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Abstract. In this paper, we define the Riemannian metric of the format
IG =% gy +" g on TM over (M, g) Riemannian manifold , which is
completely determined by vector fields 37 and #V. Later, we obtain the
covarient and Lie derivatives applied to the Riemannian metric of the for-
mat /G =5 g; + g with respect to the vertical X" and horizontal lifts
XH of vector fields, respectively.

AMS (MOS) Subject Classification Codes: 15A72; 47B47; 53A45; 53C15
Key Words: Covarient Derivative; Lie Derivative; Riemannian metrics; Horizontal Lift;

Vertical Lift; Tangent Bundle.

1. INTRODUCTION

Riemannian manifolds and the tangent bundles of differentiable manifolds are very im-
portant in many areas of mathematics. This fields also studyed a lot of authors [1, 2, 5, 11,
12, 13, 14, 16, 17]. The geometry of tangent bundles goes back to the fundamental paper
[15] of Sasaki published in 1958. Sasakian metrics (diagonal lifts of metrics) on tangent
bundles were also studied in [10, 11, 19]

Let n—dimensional Riemannian manifold be M with g and its tangent bundle, denote
by w : TM — M. Then T'M is smooth manifold and have 2n—dimensional. Also, lo-
cal charts on M may be used. Local coordinates (U, z*) in M induces on T'M a system
of (17Y(U), 2%, 2" = y"), where local coordinate system is (x%), i = 1,...,n in the neigh-
borhood U and Cartesian coordinates is (y*) the in TpM at a point P in U according to
(2| P).

Let local expressions in U of 8 be 3 = 352 be on M. The 8V, 3%and ¥ of 3 are
then given respectively by [7]

BV = p'o; (1.1
B = B'0; + y 9i B0, (1.2)
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and
st = plo; — y'T5,,8%0; (1.3)
where the coefficients of Levi-Civita connection V of Riemannian metric g are 8; = a?/i ,

d; = 52 and I}, .

For a tensor field S € 3%, vS € S} (T'M) on 7~ 1(U) by

VS = ('St 0@ .. ® 0 ©dz" ® ... @ dz'

where a tensor field S € 3%, ¢ > 1([19], p.12).

BH of B € (M) defined by [19]

s =B =V,8, (V,=1Vp) (1.4)

in T(M),

From (1.2 )and (1. 3), we get

B = (Vp)©
for any 3 € S} (M), where an affine connection V in M defined by [19]
Vs = Vo + [5,0] or (VeB)" = (V)" + [0, 8]

The three classical constructions of metrics are given as [8]:
(a) ®¢ Sasaki metric on TM .

Sg (B, 0M) = g(8,0) (1. 5)
Sg(BYV,0Y) = g(8,0)
Sg(B1,0V) = Fg(BV.0")=0

where 3,0 € S (M).
(b) The lift gH ( pseudo-Riemannian metric) on 7M.

g7 (BYV,0V) = 0 (1. 6)
g7 (BV,0") = ¢" (B7,0V) =g (8.,9),
g (B".0") = 0

forall 3,0 € S§ (M).
(c) The lift gV (degenerate metric) on 7'M .

g” (BV,0") = g(B,0) (1.7)
" (BV.0") = ¢V (B"7,0V)=0
g” (B7,07) = 0

forall 3,0 € S§ (M).
In [20], Riemannian metric S§ on T'M introduced by B. V. Zayatuev ([8]see also [21,
22])

Sgr (BY,0V) = g(8,0), (1. 8)
Sgp (BY,07) = Sg; (BH,0Y) = 0,
Sgr (B,07) = fg(8,0),
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where )0, f € C> (M) (see also, [9, 18]). If f = 1, we get gy = g, ie. Jgsisa
generalization of the .
fa="9g F+ H 3 Riemannian metric defined by [8]

G (BY,0Y) = g(8,0) (1.9
fG (8Y,0") = 1G(B",0V)=g(B.0)
G (B",0") = fg(8.9)
for all 3,0, € S ( ), M1, fec> (M), " (fg(0,€) = fB(g(6,6)) + B(f)g(8,¢)
and ,BV(fg (0,8) =

2. MAIN RESULTS

Definition 2.1. The transformation of D = Lg is called as Lie derivation according to
B e S5(M) if
Lg = [B,0],98.0 € So(M"), (2. 10)
Lsf BFYF € So(M™).

B, 0] is the Lie bracked. The Lie derivative LgF of F 31(M) according to B is defined by
B 1
[3, 4, 19]

(LsF)0 = (8, F6] — FI3,6]. @ 11
Definition 2.2. The bracket operation for horizontal and vertical vector fields is defined by
BT = (BNHY.[8V.0V]=0, (2.12)
[BH 0] = (Vs0)",
"]

[ H = [5’9]H,(R(5,9)U)V’
where f € S§(M), 8,0 € \SO(M ), Riemannian curvature R [6]
R(Bva) = [vﬁv v@] - V[ﬁ,G]‘

Theorem 2.3. The format 'G =% g ++1 g is the Riemannian metric on TM , defined by (
1. 9). From (1. 9 ), Definition (2.1) and Definition (2.2), we have the following results

i) (Lo G)(0Y,6Y) = o,

i) (Lav ' G) (0, ") = (0, VeB),

iii) (Lpv TG (07, €V) = g(VeB,),

i) (Lgn'G)(0V,6Y) = (V39)(0,9),

v) (Lgn? G)(0",€Y) = (L3g)(6,€) — 9(6,(VzB)) + g(R(B,0)U,¢),

vi) (Lev!G)(07 ™) = g((VeB).€) + g(6, (V2B)),
vid) (Lgn? G)(0", €7 (Lsg)(0.€) + g(0, R(B,E)U) — g((VoB), £),
viid) (Lgn? G)(0,67) = (Lsfg)(0,€) + g6, (R(B, V) + g((R(B,0)U,¢),

where the lifts of 3V, 3¢, B € S{(T'M) of vector field 3,0, & € 3¢ (M), defined by
(1.1),(1.2),(1. 3), respectively.
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Proof. From ( 1. 9), Definition 2.1 and Definition 2.2, we get the following results

i)

(Lav'@G)(0V,6Y) = Lgv/G(0V,¢") = G(Lgv0",¢") = G(6Y, Lgve"),
= Lgv'G(0Y,€Y), (from (1.9))
= Lgvyg(0.¢),
= 0.

i)

(Lo G0V, €)= Lg GOV, &) =T GLgv 0V &™) T G0, Lgve™),

= BY9(0,6) —1 GO, [8,€" = (Vs)Y), (from (1.9))
= =1GY,[8,4")+ GO, (VO)Y),

= —9(0.[8.€]) + 9(0,V 56),

= g(0,—[B, & + V3z8),

= 9(0,1&, 8]+ Vsé), (from (Ve =VeB+5,0])

= g(0,VeB).

)

(Lav? Q) (0",6Y) = Lagv/G(O",¢") = G(Lgv0™,6Y) =1 G(O", LgveY),
= 8Y9(0,6) =7 G([8,0]" — (Vs0)", &), (from (1.9))
= (8,0, ¢V)+ G((V0),¢),
= g(—[B,0]+ V0,9),
= 96,8+ V30,8), (from (Vg0 =Vep+8,6])
= g(VeB,€)

i)

(Lpn?G)(0Y,€7) = Lgn?G0Y,€V) ~T G(Lgnb",&") = G0V, Lgut"),

= B79(6,8) =7 G((Vs0)",¢") =T G(8Y,(V)Y),
= Bg(6,¢) — 9((V30),£) — 9(6, (VS)),
= (V9)(6,9),
w)here Vsg(0,€) = (Vp9)(0,€) + g((V0), ) + g(0, (V).
(Lgu? GY(0™,6Y) = Lgn!G(O7,6Y) =) G(Lgn0",¢V) =F G(07, Lgne"),
= Bg(0,¢) - TG([8.0]" — (R(B,0)U)",¢)
—FGOM, 18,6V + (VeB)Y), (from (1.9) and (2.12))
= —9([B,0],€) + Bg(6,&) + g(R(B,0)U, £)
—g(6,18,€)) — 9(6, (VeB)),
= (Lgg)(0,8) — g(0, (VeB)) + g(R(B,0)U, &).



Derivatives with Respect to Lifts of the Rie. Metric of the Format rag =5 gr +H g on T'M Over a Rie. Manifold (M, g) 5

w;;ere Lpg(0,€) = (Lpg)(6,€) + 9((Ls0), &) + (0, (Ls5))).
(Lpv!G) (0", 6™) = Lo/ GO",¢") I G(Lgv 0", 6") — G(0", Love™)
= BY(f9(0,8) = G(=(V0)" +[8,0]",¢")
—1GO",[8,¢" - (Vs8)")
= —1G([B,0Y,6") + G((Ve0)Y, ") =T G(0",[8,¢]")
+1GOF, (V56)Y) (from (1.9) and (2.12))
= g(=[8,01+ (V0),€) + g(6, = [8,€] + (V55))
= g([6, 8]+ (V0),) + g(6, (V&) + [£, 8])
9((VeB),&) +g(0, (VeB)) (from (Vg0 = Vep +[B,0])

(Ll G)(0V,6") = Lgul GOV, &)~ G(LgntY, ") =T G0V, Lgng™),
= B"9(0,6) — G([B,6]" + (Vs0)", &™)
—1GOY,[8,6" = (R(B,§U)Y), (from (2.10) and (2.12))
= Bg(6,8) — G([8,0]",¢") = G(VeB)Y, €M)
—1GOY, (8, + GOV, (R(B,U)Y),
= B9(6,) —9([8,0],€) — g((Vep), &) — 9(0,[B,€])
+9(0, R(B,6)U), (from (1.9))
= (Lsg)(0,€) — g((VoB),€) + g(6, R(B,E)U).
iii)
(Lgn' G)(07,¢) = LBH el

= —JG(~(
(H

¢ =1 G(Lgu0™, 6™ = G(O", Lgne™),
R( L)Y + 18,011, 6) + 87 (£9(0,€))
[8,€]" — (R(B,9)U)Y), (from (1.9) and (2.12))
= ﬂ(f) (0,) — f9(18,0],8) + g(R(B,0)U, &) + fBg(0,¢)
—f9(0,8,€]) + 9(0, R(5,£)U),
= (Lsf9)(0,8) + (0, (R(B,§U) + g((R(B,0)U, &),
where Lg(0,§) = (Lpg)(0,€) + g((Ls0),&) + g(0, (LE)).- 0
Definition 2.4. Differential transformation according to vector field 3, defined by

D=Vgs:T(M) = T(M),p € I5(M),
is called as covarient derivation if
Vaf = Bf, (2. 13)
Vigrgot = fVgt+gVot,
where Vf, g € SQ(M)VB,0 € S§(M),Vt € S(M).

9(
9
9(
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Also, a transformation defined by
Vi SH(M) x S§(M) — SH(M),

(
is called as affin connection [14, 19]. For any 3,0 € S3(M), the lift VH of V in M to
T (M), defined by

Vi" = (Vs
Vi0" = (Vg

)", Vi " =0, (2. 14)
V gH gV _
0)", Vi o' =

Theorem 2.5. The format ¥ G =5 gr +H g, defined by ( 1. 9 ) is the Riemannian metric
on TM. The lift V¥ of V in M to T(M). From ( 1. 9 ) and Definition 2.4, we obtain

i) (VEIG)(0Y,6Y) = o,

i) (VE G0V, ¢") = o,

) (ngfé)(OH,fv) = 0,

) (VEAIG) (07, ¢7) = o,

) (VETG)(0Y,€Y) = (V5 9)(0,6),
vi) (VETG)(0V,6") = (Vs9)(6,¢),
vii) (VT G)(07,67) = (V39)(0,6),
viii) (Vi G) (07, 6™) = (Vs[9)(0,€),

where the vertical,complete and horizontal lifts 3V, 3¢, 8% € I§(T'M) of vector field
B,6,€ € 3§ (M), defined by (1. 1),(1.2),( 1. 3), respectively.

Proof. From (1. 9), (2. 13) and ( 2. 14 ), we get the following results
i)

(VEIG)(0Y,2Y) = Vi 1GeY.¢) T G(VieY,e") = GY, vive),

= ng(ﬁ,f), (from (1.9) and (2.14))
0.

i)

(VEIG)0Y,6™) = VI TGOV, ") =T GV 6V, ¢") = GV, Vi e,
= B"9(6,€), (from (1.9) and (2.14))
= 0.

141)

(Vi TG (07 ,¢Y) = Vi TGO, ) G(VE0" . eV) T Go", Vi eY),
= 6Vg(97£)a

= 0.
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i)

(VTG (07,¢7) =

Vi IGO", T =T G(VieT ) T GO V€T,
B f9(6,¢),
0.

Vi 1G0V, V) S G(VE0Y . ¢V) =T G0V, Vi),
BHg(0,8) =7 G((V0)",£Y) =T G0V, (V)"),
Bg(0,€) — g((V0),€) — g(0, (V). (from (1.9)

(Vs 9)(0,9),

where V3g(0, &) = (Vg)(0,€) + g((Vp),&) + g(0, (V)

vi)

(Via 1G)(0V,€") =

vit)

(VEu 7G)(07,€")

viii)

(Vi TG) (0%, ¢") =

where Vs fg(0,8) = (Vs fg)(0,8)+ fg((Vs0),&)

B(f)g(6,&) + FB9(0, ).

Vi IGO0V, ")~ GV 0V, ") ~T G0V, Vg™,
Bg(0.&) = G((Vp0)", ") =T GV, (VO)T),
Bg(0,€) — g(0, (V) — 9((V5E), Z),
(V9)(0,8).(from (1.9) and (2.14))

VE 1G07, ) 1 GV 0" V) T GoH v ),
Bg(0,€) — g(0,(V5€)) — g((V30), ),
(V59)(0,€).

Vi 1G0T, M) =T G(V 0", ) =T G0, V™),
B(f)g(0,€) =7 G((V30)", &™) + £89(0,€)

TGO, (Vse)H), (from (1.9) and (2.14))

B()g(0,€) — F9((Vs0),8) + [Bg(0,£) — g(0, (V55)),
(Vaf9)(8,8).

+9(0,(Vs€)) and (Vi f9)(0,€) =

3. CONCLUSION

In this paper, studyed on the Riemannian metric of the format G=5g¢g s+T gonTM
over (M, g) Riemannian manifold , which is completely determined by vector fields 37
and 6. Later, obtained the covarient and Lie derivatives applied to the Riemannian metric
of the format /G =5 gr +H g with respect to the vertical X" and horizontal lifts X7 of
vector fields, respectively. It can also work on vertical and complete lifts.
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