEMT,

(B)(0): 14(Cbr(2,3,..., 7+ 1) UPys) < 1,

(b)(ii): pus(Cbr ( T+ 1)U Py 3) < 1; 7 # 2, where

2+ p—
T T2 g‘r 2 T EveENn
w = 2

T2 +gT*1 ;T odd
Proof. (a): Consider the graph G = Cb.(2,3, ..., 7+1)UP,, where V(P;) = {z,;1 < p < t}
and E(P,) = {zpzp41;1 <p<t—1}. Letv = |V(G)| and ¢ = |E(G)|, so we get
V= Wléﬂ—l—tands: w +t — 1, where

_J = ; for(a(i))
b= { w—1 ;for(a(ii))
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Keeping in mind the valuation I' defined in Theorem 4.1 with, For 7 even
T(T+2 ;
A { ;i HE S for(a)
TR+ s for(alit)

and for 7 odd

. { L for(a()
L4+ ; for(a(it))

and B = (74-1)2& +t — 1. We describe the labeling Q : V(G) — {1,v} as

G ip=2r—1,1<r<[HL] 7 even
2

(r+1) . ip=2r—1,1<r<[YL] 7 odd

(1)

(1+2) t—1 1
wiéﬁ ’pﬁ iii j :Zfznfﬁ:(r((z(;)))
M.i_é_kf ’i_Qt 1<{< Lij 7 even, for(a(it))
D) 22 i1 << (L), odd, for(a(ii))
2 ) =" =1L120 ’

=
8
=
~—
|
)

t
2
t
2

(o] =)

[

Furthermore, (z, ;) =T'(z,,); 1 <1 <7+1,0<jy<7and Q(z19) =B+ 1.

The edge-sums of GG induced by above labeling €2 form consecutive integers starting
from /1 + 1 and ending on % + ¢, where for a (i)
T(r+2 t+3 .
= TE T
1 2 g
and for a(i7)
5= { T(TH) + 42 ;7 even
(TH) + % ;7 odd
Hence from Lemma 2.1, we end up on a SEMT graph.

(b): Let G = Cb,(2,3,..., 7+ 1) U P, U Ky, where V(P,) = {x,;1 < p < t},
V(K,) = {2z} and E(P,) = {zpxp1;1 <p <t—1}. Letv = |V(G)| and &€ = |E(G)],
so we get U = %Q(TertJrlandé T(T+3) +t— 1, where

_{ m—=2 s for(b(i))
b= { w—3 ;for(b(ii))

Keeping in mind the valuation I" defined in Theorem 4.1 with, For 7 even

A { ) L for(b(i)

T T for(b(id)
For 7 odd
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FIGURE 5. SEMT deficiency; Cb4(2,3,4,5) U Py U K;

T 2 >
g L s for(hi)
S 1 for(b(id)

and B = THUTH2) 4y 1 We describe the labeling 2 : V/(G) — {1, 7} as

W—&-T 7p_2r—171<7"§|_%J,7'6’U6n
#-ﬂﬂ sp=2r—1,1<r <[4 7 odd
O(y) = % + 5t -|—t: p= 275:,1 < t}g LL],7 even, for(b(i))
T Bl sp=261<{<|L],7 odd, for(b(i))
w+%+t’ sp =201 <{< L], 7 even, for(b(ii))
eréﬂ—y—%—kf ip =261 <{< L], 7 odd, for(b(ii))
Furthermore,

7

Q1) =T(2,,):;1<21<)+1,0< < 7

Q(z) = B+1,Q(z10) = B+2.

The edge-sums of G induced by above labeling Q) form consecutive integers starting

, ’ 7

from (%) + 1 and ending on (%) + (¢), where for both b(¢) and b(i¢), () = h. Hence from
Lemma 2.1, we end up on a SEMT graph.

,
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