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Abstract. In current paper, new Hermite-Hadamard andéFéype in-
equalities are proved by using theonvexity and o, €)-convexity of dif-
ferentiable functions and a positive function symmetric with respect to
%. The results of the paper have been proved to contain previously
established results related to differentiable convex functions.

1. INTRODUCTION

A functionn : U C R — R forenamed as convex function, let
n(td+ 1 —1t)y) <tn(0)+ (1 —t)n(y)

holds for everyd, y € I andt € [0, 1].
The subsequent double integral inequality

. k .
n(I50) < 15 ) wiora < 1D, a1
2 —JJ; 2

holds for convex functions and is notable in literature as the Hermite-Hadamard inequality.
The inequalities in ( 1. 1) holds in reversed order,as concave function.

The inequality ( 1. 1) has been a likely of extensive study insomuch as discovery. A
number of papers have been written which provide noteworthy extensions, generalizations
and refinements for the inequalities ( 1. 1), see for example [1]-[19].
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Dragomir and Agarwal [2], proved subsequent inequalities for differentiable functions
which estimate the difference between the middle and rightmost termsin (1. 1).

Theorem 1.1. [2] Suppose; : U C R — R be a differentiable mapping df°, and j,
ke Uwithj < k,alson e L([j,k]). If ‘n‘ is convex function ofy, k], so subsequent
inequality holds:

n(y k
z(y);n(k) B kij/j n(6)do

Theorem 1.2.[2] Letn : U C R — R is a differentiable mapping againgt, and j,

<o+ w]. w2

_pP_
k € U with j < kjincludingn’ e L([j, k]). Wheneveﬂn"p*1 is a convex function
supportedy, k], the coming inequality holds:

nG)+ntk) 1 f o k—j
2 ’fj/jn()d 2(p+1)7

<

[n G+ | ® } . @3

pointp > 1 furthermorel + 1 = 1.

In [17], Pearce attained enhancement and resolution of constant in Theorem 1.2 wher-
ever strengthen this consequence by proving the successive theorem.

Theorem 1.3. [17] Considerp : U C R — R is a differentiable mapping at°, with j,
' e .

k € Uandj < k, togethern € L([j,k]). If ’77 ’ is a convex function ofy, k], also

q > 1, then the subsequent inequality exists:

. k
ML [ ey

q

, AN
i [l + | )
<k . J [ 5 . (1. 4)
If ‘n' ’q is concave oy, k|, a bitq > 1. Formerly

. k
ML [ oy

2

chk-J
=73

n <J;k> ’ . (1. 5)

In [6], Dah-Yan Hwang established the following results for convex which affords
weighted consolation of results inclined in Theorem 1.1, Theorem 1.2 and the inequality (
1. 4) of Theorem1.3.

Theorem 1.4. [6] Authorizen : U C R — R is a differentiable mapping of°, with j,
k € U° alongj < k and allowp : [j, k] — [0, 00) be continuous positive mapping also

symmetric to”%’“. Assum%n" is convex function &, k], succeeding inequality holds:

[W} /jkp(e)dé—/jkn(x)P(a)dQ
k—j

’

d @+l wl [ o a

(4:kt)

<=
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whereU (j,k,t) = 15t + Yk and L (j, k, t) = 14t + LStk

Theorem 1.5. [6] Confirming considerations of Theorem 1.4 are fulfilled algng 1.
Assuminqn ‘ is convex function ofy, k], pursuing inequality grips:

[W} /] * o(0)d0 - /J " (0)0(0)d

’ . q ’
b [ O + w7 Yok
<= 5 // 0)dodt, (1.7)
L(y

siteU (4, k,t) with L (5, k, t) are decided in Theorem 1.4.

The classical convexity that is stated above was generalized@svexity by G. Toader
in [19] as follows:

Definition 1.6. Functiony : [0, *] — R named ag-convex if
n(t0+e(l—t)y) <tn(®) +e(l—1)n(y)

grips beingd, y € [0, k*], € € [0, 1] andt € (0, 1], wherek* > 0. A functionn : [0, k*] —
R forenamed ag-concave if—1 is e-convex.

Obviously, fore = 1 the Interpretation 1.6 recaptures perception of standard convex
functions which construed df, k£*].

Assumption ok-convexity has been further generalized in [12] as declared in successive
interpretation.

Definition 1.7. Functionn : [0, k*] — R is known agc, €)-convex assuming
n(t0+e(l—t)y) <t7n(0) +e(l—t7)n(y)

exists being,y € [0,k*], (0,¢) € [0,1]* witht € (0,1] , ask* > 0. Functiony :
[0, k*] — R forenamed a$o, €)-concave if—n is (o, €)-convex.

It can easily be seen that fer= 1, the class ot-convex functions are derived from the
above interpretation and fer= ¢ = 1 a class of convex functions are derived.

For several declarations concerning Hermite-Hadamard type inequalitiesctmvex
and(o, €)-convex functions we specify the attentive reader to [1, 3, 4, 8, 13, 14, 15, 16, 10,
11, 18] and the references cited therein.

In Section 2, we prove some new Eejand Harmine-Hadamard type inequalities by
using thee- and (o, €)-convexity of the differentiable mappings. The results of this pa-
per contains some previously proved results for convex functions defined over the interval
[0, k*] as special cases.

2. FEJER TYPE INEQUALITIES FORe-CONVEX AND (0’, 6)-CONVEX FUNCTIONS

Lemma 2.1. Considern : U C R — R be a differentiable mapping dt° with p :
[e5, k] — [0,00) be continuous and symmetric con&denﬁ? for settlede € (0, 1],
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whereej, k € U° withej < k. If ' € Ly (e, k], resulting expression exists

{W} /:P(H)W—/p(@)n(e)de

— €] ! U (t,e) , )
=~ 1 : / VL p(9>d91 {77 (U (t,€) —n (L(t,€)|dt, (2.8)
0

along

furthermore

s (22054 (55

Proof. By the integration by parts, we get

w0
- 630/1[/;(“) de]d[ )

U (t,e) 1
/ p(0)d
L(t,e€)

n (U (t,€))dt

??‘

2
— €

(U (t,€))

??‘

k 1
= g1 ® [ e =2 o0 ) )a
0
2 F P
= o [ e@a— o [ pomeam

Similarly, we can observe that

€j
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Hence

. k
wl—wzzkfej[n<ej>+n<k>]/€j p0)d0— 1 [ 000 (0)as

€j

Multiplying the above result bﬁ%j, we get what is desired. O

Remark 2.2. If we choose = 1in Lemma 2.1, we obtain the result proved3f[Lemma
2.1, page 9599].

Remark 2.3. If p(0) = 12, 0 € [¢j, k], then the subsequent equality holds

B ()9 () ()9

(2.9)
Now we present some Fajtype inequalities fog-convex functions.

Theorem 2.4. Letn : W C R — R be a differentiable mapping oW° D [0,00) and
p : [ej, k] — [0, 00) be continuous and symmetric consideriﬁgﬁ for settlede € (0, 1],

whereej, k € W° with ¢j < k. Supposing) € L1 [ej, k] and ‘p’ is e-convex on0, k],
ensuing inequality holds

U (t,€)
/ p(6)d6dt. (2. 10)
L(t,e)

3
—
ES
L
—
o _
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Proof. Taking absolute value on both sides of ( 2. 8 ) and emplogingnvexity on[0, k],
we have

AN

IA

_ k—ej {e

/ / L Ue)
0 G)] + [0 )] p (0) do.
0 L(t,e)

Hence argument of theorem is concluded. O

Remark 2.5. The choice of = 1, gives the result of Theorem 2.2 proved3hfor convex
functions defined ofb), k].

Corollary 2.6. Under the assumptions of Theorem 2.4 and the choige(6f = kjej,

6 € [ej, k], subsequent inequality holds

k

TEEICI

<

k—86j {e

nO|+p®]. @

Remark 2.7. Assuming: = 1 in Corollary 2.6, we get the result proved j&, Theorem
2.2]for convex functions rationale df, &].

Theorem 2.8. Letn : W C R — R be a differentiable mapping o’® > [0, o) and
p : lej, k] — [0,00) be continuous and symmetric regardiﬁgﬂ for settlede € (0, 1],
whereej, k € W° withej < k. If ' € Ly [ej, k] and ‘n"q is e-convex or0, k] for ¢ > 1,
specified inequality is

[W} /:p(e)do—/kp(@)n(‘))d@

. ’ q % 1
k—ej |€m ) +|n (k) Ute)
<— j[ 5 ‘] //L p(0)dodt. (2. 12)
0
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Proof. Applying Lemma 2.1 and usage obiler inequality, gives

[W} /:pw) a0 - / p (6)(6) d6

2. 13)

Employing power-mean inequality + y" < 21=" (0 +y)" for j,k > 0 with r < 1,

( /1 [ /L I:t)) p(6) do
) e

o (L[] (o fiwnar)

e .
Since‘n ‘ is e-convex on[0, b] for settlede € (0,1] andg > 1, we attained

0/]4 (U(t,e))‘th—&—o/‘n/ (U (t,¢
(el ()
(o ()

Using (2. 15)in ( 2. 14 ) and then resulting inequality in ( 2. 13 ), we grab which was
desired. O

n (b)’q

n (b)

’ q
‘ - 6

’ q ’ q
0 @] + @ @15

Remark 2.9. Assuming = 1, we accomplished result of Theorem 2.4 prove[8]n
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Corollary 2.10. Under the assumptions of Theorem 2.8 and the choige(®f = k_lej,

x € [e], k], subsequent result exists

’ ‘ q

N e
k—ej | €]n () +77(k)‘
<2 [ : . (2.16)

Remark 2.11. Considere = 1 in Corollary 2.10, we draw the result proved [h7, Theo-
rem 1]

Now we present some Fgjtype inequalities fofo, ¢)-convex functions.

Theorem 2.12. Endorsen : W C R — R be a differentiable mapping oi° > [0, c0)
andp : [ej, k] — [0,00) be continuous and symmetric bﬁ for established € (0, 1],

whereej, k € W° withej < k. Whereven) € Ly [ej, k] and'n" is (0, €)-convex or{0, k]
for (o,€) € (0,1] x (0, 1], resulting inequality is

[77@7)“7(@} /jp(@)d@/kp(@)??(‘g)de

2 i
<T@ G|+ @ —x@n |y w]. @ 1)
spot
20277 40) .

Proof. We observed the consequences of Lemma 2.1 can be drafted as
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where([p||, = sup [p(0)].
0€ej,k]
Taking the absolute value on both sides of ( 2. 18 ), we gained

[77(0)“7("3)} [p(e)do/kpw)n(e)de

2 j

(k—ej)” HpHoo/t H” (U(t7€))’ + ‘n’ (L (t,e))H dt. (2.19)

0

<
- 4

Adopting (o, ¢)-convexity of‘n" on [0, k], we have

[l ween|+ | @ o]
0

S5 bl () o
(5 el - (7]
il fo[(5 (5
ol () - (5 o

0
:{M} g (k)‘“{l_M}‘n’ ()] @ 20

Applying the inequality (2. 20 ) in ( 2. 19 ), we scored the result given by ( 2. 17 )0

Corollary 2.13. Presume conditions of Theorem 2.12 are fulfilled ard) = ﬁ 0 €
[e7, k], subsequent inequality holds

) k
M0 2 [

< [ex ) o' ()| + A= x (oD o

positiony (o) is specified in Theorem 2.12.

} . (2.20)

Remark 2.14. If o = e = 1in (2. 21), we get the result proved [jB, Theorem 2.2for
convex functions defined dn k].
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Theorem 2.15. Letn : W C R — R be a differentiablle mapping oW° O [0,c0) and
p : lej, k] — [0,00) be continuous and symmetric Iégﬂ settlee € (0, 1], whereej,
k € W° withej < k. Granted € L, [ej, k] and ’n’ ‘q is (o, €)-convex orf0, k] for ¢ > 1,
(o,€) € (0,1] x (0, 1], coming inequality grips

[77(@)“7(@} /fp(e)dﬂ/kp(@)??(a)d@

E= D)y fex @) | )

1
a

< +1=xn w|]" @22

‘ q
- 4

wherey (o) and||p|| ., are construe in Theorem 2.12.

Proof. Continuing from (2. 19 ) and employingdttler inequality, we achieved

p(0)n(6)do

1 1-
<=y, ( / tdt)
0
tly @ en|” at q 1t
Alfreears) (]

| —|
=
—~
3
o)
b | 4
3
—~
=
=
| I |
T
e
=
>
=
Q
>
|
Q\»

Q=

1
q

0 (U(t,e))‘th> . (2.23)

Accepting power-mean inequality + y" < 2" (6 +y)" for j,k > 0 andr < 1, we
attain

1

n’ <U<t,e>>]th) . (/t)n’ <U<t,e>>\th) q

0

[/ |

<9l-% (/t‘n/ (U(t,e))‘th—k/t’r/ U (t,e))’th) (2. 24)
0

0
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Since‘n"q is (o, €)-convex on0, k] for ¢ > 1, (o, €) € (0,1] x (0, 1], we have

1 1

t’n’(U(t,e))‘qdw t‘n’(U(t,e))‘th
0 0
< (Y Wl e () Tl or
0
(5 b () o

{2 o+ efi- 252 o) @29

c+2)(c+1 c+2)(c+1)
Using (2. 25) in ( 2. 24) and then the resulting inequality in ( 2. 23 ), we get the
appropriate inequality. O

Corollary 2.16. Expect the conditions of Theorem 2.15 are convinced ) = k_lej,
0 € [ej, k], ensuing inequality grips

k

SCELICY P
<F ;q [ex (o)

spoty («) is defined in Theorem 2.12.

d G +a=x@]r @[] @ 20

’ ‘ q

Remark 2.17. Assumingr = ¢ = 1in ( 2. 26 ), we get the result craved [h7, Theorem
1] for convex functions decided ¢h ].

REFERENCES

[1] M. K. Bakula and M. EQzdemirHadamard type inequalities fon-convex and«, m)-convex functions
J. Inequal. Pure Appl. Matl®, No. 4 (2008) Art. 96, 12 pages.

[2] S.S. Dragomir and R. P. Agarwdliwo inequalities for differentiable mappings and applications to special
means of real numbers and to trapezoidal formélppl. Math. Lett.11, No. 5 (1998) 91-95.

[3] S. S. DragomirOn some new inequalities of Hermite-Hadamard typerfieconvex functionsTamkang J.
Math. 33, (2002) 45-55.

[4] S. S. Dragomir and G. Toad&pme inequalities fam-convex functionsStudia Univ. Babes Bolyai Math.

38, (1993) 21-28.

[5] S.S. DragomirGeneralization, Refinement and Reverses of the Right Fejer Inequality for Convex Functions
Punjab Univ. j. math49, No. 2 (2017) 1-13.

[6] D-Y. Hwang,Some inequalities for differentiable convex mapping with application to weighted trapezoidal
formula and higher moments of random variablégplied Mathematics and Computati@i7, (2011)
9598-9605.

[7] D-Y. Hwang, Some inequalities for differentiable convex mapping with application to weighted midpoint
formula and higher moments of random variahlégplied Mathematics and Computati@s2, (2014) 68-

75.

[8] H.Kavurmaci, M. Emir©zdemir and M. AvciNew Ostrowski type inequalities fet-convex functions and

applications Hacettepe Journal of Mathematics and StatigtgsN. 2 (2011) 135 — 145.



24 Muhammad Amer Latif and Wajeeha Irshad

[9] M. A. Latif, Estimates of Hermite-Hadamard Inequality for Twice Differentiable Harmonically-Convex
Functions with ApplicationsPunjab Univ. j. math50, No. 1 (2018) 1-13.

[10] M. A. Latif, S. S. Dragomir and E. Momoniagome -analogues of Hermite-Hadamard Inequality for s-
convex Functions in the Second Sense and Related Estjrfategb Univ. j. Mmath48, No. 2 (2016)
147-166.

[11] M. A. Latif, Sever Dragomir and Ebrahim Momoniat, Some Weighted Hermite-Hadamard-Noor Type In-
equalities for Differentiable Preinvex and Quasi Preinvex Functi#hsijab Univ. j. math47, No. 1 (2015)
57-72.

[12] V. G. MihesanA generalization of the convexity, Seminar on Functional Equatiépprox. Convex, Cluj-
Napoca, 1993 (Romania).

[13] M. E. Ozdemir, M. Avci and E. SetDn some inequalities of Hermite—Hadamard type wiaconvexity
Appl. Math. Lett.23, No. 9 (2010) 1065-1070.

[14] M. E. Ozdemir, H. Kavurmaci and E. S@strowski’s type inequalities fdey, m)-convex functionKyung-
pook Math. J50, (2010) 371-378.

[15] M. E. Ozdemir, M. Avcl and H. KavurmacHermite—Hadamard-type inequalities via, m)-convexity
Comput. Math. Appl61, (2011) 2614—-2620.

[16] M. E. Ozdemir, E. Set and M. Z. Sarikay@ipme new Hadamard's type inequalities for coordinated
convex anda, m)-convex functionsHacet. J. Math. Sta#0, (2011) 219-229.

[17] C. E. M. Pearcelnequalities for differentiable mappings with application to special means and quadrature
formulae Applied Mathematics Letterk3, (2000) 51-55.

[18] E. Set, M. Sardari, M. EDzdemir and J. RooirQn generalizations of the Hadamard inequality for, m)-
convex functionKyungpook Math. J52, (2012) 307-317.

[19] G. Toader,Some generalizations of the convexity, Proceedings of the Colloquium on Approximation and
Optimization Univ. Cluj-Napoca, Cluj-Napoca (1985) 329-338.



