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1. INTRODUCTION

A well-known class of functions defined on the inter¥ah R, is known to be convex
on [ if the inequality

FOu+ (1= Aw) < Af(w) + (1— N f(0) (1.2)

holdsVu,v € T andX € [0, 1]. Moreover, If the inequality in (1. 1) holds in the reverse
direction, f is said to be concave function. The geometrical interpretation of convexity is
that, if there are any three distinct poin®s S andT" located on the graph of functiofi

with S lies betweer? andT’, then the pointS lies on or below the chord joining the points

R andT.

For the class of convex functions, many inequalities have been introduced, when this
idea was first introduced than a century ago. But among those the most prominent is so
called Hermite-Hadamard’s inequality (or (H-H)). For the statement of this inequality is
(see for example [15]):

Let I be an interval iR and f : I — R be a convex function defined ansuch that
b1, by € I with by < by. Then the inequalities

b1 + ba 1 b2 f(b1) + f(b2)
f( 5 >§b2b1 . f(x)dng (1.2)

hold. If the functionf is concave orl, then both the inequalities in ( 1. 2 ) hold in the
reverse direction. It gives an estimate from both sides of the mean value of a convex func-
tion and also ensure the integrability of convex function. It is also a matter of great interest
and one has to note that some of the classical inequalities for means can be obtained from
Hadamard'’s inequality under the utility of peculiar convex functign¥hese inequalities
for convex functions play a crucial role in analysis and as well as in other areas of pure and
applied mathematics.

For more related results, generalizations, improvements and refinements to Hermite-
Hadamard inequality see [1-14, 16—30, 32] and the references cited therein.

For simplicity we symbolize the function

ba
A=t =1 (M52) - ot [ s .3

1

wheref : [b1, bo] — R is an integrable function.
Throughout this paper, we assume thé an interval inR and° is interior of I.
In 1998, Dragomir and Agarwal [10] have proved the following important lemma:

Lemma 1. Let f : I° C R — R be a differentiable mapping of*, b1,b, € I° with
b1 < ba. If f/ S L[bl,bg], then

by) + £(b b2 by by [

1. 4)
holds.
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The following two results are the ultimate consequences of Lemma 1, which have been
presented in [10].

Theorem 1. Let f : I° — R be a differentiable function such th#t € L[b,, bs], where
by, by € I° with by < bs. If the function| f’| is convex onby, bs], then the inequality

f(b1) + f(b2) 1 b2 (ba = b1)(1f"(b)| + | f'(b2)])
2 *@—m/‘ﬂﬂm 8

< (1.5)

b1
holds.
Theorem 2. Let f : I° — R be a differentiable function such th#t € L[b,, bs], where

b1,by € I° with by < by. If the function|f’|ﬁ for p > 1 is convex orfby, bs], then the
inequality

f(b1) + f(ba2) 1 /b2 by — by

- z)dx| <
2 by = b1 Jy, ’ 2(p+1)7

p—1

P01 + |f'<b2>pf1] Twe

2

holds.
In 2000, Pearce and Pecaric [31] proved the following theorem by using Lemma 1.

Theorem 3. Let f : I° — R be a differentiable function such th#t € L[b,, bs], where
b1,be € I° with by < by. If for the function| f’|? is concave orib,, b| for ¢ > 1, then the

inequality
f(b1) + f(b2) 1 /b2 ) 5 (b1+b2)‘ (1.7
2

2 by — b1 Sy,

by — b1
4

x| <

holds.

Theorem 4. Let f : I° — R be a differentiable function such th#t € L[b,, bs], where
b1,by € I° with by < by. If the function|f’|? is concave onby, bs] for ¢ > 1, then the
inequality

ba
b1 + by 1
‘f( ) -ty [ s

by

by — by
4

<

2

f’<b1+b2)‘ (L. 8)

holds.

In this paper, we establish two new integral identities connected with the left hand side of
(H-H) inequality. By using these identities, we obtain some new bounds for the Hadamard’s
type inequalities. Our one new bound is better than the earlier obtained bound (see Remark
1). We also present applications for means and for some error estimates of the mid point
formula.

2. MAIN RESULTS

To establish our main results connected with the left-hand side of (H-H) inequality for
differentiable convex function, we need the following lemma.
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Lemma 2. Let f : I° € R — R be a differentiable mapping and lét, b, € I° with
by < bo. If f/ € L[bl,bg], then

1 1
_bg—bl , Zibg 2—z ,(1—z 142
A= 1 l/zf(2+ 5 bl)dz /(1 2)f 5 b + 5 bo | dz
0 0
holds, whereA is defined as iff1. 3).

Proof. Integration by parts gives that
1

by 2-—
/zf’<z22+ 2zb1>dz
0
_ f(Zb“rQZbl /1f Zb d
N bty 0 b2—b1 1)
0

2

2 b1+b2 2 Zbg 2—z
— — by ) dz.
b2—b1f( 2 ) bg—bl/f(2+ 2 1)2
0

By change of variable we have that

I

by +ba

P by + b P i P
L o= - d
! b2_b1f< 2 > by — by / f(x)bz—blx
b1
bl-ng
2 b1 + ba 4
= - dx. 2.9
b2_b1f< ! ) G [ s 2.9)
b1
Similarly, we can write
1
I, — /1# < Zb1+1gzb2)dz
0
P by +b 4 ?
1+ 02
= - dx. 2.10
et (0 >+(b2_b1)2/f(w)x (2. 10)
by +bo

Now by subtraction (2. 10) from (2. 9) and then multiplying #%"*, we obtain the
required result. O

Theorem 5. Let f : I° — R be a differentiable function such th#t € L[b,, bs], where
b1,be € I° with by < by. If the function|f’|? is concave orby, bs] for ¢ > 1, then the

inequality
|A|Sb2b1l ,<b2+2b1>‘+ ,<b1+2b2>”
8 3 3
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holds, whereA is defined as iff1. 3).
Proof. By concavity of| f'|? and the power mean inequality, we may write
[/ (2b1 + (1= 2)b2) |7 > 2] f/(b0)|7 + (1 = 2)|f'(b2)7 > (2] £/ (b1)] + (1 = 2)[f/(b2)])?-
Since we have
|f'(2b1 + (1 = 2)b2)| > 2] f/(b1)] + (1 = 2)| £ (b2)],

|f'| is also concave function. By using triangle inequality and Lemma 2, we have:

bo
b1 + ba 1
|f( ) - i [ foa
by

1 1
by — by , [ 2be  2—2 ‘ / ,(1—2 1+z ’
< £ 7 -z _
< [ ( 5 + 5 bl) dz+ | (1—=2) 5 b1 + by | |dz
0
(2.11)
Now by Jensen’s integral inequality, we have
i 1 1
B , -z +z
/(1 Z)|f ( 9 b1 + 9 bg) |dZ
0
1
1 f(l—Z) (1;'21)1 + 1-5262) dz
g/(1—z)dz (0 )‘ (2. 12)
0 (1—2)dz

Ot —

Smcef 1—2)dz=3% andf((1 2% 4 1 = bz) dz = by + 1bs, (2. 12) turns out to
0

1
/1—z ( Zb1+1;“zb2> ’dzﬁ% '(%2;1’1)] 2. 13)
0
Similarly, we have
1
/ (Zb2 2= b1> ’dz 2y <b222b1> | 2. 14)
0
0

By substituting (2. 13 ) and (2. 14)in (2. 11 ) we get the required result.
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Remark 1. Note that the bound in (2. 11 ) is better than thatin (1. 8 ). Sjiités concave
on [by, ba], we have

by —b1 ||, [ b2+ 20 , [ b1+ 20y
sl (B2 || (252))
by — b1 |1 , [ b2 + 20y 1, b1 + 2bs ba — b1, b1 + bs
= —_ oy < *
4 l2f< 3 )‘+2f 3 ‘_ 4 f 2 ‘

Lemma 3. Let f : I° ¢ R — R be a differentiable mapping and léf, b, € I° with
by < ba. If f” S L[bl, bQ], then

1
_(bg—b1)2 2 o1 1—=2 1+Z
A—i]ﬁ /(1—Z)f 5 by + 5 bo | dz
0

1
2//@ 2—2
0

holds, whereA is defined as irf1. 3).

Proof. Integration by parts gives that

1
1- 1
/(1—z)2f“( 22b1+ ;Z@) dz
0
1

(1—2)%f (4521 + 1£2by) 1 4 ,(1—2 1+z
% ‘O+b27b1/( Z)f 2 1 2 2 i
0

_ 2 f/ b1 + bsy B 8 f b1 + be
= Th—h 2 (s —b1)? 2

1
8 1—=z 142
—_— —b by | dz.
+(bz—bl)2/f( 2 T 2) :

0

By change of variables, we have

I

bo
2 by + ba 8 by + by 16
I =— ! - .
' b2—blf < 2 ) (bz—bl)Qf( 2 >+(b2—b1)3 / fle)dw
by +bo
(2. 15)
Similarly, we have:
b1 +bo

2y (bitbo 8 by + b 16
Iy = bo _bl‘f ( 2 ) B (b2 — bl)gf ( 9 ) + (b2 — b1)3 / f(l‘)d.]?

by
2. 16)
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Now by adding (2. 15) and (2. 16 ) and then multiplying ﬁ%%ly, we obtain the re-

quired result.
O

Theorem 6. Let f : I° — R be a differentiable function such that' € L[by, bs], where
b1, by € I° with by < bs. If the function|f”'| is concave onby, b»], then the inequality

(by — b1)? % Tby + 5b1 ‘
12

16
Proof. By using Lemma 3 and triangle inequality, we have that

holds, whereA is defined as iff1. 3).
by — b1)? / b 2
|A|S(2_1)l/zz f//(“+ —zb1> ‘dz
16
0

Al <

2 2

1
1-— 1
+/(1—z)2 o2+ 22, ) Jaz .
2 2
0
As (1 —2)? <1-—z2%forz € |0,1], we have

1
_ 2 _
L0 16b1) l/ f (;’ +2 > Zbl)

0
h 1 |
I (;Zbl + +Zb2> ]dz]. @. 17)

+/(17z2) 5
0

Since|f”| is concave, inequality (2. 17 ) becomes

A| < (b2 = b1)* [/1

16
0

L= 22;(1 _ z)b1 L= 22;(1 + Z>b2)‘d2‘|.

dz

f,,(23b2 222 — 23

b
5 T g

Now by applying Jensen’s inequality, we get

1
(b2 - b1)2 17 / 23b2 222 — 2’3
<L = -7 - e I
Al < 16 ! (2 L
0
2 _ 2
L a z;(l 2, 0 z;(lJrz)bQ)dZ)]
(b —b)?* (11, 5, 1 5 by —b1)?| ,,, [ Tha + 5Dy
=15 [/ \agbr T gt gl t gt ‘_ 6 12 ‘

O
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Theorem 7. Let f : I° — R be a differentiable function such that' € L[by, bs], where
by1,by € I° with by < by. If the function|f”|? is concave onby, bo] for ¢ > 1, then the

inequality
[ 9ba + 3y » ( 3b2 + 5b;
() [ (5]

(b2 —b1)?

Al< =2 2
Al 48

holds, whereA is defined as iff1. 3).

Proof. By Theorem 5, we havgf”| is concave function. By applying triangle inequality

in Lemma 3, we have

(ba — by1)?
< ~ = -7
|A| - 16 ‘

zb 2—z
fo”(;—i— 5 bl)dz‘

o—_ _

1

+\/<1_z>2f”<1;zb1 i 2) dzw. (2. 18)

0

Now by using Jensen’s integral inequality, we have:

142

j ( 1 zb +1+zb)>
0 fll—z)de
0

O\H

(1-2) dz. (2. 19)

IN
\

1 1 3 2
Since [(1 — z)2dz = L and [ ((1_22) by + (1_2)2(“2)?)2) = by + oyb2, (2. 19) turns
0

0
outto
h 1 1 5by + 3b
/ |f”( “by 4+ ;%) dz < Z|f” (":1> ‘ (2. 20)
0
Similarly, we have
/ b 2 3by + 50
2 o1 [ Z02 —z 2 + 90 ‘
—_Z < — . .
/zf<2+2b>dz ( 3 ) (2. 21)
0
O

By substituting (2. 20 ) and (2. 21) in (2. 18 ), we get the required result.
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A

IN

Remark 2. It can be noted that if we use the concavity 6f|, then from (2. 18 ), we can
(b2 —01)? [1

write as
51)2 + 3b1 ’ 1 3b2 + 5b1 ’
" Ny
24 1 < 8 > el ( 8 >

< (b2_b1)2 f// by + bo ‘
2 )

- 24
whereA is defined as in (1. 3).

3. APPLICATION TO MEANS AND TO MID POINT FORMULA

We will consider the following particular means for aby, b2 € R, b; # bs which are
well-known in the literature, see [10]:

b1 +b
A(b17b2) = 1—; 27 b17b2>07
- by — by
L(b1,b —_ b1,b 0
(17 2) 1Hb2*hlb17 1,02 > U,
b£l+1_b’£l+1 n
Lo, (by.b %2 Z% | <byneR
(1 2) (n+1)(b2—b1) 1 <b2,n €

Proposition 1. Let0 < by < by, n € R, and1 < n < 2. Then the inequality

|n‘(bg—b1) ‘b2+2b1
8 3

n—1 n ‘21)2 + by

‘An(bth) _L7L(b1ab2)7l| < 3

)

Proof. Choosing the functiorf(s) = s, s > 0,1 < n < 2 in Theorem 5, the proof can
be completed. O

holds.

Proposition 2. Let0 < b; < by, n € R, and2 < n < 3. Then the inequality

|TL(TL — 1)|(b2 — b1)2 ‘ 762 + 5[)1
16 12

n—2

|A™(b1,b2) — Ly (b1,b2)"| <

holds.

Proof. Choosing the functiorf(s) = s™,s > 0,2 < n < 3 in Theorem 6, the proof can
be completed. d

")

Proof. Choosing the functiorf(s) = s™,s > 0,2 < n < 3 in Theorem 7 the proof can be
completed. 0

Proposition 3. Let0 < b; < by, n € R, and2 < n < 3. Then the inequality

In(n — 1)|(by — by)? ‘51;2 +3by ‘3172 + 5by
48 8 8

|A™ (b1, b2)— L (b1,b2)"| <

holds.
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Now we give applications to mid point formula as in [10]. We considerdted partition
of the interval[by, b] INR, i.e. 0 : by = 59 < 81 < -+ < 81 < 8, = by, and the
trapezoidal formula defined as

n—1
Si+ 85
=27 (2 H) (8i41 = 8i)-
=0
Let f be a twice differentiable mapping @by, b2) with

M = < 00,
ma | (@) < o0

then we have

bo
/ f(@)dz = T(f,0) + E(f,0),
by

ba
whereE(f, o) is the approximation error of the integrdlf (z)dz and by the trapezoidal
by
formula and?'(f, o) satisfies
n—1
M
[E(f.0) < T3 D (siv1 = 51)°.
=0

Proposition 4. Let f : I° — R be a differentiable function such that € L[b,, bs], where
by, by € I° with by < bs. If the function|f”'| is concave orby, bs], then for every division
o of [by, b2], the inequality

n—1
1 58 + 7Si41
< § : . e \3| ! ‘
‘E(fi O—)‘ — 16 O(SZ+1 SZ> ( 12 )

holds.

Proof. By applying Theorem 6 to the sub intervdls, s;11] ,7 = 0,...,n — 1, of the
division o, we get

|f(sl+sl+1) /f

Summing up (3. 22) from to n — 1 and taking into consideration thgt'| is convex, we

have
ity 5s; + 7s
) o \3| g1 i i+1
/f T Z(S"“ 2 < 12 ) ‘

by triangle inequality. O

1
76(5i+1 - Si)

1 (551 + 7Si+1
1

. )] 3. 22)
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Proposition 5. Let f : I° — R be a differentiable function such th#t € L[bq, bo], where
b1,by € I° with by < by. If the function|f’|? is concave orby, bs] for ¢ > 1, then for
every divisiorr of [by, bo], the inequality

ES o || pr (280 + Sit1 , [ 8i+28i41
|E(f,0)] < 3 ;(Siﬂ — 5) ‘f <2> ‘ + ‘f (2) ‘

holds.
Proof. The proof is similar to that of Proposition 4. O

Proposition 6. Let f : I° — R be a differentiable function such that € L[b;, bo], where
b1,by € I° with by < be. If the function|f”|? is concave orjby, by for ¢ > 1, then for
every divisiory of [by, bo], the inequality

n—1
1 3s; + 5s; 58; + 38;
i S (2528 (25)

‘ 2
1=0
holds.

Proof. The proof is similar to that of Proposition 4. d
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