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Abstract. Pythagorean fuzzy number is a new tool for uncertainty and
vagueness. It is a generalization of fuzzy numbers and intuitionistic fuzzy
numbers. The paper deals with interval-valued Pythagorean trapezoidal
fuzzy numbers. In this paper we introduce interval-valued Pythagorean
trapezoidal fuzzy numbers and some operation on IVPTFN. We also de-
fine different types of operators for aggregating interval-valued Pythagorean
trapezoidal fuzzy numbers. We present interval-valued Pythagorean trape-
zoidal fuzzy weighted averaging (IVPTFWA) operator, interval-valued
Pythagorean trapezoidal fuzzy ordered weighted averaging (IVPTFOWA)
operator and interval valued Pythagorean trapezoidal fuzzy hybrid aver-
aging (IVPTFHA) operator. Finally we develope a general algorithm for
group decision making problem.
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1. INTRODUCTION

The notion of fuzzy set theory was established by L.A. Zadeh [38] in 1965. In fuzzy set
(FS) theory the degree of membership function was discussed. Fuzzy set theory has been
studied in various fields such that, homoeopathic verdict, computer science, fuzzy algebra
and decision making problems. In 1986 Atanassov [1] developed the idea of intuitionistic
fuzzy set (IFS) and discussed the degree of membership as well as the degree of non-
membership function. Intuitionistic fuzzy set is the generalization of fuzzy set theory.
There are many advantages of intuitionistic fuzzy set theory such as, usage in engineering,
management science and computer science [6, 7, 5, 16, 18, 8, 39, 26, 27, 28, 29, 30, 31, 23].

Atanassov also presented some relation and changed mathematically operations such
as, algebraic product, sum, union, intersection and complement [2, 4]. He also introduced
the thought of pseudo fixed topics of all operators defined over the intuitionistic fuzzy set
[3]. In 1986, many scholars [5] have completed works in the field of intuitionistic fuzzy
set and its presentations. Many scholars [15, 19, 34, 35] further extended the concept of
intuitionistic fuzzy sets to introduce interval valued intuitionistic fuzzy sets (IV IFSs),
which enhances greatly the representation ability of uncertainty than IFs. However, the
domain of intuitionistic fuzzy sets and interval-valued intuitionistic fuzzy sets which are
used to indicate the certain criterion does or does not belong to some fuzzy concepts.

Like the other schlor in [10, 11, 12, 13, 14, 17, 21] developed the new types of aggrega-
tion operators and applied these aggregation operators to multiple attribute group decision
making (MAGDM) problem. Xu and Chen [32] introduced some new types of aggrega-
tion operators including, interval-valued intuitionistic fuzzy hybrid averaging (IV IFHA)
operator, interval-valued intuitionistic fuzzy ordered weighted averaging (IV IFOWA)
operator, interval-valued intuitionistic fuzzy weighted averaging (IV IFWA) operator and
also proved the importance of interval-valued intuitionistic fuzzy hybrid averaging (IV-
IFHA) operator to multi-criteria group decision making problems under interval-valued
intuitionistic fuzzy data. Furthermore in Xu and Chen [33] introduced the idea of interval-
valued intuitionistic fuzzy hybrid geometric (IV IFHG) operator, interval-valued intu-
itionistic fuzzy ordered weighted geometric (IV IFOWG) operator, interval-valued intu-
itionistic fuzzy weighted geometric (IV IFWA) operators.

Wei and Merigó [18, 26] worked in the field of aggergation operators and introduced the
notion of the two new types aggregation operators such as, the induced intuitionistic fuzzy
ordered weighted geometric (I−IFOWG) operator as well as the induced interval-valued
intuitionistic fuzzy ordered weighted geometric (I− IV IFOWG) operator Like the other
scholars, Wang [24] also worked in the field of intuitionistic fuzzy set and presented the
knowledge of intuitionistic trapezoidal fuzzy (ITFNs) numbers and interval-valued intu-
itionistic trapezoidal fuzzy (IV ITFNs). Wang [25] not only established the idea of these
numbers, but also introduced the concept of Hamming distance for trapezoidal intuitionis-
tic fuzzy numbers (TIFNs) and introduced a series of averaging aggregation operators for
ITFNs such as intuitionistic trapezoidal fuzzy hybrid weighted averaging (ITFHWA)
operator, intuitionistic trapezoidal fuzzy ordered weighted averaging (ITFOWA) opera-
tor and intuitionistic trapezoidal fuzzy weighted averaging (ITFWA) operator. In 2013,
Yager [36] also worked in the field of Pythagorean fuzzy (PFS) set and introduced the
idea of Pythagorean fuzzy set which is a generalization of intuitionistic fuzzy set in which
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the square of their sum less than or equal to 1. Yager [37] gave an example to state this
situation, a DM gives his support for membership of an alternative as

(√
3

2

)
and his sup-

port against membership is 1
2 Owing to the sum of two values is bigger than 1, they are

not available for IFS, but they are available for PFS since
(√

3
2

)2

+
(

1
2

)2 ≤ 1. Later on
Rehman et al [20] worked on Pythagorean fuzzy ordered weighted geometric aggregation
operator and their application to multiple attribute group decision making.

An advantages of the above mention aggregation operators, we develop a series of
interval-valued Pythagorean trapezoidal fuzzy aggregation operators, consists of interval-
vlued Pythagorean trapezoidal fuzzy weighted averaging (IV PTFWA) operator, interval-
valued Pythagorean trapezoidal fuzzy ordered weighted averaging (IV PTFOWA) opera-
tor and the interval-valued Pythagorean trapezoidal fuzzy hybrid averaging (IV PTFHA)
operator. Then we construct an numerical example and find best alternative by applying
score funcation.

This paper is organized as follows; In section 2, we give the concept of some basic defi-
nitions and operators which will be used in our later sections. In section 3, we develop the
concept of the IV PTFWA operator, IV PTFOWA operator and IV PTFHA operator.
In section 4,we give an application of IV PTFWA and IV PTFHA operators to multiple
attribute group decision making (MAGDM) problems with interval-valued Pythagorean
trapezoidal fuzzy information. We applying these operators and find out the best alternative
from different alternatives. In section 5, we give numerical example. Concluding remarks
are made in section 6.

2. PRELIMINARIES

Definition 2.1. [1] Let L be a fixed set. An IFS U in L is an object having the form:

U = {〈l,Ψu(l),Υ
u
(l)〉 | l ∈ L},

where Ψu : L → [0, 1] and Υu : L → [0, 1] represent the degree of membership and the
degree of non-membership of the element l ∈ L to U, respectively, and for all l ∈ L :

0 ≤ Ψu(l) + Υ
u
(l) ≤ 1.

For each IFs U in L,

πU (l) = 1−ΨU (l)−ΥU (l), for all l ∈ L,

πA(l) is called the degree of indeterminacy of l to U.
Definition 2.2. [25] Let p be intuitionistic trapezoidal fuzzy number, its membership

function be

Ψp (l) =


l−p
q−pΨp , p ≤ l ≤ q;
Ψp, q ≤ l ≤ r;
s−l
s−rΨp, r ≤ l ≤ s;

1, otherwise,

(1)
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and its non-membership function be

Υp(l) =


s−l+Υp(l−p1)

q−p p1 ≤ l ≤ q;
Υp, q ≤ l ≤ r;

l−r+Υp(s1−l)
s1−r ,

r ≤ l ≤ s1;

0, otherwise,

(2)

where 0 ≤ Ψα̃ ≤ 1; 0 ≤ Υα̃ ≤ 1; 0 ≤ (Ψα̃) + (Υα̃) ≤ 1; p, q, r, s ∈ R. Then p̃
= 〈([p, q, r, s] ; Ψα̃) , ([p1, q, r, s1] ; Υα̃)〉 is called intuitionistic trapezoidal fuzzy number.
For convenience we write, p̃ = ([p, q, r, s] ; Ψα̃,Υα̃).

Figure 1. Intuitionistic trapezoidal fuzzy number

Definition 2.3. [25] Let p̃1 = ([p1, q1, r1, s1] ; Ψα̃1
,Υα̃1

), and p̃2 = ([p2, q2, r2, s2] ; Ψα̃2
,

Υα̃2), be two trapezoidal fuzzy numbers, and δ ≥ 0. Then,

(1) p̃1 ⊕ p̃2 =

(
[p1 + p2, q1 + q2, r1 + r2, s1 + s2] ;

(Ψα̃1
) + (Ψα̃2

)− (Ψα̃1
Ψα̃2

),Υα̃1
Υα̃2

)
,

(2) p̃1 ⊗ p̃2 =

(
[p1p2, q1q2, r1r2, s1s2] ; Ψα̃1

Ψα̃2
,

(Υα̃1
) + (Υα̃2

)− (Υα̃1
Υα̃2

)

)
,

(3) δp̃ = ([δp, δq, δr, δs] ; 1− (1−Ψα̃)
δ

; (Υα̃)δ),

(4) p̃δ = (
[
pδ, qδ, rδ, sδ

]
; Ψδ

α̃, 1− (1−Υα̃)
δ
).

Example 2.4. Let p̃ = ([0.5, 0.4, 0.6, 0.9] ; 0.3, 0.5), p̃1 = ([0.3, 0.4, 0.5, 0.3] ; 0.4, 0.6), p̃2 =
([0.4, 0.5, 0.4, 0.3] ; 0.5, 0.4) be trapezoidal fuzzy numbers, and δ = 0.5. Then, we verify
the above results such that,

(1)

p̃1 ⊕ p̃2 =

(
[0.3 + 0.4, 0.4 + 0.5, 0.5 + 0.4, 0.3 + 0.3] ;

(0.4) + (0.5)− (0.4)(0.5), (0.6) (0.4)

)
,

= ([0.7, 0.9, 0.9, 0.6] ; 0.7, 0.24) .
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(2)

p̃1 ⊗ p̃2 =

(
[(0.3) (0.4) , (0.4) (0.5) , (0.5) (0.4) , (0.3) (0.3)] ;

(0.4)(0.5), (0.6 + 0.4)− (0.6) (0.4)

)
,

= ([0.12, 0.2, 0.2, 0.9] ; 0.2, 0.76) .

(3)

δp̃ =

(
[(0.5) (0.5) , (0.5) (0.4) , (0.5) (0.6) , (0.5) (0.9)] ;

(1− (1− 0.3)
0.5

(0.5)0.5

)
,

= ([0.25, 0.2, 0.3, 0.45] ; 0.16, 0.70) .

(4)

p̃δ =

( [
(0.5)

0.5
, (0.4)

0.5
, (0.6)

0.5
, (0.9)

0.5
]

;

(0.3)
0.5
, 1− (1− 0.5)0.5

)
,

= ([0.70, 0.63, 0.77, 0.94] ; 0.59, 0.29) .

Definition 2.5. [36] Let L be a fixed set. The PFs U in L is an object having the form:

U = {〈l,ΨU (l),Υ
U

(l)〉 | l ∈ L},

where ΨA : L → [0, 1] and Υ
A

: L → [0, 1] represented the degree of membership and
the degree of non-membership of the element l ∈ L toA, respectively, and for every l ∈ L,

0 ≤ ΨU ≤ 1, 0 ≤ ΥU ≤ 1, 0 ≤ Ψ2
U (l) + Υ2

U
(l) ≤ 1.

For each PFS U in L,

πU (l) =
√

1−Ψ2
U (l)−Υ2

U (l), for all l ∈ L,

πU (l) is called the degree of indeterminacy of l to U.
Definition 2.6. [40] Let p̃ = (Ψα,Υα) , p̃1 = (Ψα1

,Υα1
) and p̃2 = (Ψα2

,Υα2
) be

three PFNs and δ > 0. Then
(1) p̃c = (Υα,Ψα) ,

(2) p̃1 ⊕ p̃2 =
(√

(Ψα̃1)2 + (Ψα̃2)2 − (Ψ2
α̃1

Ψ2
α̃2

),Υα̃1Υα̃2

)
,

(3) p̃1 ⊗ p̃2 =
(

Ψα̃1Ψα̃2 ,
√

(Υα̃1
)2 + (Υα̃2

)2 − (Υ2
α̃1

Υ2
α̃2

)
)
,

(4) δp̃ =

√
1− (1−Ψ2

α̃)
δ
; (Υα̃)δ),

(5) p̃δ = (Ψδ
α̃,

√
1− (1−Υ2

α̃)
δ
).

Example 2.7. Let p̃ = (0.5, 0.6), p̃1 = (0.6, 0.4) p̃2 = (0.7, 0.4) be trapezoidal fuzzy
numbers, and δ = 0.6. Then we verify the above results such that,

(2)

p̃1 ⊕ p̃2 =
(√

(0.6)2 + (0.7)2 − (0.62)(0.72), (0.4) (0.4)
)
,

= (0.85, 0.17).
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(3)

p̃1 ⊗ p̃2 =
(

(0.6) (0.7) ,
√

(0.4)2 + (0.7)2 − (0.4)2(0.72)
)
,

= (0.42, 0.75).

(4)

δp̃ =

√
1− (1− 0.52)

0.6
; (0.6)0.6),

= (0.39, 0.73).

(5)

p̃δ = ((0.5)0.6,

√
1− (1− 0.62)

0.6
),

= (0.65, 0.0.48).

Definition 2.8. Let p̃ = ([p, q, r, s] ; Ψ,Υ) = ([p, q, r, s] ; [Ψ, Ψ̄], [Υ, Ῡ]) be an interval-
valued Pythagorean trapezoidal fuzzy number, where Ψ = [Ψ, Ψ̄] and Υ = [Υ, Ῡ] repre-
sent an interval-valued, hence Ψ ⊂ [0, 1] and Υ ⊂ [0, 1], such that 0 ≤ Ψ2 + Υ2 ≤ 1.

Definition 2.9. Let p̃1 = ([p1, q1, r1, s1] ; [Ψ
1
, Ψ̄

1
], [Υ

1
, Ῡ

1
]), and p̃2 = ([p2, q2, r2, s2] ;

[Ψ
1
, Ψ̄

2
], [Υ

2
, Ῡ

2
]), be any two IV PTF numbers, and δ ≥ 0. Then

(1) p̃1 ⊕ p̃2 =

 [p1 + p2, q1 + q2, r1 + r2, s1 + s2];[√
(Ψ

1
)2 + (Ψ

2
)2 − (Ψ

1
Ψ

2
)2,Υ

1
Υ

2

]
,
[√

(Ψ̄1)2 + (Ψ̄2)2 − (Ψ̄
1
Ψ̄2)2, Ῡ

1
Ῡ

2

]
 ,

(2) p̃1 ⊗ p̃2 =


[p1p2, q1q2, r1r2, s1s2] ;[

Ψ1Ψ2,
√

Υ2
1

+ Υ2
2
− (Υ1Υ2)2

]
,[

Ψ̄1Ψ̄2,
√

Ῡ2
1

+ Ῡ2
2
− (Ῡ1Ῡ2)2

]
 ,

(3) δp̃ =

 [δp, δq, δr, δs] ;

[√
1−

(
1−Ψ2

α̃

)δ
, (Υα̃)δ

]
,[√

1−
(
1− Ψ̄2

α̃

)δ
, (Ῡα̃)δ

]
 ,

(4) p̃δ =


[
pδ, qδ, rδ, sδ

]
;

[
Ψδ
α̃,

√
1−

(
1−Υ2

α̃

)δ]
,[

Ψ̄δ
α̃,

√
1−

(
1− Ῡ2

α̃

)δ]
 .

Example 2.10. Let

p̃ = ([0.3, 0.4, 0.5, 0.6] ; [0.7, 0.4] , [0.5, 0.6]) ,

p̃1 = ([0.3, 0.4, 0.5, 0.6] ; [0.8, 0.5] , [0.6, 0.4]) ,

p̃2 = ([0.5, 0.3, 0.4, 0.4] ; [0.8, 0.4] , [0.8, 0.3]) ,

be any three interval-valued Pythagorean trapezoidal fuzzy numbers, and let δ = 0.4. Then,
we verify the results as follows;
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(1)

p̃1 ⊕ p̃2 =


[0.3 + 0.5, 0.4 + 0.3, 0.5 + 0.4, 0.6 + 0.4];[√

(0.8)2 + (0.8)2 − (0.8)2(0.8)2, (0.6)(0.8)
]

,
[√

(0.5)2 + (0.4)2 − (0.5)2(0.4)2, (0.4)(0.3)
]
 ,

= ([0.8, 0.7, 0.9, 1.0] ; [0.80, 0.48] , [0.45, 0.12]) .

(2)

p̃1 ⊗ p̃2 =


[(0.8) (0.5) , (0.4) (0.3) , (0.5) (0.4) , (0.6) (0.4)] ;[

(0.8) (0.8) ,

√
0.62 + 0.82 − ((0.6)

2
(0.8)2

]
,[

(0.5) (0.4) ,

√
0.42 + 0.32 − (0.4)

2
(0.3)2

]
 ,

= ([0.40, 0.12, 0.20, 0.24] ; [0.64, 0.72] , [0.20, 0.36]) .

(3)

δp̃ =


[(0.4) (0.3) , (0.4) (0.4) , (0.4) (0.5) , (0.4) (0.6)] ;[√

1− (1− 0.72)
0.4
, (0.5)0.4

]
,[√

1− (1− 0.42)
0.4
, (0.6)0.4

]
 ,

= ([0.12, 0.16, 0.20, 0.24] ; [0.48, 0.75] , [0.25, 0.81]) .

(4)

p̃δ =


[
0.30.4, 0.40.4, 0.50.4, 0.60.4

]
;

[
0.70.4,

√
1− (1− 0.52)

0.4

]
,[

0.40.4,

√
1− (1− 0.62)

0.4

]
 ,

= ([0.61, 0.69, 0.75, 0.85] ; [0.86, 0.32] , [0.69, 0.40]) .

Definition 2.11. [22] Let p̃ = ([p, q, r, s] ; [Ψ, Ψ̄], [Υ, Ῡ]) be an interval-valued Pythagorean
trapezoidal fuzzy number. Then a score function S can be defined as follows:

s(p̃) =

(
p+ q + r + s

4
· Ψ2 −Υ2 + Ψ̄2 − Ῡ2

2

)
s(p̃) ∈ [0, 1] (3)

Example 2.12. Let p̃ = ([0.8, 0.6, 0.5, 0.7] ; [0.7, 0.5] , [0.8, 0.6]) be an interval-valued
Pythagorean trapezoidal fuzzy number. Then we verify the above result as follows;

s(p̃) =

(
0.8 + 0.6 + 0.5 + 0.7

4
· 0.72 − 0.82 + 0.52 − 0.12

2

)
,

= −0.0845.
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Definition 2.13. [22] Let p̃ = ([p, q, r, s] ; [Ψ, Ψ̄], [Υ, Ῡ]) be an interval-valued Pythagorean
trapezoidal fuzzy number. Then an accuracy function H can be defined as follows:

H(p̃) =

(
p+ q + r + s

4
· Ψ2 + Υ2 + Ψ̄2 + Ῡ2

2

)
H(p̃) ∈ [0, 1], (4)

determine the degree of an accuracy of the interval-valued Pythagorean trapezoidal fuzzy
number p̃, where H(p̃) ∈ [0, 1].

Example 2.14. Let p̃ = ([0.8, 0.6, 0.5, 0.7] ; [0.7, 0.5] , [0.8, 0.6]) be interval-valued
Pythagorean trapezoidal fuzzy number. Then we verify the above result as follows;

s(p̃) =

(
0.8 + 0.6 + 0.5 + 0.7

4
· 0.72 + 0.82 + 0.52 + 0.12

2

)
,

= 0.56.

Theorem 2.15. Let p̃1 = ([p1, q1, r1, s1] ; [Ψ1, Ψ̄1
], [Υ

1
, Ῡ

1
]), and p̃2 = ([p2, q2, r2, s2] ;

[Ψ1, Ψ̄2
], [Υ

2
, Ῡ

2
]), be any two IV PTF , numbers and δ, δ1, δ2 are any scalar numbers.

Then,
(1) p̃1 ⊗ p̃2 = p̃2 ⊗ p̃1,

(2) (p̃1 ⊗ p̃2)
δ

= p̃δ2 ⊗ p̃δ1,
(3) p̃δ1 ⊗ p̃δ2 = p̃(δ1+δ2).

Proof. (1) Proof is obvious.
(2) Using Definition 2.8 and operational law 2, we have

p̃1 ⊗ p̃2 =


[p1p2, q1q2, r1r2, s1s2] ;[

Ψ1Ψ2,
√

Υ2
1

+ Υ2
2
− (Υ1Υ2)2

]
,
[
Ψ̄1Ψ̄2,

√
Ῡ2

1
+ Ῡ2

2
− (Ῡ1Ῡ2)2

]
 .

Then, from Definition 2.8 and operational law 4, it follows that

(p̃1 ⊗ p̃2)
δ

=



[
(p1p2)

δ
, (q1q2)

δ
, (r1r2)

δ
, (s1s2)

δ
]

;[
(Ψ1Ψ2)

δ
,
√

1− (1− (Υ2
1

+ Υ2
2
− (Υ1Υ2)2)δ

]
,

[(
Ψ̄

1
Ψ̄2

)δ
,
√

1− (1− (Ῡ2
1

+ Ῡ2
2
− (Ῡ

1
Ῡ

2
)2)δ

]
 .
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Since

(p̃1)δ =



[
(p1)

δ
, (q1)

δ
, (r1)

δ
, (s1)

δ
]

;[(
Ψα̃1

)δ
,
√

(1− (1−Υ2
α̃1

)δ
]

,

[(
Ψ̄α̃1

)δ
,
√

(1− (1− Ῡ2
α̃1

)δ
]
 ,

(p̃2)δ =



[
(p2)

δ
, (q2)

δ
, (r2)

δ
, (s2)

δ
]

;[(
Ψα̃2

)δ
,
√

(1− (1−Υ2
α̃2

)δ
]

,

[(
Ψ̄α̃2

)δ
,
√

(1− (1− Ῡ2
α̃2

)δ
]
 .

Therefore we can write (p̃1)δ and (p̃2)δ as follows;

(p̃2)δ ⊗ (p̃1)δ =



[
(p1p2)

δ
, (q1q2)

δ
, (r1r2)

δ
, (s1s2)

δ
]

;[(
Ψα̃1

Ψα̃2

)δ
,

√
(1− (1−Υ2

α̃1
)δ + (1− (1−Υ2

α̃2
)δ−

(1− (1−Υ2
α̃1

)δ(1− (1−Υ2
α̃2

)δ

]

,

[(
Ψ̄α̃1

Ψ̄α̃2

)δ
,

√
(1− (1− Ῡ2

α̃1
)δ + (1− (1− Ῡ2

α̃2
)δ−

(1− (1− Ῡ2
α̃1

)δ(1− (1− Ῡ2
α̃2

)δ

]


,

=


[
(p1p2)

δ
, (q1q2)

δ
, (r1r2)

δ
, (s1s2)

δ
]

;[(
Ψα̃1

Ψα̃2

)δ
,
√

(1− (1−Υ2
α̃1

+ Υ2
α̃2
−Υ2

α̃1
Υ2
α̃2

)δ
]

,
[(

Ψ̄α̃1
Ψ̄α̃2

)δ
,
√

(1− (1− Ῡ2
α̃1

+ Ῡ2
α̃2
− Ῡ2

α̃1
Ῡ2
α̃2

)δ
]
 .

.

Hence, (p̃1 ⊗ p̃2)
δ

= p̃δ2 ⊗ p̃δ1.
(3) Using Definition 2.8 and operational law 4,we have

(p̃)δ1 =


[
(p)

δ1 , (q)
δ1 , (r)

δ1 , (s)
δ1
]

;[
(Ψα̃)

δ1 ,
√

(1− (1−Υ2
α̃)δ1

]
,[

(Ψ̄α̃)
δ1
,
√

(1− (1− Ῡ2
α̃)δ1

]
 ,

(p̃)δ2 =


[
(p)

δ2 , (q)
δ2 , (r)

δ2 , (s)
δ2
]

;[
(Ψα̃)

δ2 ,
√

(1− (1−Υ2
α̃)δ2

]
,[

(Ψ̄α̃)δ2 ,
√

(1− (1− Ῡ2
α̃)δ2

]
 .
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Then,

(p̃)δ1 ⊗ (p̃)δ2 =



[
pδ1pδ2 , qδ1qδ2 , rδ1rδ2 , sδ1sδ2

]
;[

(Ψα̃)
δ1 (Ψα̃)

δ2 ,

√
(1− (1−Υ2

α̃)δ1) + (1− (1−Υ2
α̃)δ2)

−(1− (1−Υ2
α̃)δ1)(1− (1−Υ2

α̃)δ2)

]
,[(

Ψ̄α̃

)δ1 (
Ψ̄α̃

)δ2
,

√
(1− (1− Ῡ2

α̃)δ1) + (1− (1− Ῡ2
α̃)δ2)

−(1− (1− Ῡ2
α̃)δ1)(1− (1− Ῡ2

α̃)δ2)

]
 ,

=


[
pδ1pδ2 , qδ1qδ2 , rδ1rδ2 , sδ1sδ2

]
;[

(Ψα̃)
δ1 (Ψα̃)

δ2 ,
√

(1− (1−Υ2
α̃)δ1)(1−Υ2

α̃)δ2)

]
,[(

Ψ̄α̃

)δ1 (
Ψ̄α̃

)δ2
,
√

(1− (1− Ῡ2
α̃)δ1)(1− Ῡ2

α̃)δ2)
]
 ,

=


[
pδ1+δ2 , qδ1+δ2 , rδ1+δ2 , sδ1+δ2

]
;[

Ψδ1+δ2
α̃ ,

√
(1− (1−Υ2

α̃)δ1+δ2

]
,[

Ψ̄δ1+δ2
α̃ ,

√
(1− (1− Ῡ2

α̃)δ1+δ2

]
 ,

= (p̃)δ1+δ2 .

�

3. AVERAGING AGGREGATION OPERATORS WITH INTERVAL-VALUED
PYTHAGOREAN TRAPEZOIDAL FUZZY NUMBERS

In this section, we introduce the notion of interval-valued Pythagorean trapezoidal fuzzy
weighted averaging (IV PTFWA) operator, interval-valued Pythagorean trapezoidal fuzzy
ordered weighted averaging (IV PTFOWA) operator, and interval-valued Pythagorean
trapezoidal fuzzy hybrid averaging (IV PTFHA) operator. We also discuss various prop-
erties of these operators including idempotency, bounded and monotonicity as follows.

Definition 3.1. Let p̃£ (j = £ = 1, 2, ...,Φ) be a group of IV PTF numbers, let Ω be
set of IV PTF numbers, such that IV PTFWA, ΩΦ → Ω, if

IV PTFWA (p̃1, p̃2, ..., p̃Φ) = (~1p̃1 ⊕ ~2p̃2...⊕ ~Φp̃Φ) . (5)

Then IV PTFWA called interval-valued Pythagorean trapezoidal fuzzy weighted aver-
aging operator of dimension Φ. Especially, if ~ = (~1, ~2, ..., ~Φ)

T is the weighting
vector such that p̃£ (j = £ = 1, 2, ...,Φ), with ~£ ∈ [0, 1] and

∑Φ
£=1 ~£

= 1, if ~ =(
1
Φ ,

1
Φ , ...,

1
Φ

)T
. Then, interval-valued Pythagorean trapezoidal fuzzy weighted averaging

(IV PTFWA) operator is reduced to interval-valued Pythagorean trapezoidal fuzzy aver-
aging (IV PTFA) operator of measurement Φ, which is defined as follows:

IV PTFAw (p̃1, p̃2, ..., p̃Φ) = (p̃1 ⊕ p̃2...⊕ p̃Φ)
1
Φ . (6)

By Definition 3.10 and Theorem 2.15, we can obtain the following result. In order to proof,
we use mathematical induction.
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Theorem 3.2. let p̃£ (j = £ = 1, 2, ...,Φ) be a group of IV PTF numbers. Then, their
aggregated values by using IV PTFWA operator is an also IV PTF number such that,

IV PTFWA (p̃1, p̃2, ..., p̃Φ)

=



[
Φ∑

£=1

~£p£,
Φ∑

£=1

~£q£,
Φ∑

£=1

~£r£,
Φ∑

£=1

~£s£
]

;[√
1−

Φ∏
£=1

(
1−Ψ2

α̃£

)~£
,

√
1−

Φ∏
£=1

(
1− Ψ̄2

α̃£

)~£

]
,[

Φ∏
£=1

Υ~£

£ ,
Φ∏

£=1

Ῡ~£

£

]


, (7)

here ~ =
(

1
Φ ,

1
Φ , ...,

1
Φ

)T
is the weighting vector of p̃£ (£ = 1, 2, ...,Φ) with ~£ ∈ [0, 1]

and
∑Φ

£=1 ~£ = 1.

Proof. The result first follows from Definition 3.10 and Theorem 2.15, by mathematical
induction we prove the second result when Φ = 2.

~1p̃1 =


[~1p1, ~1q1, ~1r1, ~1s1] ;[√

1−
Φ∏

£=1

(
1−Ψ2

α̃1

)~1
,

√
1−

Φ∏
£=1

(
1− Ψ̄2

α̃1

)~1

]
,[

Φ∏
£=1

Υ~1

α̃1
,

Φ∏
£=1

Ῡ~1

α̃1

]
 ,

~2p̃2 =


[~2p2, ~2q2, ~2r2, ~2s2] ;[√

1−
Φ∏

£=1

(
1−Ψ2

α̃2

)~2
,

√
1−

Φ∏
£=1

(
1− Ψ̄2

α̃2

)~2

]
,[

Φ∏
£=1

Υ~2

α̃2
,

Φ∏
£=1

Ῡ~2

α̃2

]
 .

Then,

PTFWA(p̃1, p̃2) = ~1p̃1 ⊕ ~2p̃2

=



[~1p1 + ~2p2, ~1q1 + ~2q2, ~1r1 + ~2r2, ~1s1 + ~2s2] ;√√√√ 1−
(
1−Ψ2

α̃1

)~1
+ 1−

(
1−Ψ2

α̃2

)~2

−(1−
(
1−Ψ2

α̃1

)~1
)(1−

(
1−Ψ2

α̃2

)~2
)
,
(

Υ~1

α̃1

)(
Υ~2

α̃2

)
,

[√
1−

(
1− Ψ̄2

α̃1

)~1
+ 1−

(
1− Ψ̄2

α̃2

)~2

−(1−
(
1− Ψ̄2

α̃1

)~1
)(1−

(
1− Ψ̄2

α̃2

)~2
)
,
(

Ῡ~1

α̃1

)(
Ῡ~2

α̃2

)]


,

=


[~1p1 + ~2p2, ~1q1 + ~2q2, ~1r1 + ~2r2, ~1s1 + ~2s2] ;[√

1−
(
1−Ψ2

α̃1

)~1
(
1−Ψ2

α̃2

)~2
),
(

Υ~1

α̃1

)(
Υ~2

α̃2

)]
,

[√
1−

(
1− Ψ̄2

α̃1

)~1
(
1− Ψ̄2

α̃2

)~2
),
(

Ῡ~1

α̃1

)(
Ῡ~2

α̃2

)]
 .
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If E.q. (7) holds for Φ = k, that is

PTFWAw (p̃1, p̃2, ..., p̃k)

=



[
k∑

£=1

~£p£,
k∑

£=1

~£q£,
k∑

£=1

~£r£,
k∑

£=1

~£s£
]

;[√
1−

Φ∏
£=1

(
1−Ψ2

α̃£

)~£
,

√
1−

Φ∏
£=1

(
1− Ψ̄2

α̃£

)~£

]
,

[
Φ∏

£=1

Υ~£

£ ,
Φ∏

£=1

Ῡ~£

£

]


.

Therefore Φ = k + 1 and operational laws in Definition 2.8, we have

PTFWAw (p̃1, p̃2, ..., p̃k+1)

=



[
k+1∑
£=1

~£p£,
k+1∑
£=1

~£q£,
k+1∑
£=1

~£r£,
k+1∑
£=1

~£s£
]

;
√√√√√√√ 1−

k∏
£=1

(
1−Ψ2

α̃1

)~£
+ 1−

(
1−Ψ2

α̃k+1

)~k+1

−(
1−

k∏
£=1

(
1−Ψ2

α̃£

)~£
(1−

(
1−Ψ2

α̃k+1

)~k+1
) ,

k+1∏
£=1

Υ~£

α̃£

 ,

√√√√√√√ 1−

k∏
£=1

(
1− Ψ̄2

α̃1

)~£ + 1−
(

1− Ψ̄2
α̃k+1

)~k+1

−(
1−

k∏
£=1

(
1− Ψ̄2

α̃£

)~£ (1−
(

1− Ψ̄2
α̃k+1

)~k+1
) ,

k+1∏
£=1

Ῡ~£

α̃£




,

=


[
k+1∑
£=1

~£p£,
k+1∑
£=1

~£q£,
k+1∑
£=1

~£r£,
k+1∑
£=1

~£s£
]

;

,

[√
1−

k+1∏
£=1

(
1−Ψ2

α̃£

)~£
,
k+1∏
£=1

Υ~£

α̃£

]
,

[√
1−

k+1∏
£=1

(
1− Ψ̄2

α̃£

)~£ ,
k+1∏
£=1

Ῡ~£

α̃£

]
 .

Therefore E.q. (7) holds for Φ = k + 1. Hence E.q. (7) holds ∀ Φ. �

Theorem 3.3. Let p̃£ (j = £ = 1, 2, ...,Φ) be a collection of IV PTF numbers and
~ = (~1, ~2, ..., ~Φ)

T be the weighting vector of p̃£ (£ = 1, 2, ...,Φ), with ~£ ∈ [0, 1] and∑Φ
£=1 ~£ = 1. Then we have following properties;
(1) (Idempotent): If all p̃£ (£ = 1, 2, ...,Φ) are equal such that p̃£ = p̃ ∀£, then

IV PTFWAw (p̃1, p̃2, ..., p̃Φ) = p̃. (8)

(2) (Bounded):
p̃− ≤ IV PTFWA (p̃1, p̃2, ..., p̃Φ) ≤ p̃+,

here
p̃− = min

£
(p̃£) and p̃+ = max

£
(p̃£) .

(3) (Monotonicity): Let p̃∗£ (£ = 1, 2, ...,Φ) be a collection of IV PTF numbers. If p̃£ ≤
p̃∗£ ∀ £. Then,

IV PTFWAw (p̃1, p̃2, ..., p̃Φ) ≤ IV PTFWAw (p̃∗1, p̃
∗
2, ..., p̃

∗
Φ)∀£. (9)
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Example 3.4. Let

p̃1 = ([0.3, 0.4, 0.5, 0.6] ; [0.7, 0.4] , [0.8, 0.3]) ,

p̃2 = ([0.4, 0.5, 0.6, 0.4] ; [0.9, 0.2] , [0.8, 0.6]) ,

p̃3 = ([0.5, 0.4, 0.6, 0.9] ; [0.7, 0.6] , [0.6, 0.4]) ,

p̃4 = ([0.4, 0.3, 0.2, 0.1] ; [0.5, 0.6] , [0.7, 0.5]) ,

p̃5 = ([0.5, 0.6, 0.4, 0.3] ; [0.8, 0.3] , [0.6, 0.5])

be five interval-valued Pythagorean trapezoidal fuzzy numbers and let ~ =
(0.10, 0.20, 0.30, 0.15, 0.25) be the weighting vector of p̃£ (£ = 1, 2, 3, 4, 5) .We apply

E.q. (7) , such that



IV PTFWA (p̃1, p̃2, p̃3, p̃4, p̃5) =
0.10 (0.3) + 0.20 (0.4) + 0.30 (0.5) + 0.15 (0.4) + 0.25 (0.5) ,
0.10 (0.4) + 0.20 (0.5) + 0.30 (0.4) + 0.15 (0.3) + 0.25 (0.6) ,
0.10 (0.5) + 0.20 (0.6) + 0.30 (0.6) + 0.15 (0.2) + 0.25 (0.4) ,
0.10 (0.6) + 0.20 (0.4) + 0.30 (0.9) + 0.15 (0.1) + 0.25 (0.3)

 ;

 √
1− (1− 0.72)

.10
(1− 0.92)

.20
(1− 0.72)

.30
(1− 0.52)

.15
(1− 0.82)

.25

,

√
1− (1− 0.42)

.10
(1− 0.22)

.20
(1− 0.62)

.30
(1− 0.62)

.15
(1− 0.32)

.25


,

[
(0.8)

.10
(0.8)

.20
(0.6)

.30
(0.7)

.15
(0.6)

.25
,

(0.3)
.10

(0.6)
.20

(0.4)
.30

(0.5)
.15

(0.5)
.25

]



IV PTFWA (p̃1, ..., p̃5) = ([0.44, 0.45, 0.48, 0.5] ; [0.77, 0.48] , [0.66, 0.46]) .

Definition 3.5. Let p̃£ (j = £ = 1, 2, ...,Φ) be a the group of interval-valued Pythagorean
trapezoidal fuzzy (IV PTF ) numbers, interval-valued Pythagorean trapezoidal fuzzy or-
dered weighted averaging (IV PTFOWA) operator of measurement Φ is a mapping and
let IV PTFOWA: ΩΦ− > Ω, is the weighting vector ~ = (~1, ~2, ..., ~Φ)

T such that
~£ ∈ [0, 1] and

∑Φ
£=1 ~£ = 1.

IV PTFOWA (p̃1, p̃2, ..., p̃Φ) = (~1p̃σ(1)
⊕ ~2p̃σ(2)

...⊕ ~Φp̃σ(Φ)
), (10)

here (σ (1) , σ (2) , ..., σ (Φ)) is a permutation of (1, 2, ...,Φ) such that p̃σ(£−1)
≥ p̃σ(£)

for all £. If ~ = (~1, ~2, ..., ~Φ)
T , then interval-valued Pythagorean trapezoidal fuzzy

ordered weighted averaging (IV PTFOWA) operator is reduced to be interval-valued
Pythagorean trapezoidal fuzzy averaging (IV PTFA) operator of dimension Φ.

Theorem 3.6. Let p̃£ (£ = 1, 2, ...,Φ) be a collection of interval-valued Pythagorean
trapezoidal fuzzy (IV PTF ) numbers, then their aggregated value by using the IV PTFOWG
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operator is also IV PTF number such that,

IV PTFOWA (p̃1, p̃2, ..., p̃Φ)

=



[
Φ∑

£=1

~£pσ(£)
,

Φ∑
£=1

~£qσ(£)
,

Φ∑
£=1

~£rσ(£)
,

Φ∑
£=1

~£sσ(£)

]
;[√

1−
Φ∏

£=1

(
1−Ψ2

σ(£)

)~£

,

√
1−

Φ∏
£=1

(
1− Ψ̄2

σ(£)

)~£

]
,[

Φ∏
£=1

Υ~£
σ(£)

,
Φ∏

£=1

Ῡ~£
σ(£)

]


, (11)

here ~ =
(

1
Φ ,

1
Φ , ...,

1
Φ

)T
be the weighting vector of p̃£ (j = £ = 1, 2...,Φ) with ~£ ∈

[0, 1] and
∑Φ

£=1 ~£ = 1.
Example 3.7. Let

p̃1 = ([0.3, 0.4, 0.5, 0.6] ; [0.8, 0.4] , [0.6, 0.3]) ,

p̃2 = ([0.4, 0.5, 0.6, 0.4] ; [0.9, 0.4] , [0.8, 0.3]) ,

p̃3 = ([0.6, 0.5, 0.4, 0.8] ; [0.7, 0.6] , [0.6, 0.4]) ,

p̃4 = ([0.4, 0.3, 0.2, 0.1] ; [0.6, 0.6] , [0.6, 0.5]) ,

p̃5 = ([0.6, 0.4, 0.2, 0.1] ; [0.8, 0.5] , [0.6, 0.5]) .

be five interval-valued Pythagorean trapezoidal fuzzy numbers, suppose ~ =
(0.15, 0.25, 0.10, 0.20, 0.30) be the weighting vector of p̃£ (£ = 1, 2, 3, 4, 5) . By using

score function we determine S (p̃1) = 0.078, S (p̃2) = 0.057, S (p̃3) = 0.094, S (p̃4) =
0.013, S (p̃5) = 0.20 and we can write in ordered form such that, S (p̃5) ≥ S (p̃3) ≥
S (p̃1) ≥ S (p̃2) ≥ S (p̃4) , also we can write p̃σ(1) = p̃5, p̃σ(2) = p̃3, p̃σ(3) = p̃1,
p̃σ(4) = p̃2, p̃σ(5) = p̃4.

Therefore we can write,

p̃1 = ([0.6, 0.4, 0.2, 0.1] ; [0.8, 0.5] , [0.6, 0.5]) ,

p̃2 = ([0.6, 0.5, 0.4, 0.8] ; [0.7, 0.6] , [0.6, 0.4]) ,

p̃3 = ([0.3, 0.4, 0.5, 0.6] ; [0.8, 0.4] , [0.6, 0.3]) ,

p̃1 = ([0.4, 0.5, 0.6, 0.4] ; [0.9, 0.4] , [0.8, 0.3]) ,

p̃1 = ([0.4, 0.3, 0.2, 0.1] ; [0.6, 0.6] , [0.6, 0.5])
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By using e.q.(11) we have,

IV PTFOWA (p̃1, p̃2, p̃3, p̃4, p̃5) =
0.15 (0.6) + 0.25 (0.6) + 0.10 (0.3) + 0.20 (0.4) + 0.30 (0.4) ,
0.15 (0.4) + 0.25 (0.5) + 0.10 (0.4) + 0.20 (0.5) + 0.30 (0.3) ,
0.15 (0.2) + 0.25 (0.4) + 0.10 (0.5) + 0.20 (0.6) + 0.30 (0.2) ,
0.15 (0.1) + 0.25 (0.8) + 0.10 (0.6) + 0.20 (0.4) + 0.30 (0.1) ,

 ;

 √1− (1− 0.82)
.15

(1− 0.72)
.25

(1− 0.82)
.10

(1− 0.92)
.20

(1− 0.62)
.30
,√

1− (1− 0.52)
.15

(1− 0.62)
.25

(1− 0.42)
.10

(1− 0.42)
.20

(1− 0.62)
.30


,

[
(0.6)

.15
(0.6)

.25
(0.6)

.10
(0.8)

.20
(0.6)

.30
,

(0.5)
.15

(0.4)
.25

(0.3)
.10

(0.3)
.20

(0.5)
.30

]


IV PTFOWA (p̃1, ..., p̃5) = ([0.39, 0.41, 0.36, 0.32] ; [0.77, 0.55] , [0.63, 0.40]) .

Theorem 3.8. Let p̃£ (j = £ = 1, 2, ...,Φ) be a group of interval-valued Pythagorean
trapezoidal fuzzy (IV PTF ) numbers and ~ = (~1, ~2, ..., ~Φ)

T is the weighting vector of
p̃£ = (£ = 1, 2, ...,Φ), with ~£ ∈ [0, 1] and

∑Φ
£=1 ~£ = 1. Then, we have following

properties;
(1) (Idempotent): If all p̃£ (j = £ = 1, 2, ...,Φ) are equal such that, p̃£ = p̃ ∀£,

thenIV PTFOWAw (p̃1, p̃2, ..., p̃Φ) = p̃. (12)
(2) (Boundary):

p̃− ≤ IV PTFOWA (p̃1, p̃2, ..., p̃Φ) ≤ p̃+,

for all ~, wherep̃− = min£ (p̃£) and p̃+ = max£ (p̃£) .
(3) (Monotonicity): Let p̃∗£ (£ = 1, 2, ...,Φ) be a collection of interval-valued Pythagorean

trapezoidal Fuzzy (IV PTF ) numbers. If p̃£ ≤ p̃∗£ ∀ £, then,

IV PTFOWAw (p̃1, p̃2, ..., p̃Φ) ≤ IV PTFOWAw (p̃∗1, p̃
∗
2, ..., p̃

∗
Φ)∀~. (13)

Theorem 3.9. Let p̃£ (j = £ = 1, 2, ...,Φ) be a collection of IV PTF numbers, and ~ =

(~1, ~2, ..., ~Φ)
T is the weighting vector of IV PTFOWA operator, with ~£ ∈ [0, 1] and∑Φ

£=1 ~£ = 1.
(1) If ~ = (1, 0, ..., 0)

T
, then

IV PTFOWAw (p̃1, p̃2, ..., p̃Φ) = max
£

(p̃£) .

(2) If ~ = (0, 0, ..., 1)
T
, then

IV PTFOWAw (p̃1, p̃2, ..., p̃Φ) = min
£

(p̃£) .

(3) If ~ = 1, wi = 0, and i 6= £, then

IV PTFOWAw (p̃1, p̃2, ..., p̃Φ) = p̃σ(£),

here p̃σ(£) is the jth largest of p̃i (i = 1, 2, ...,Φ). We shall define interval-valued Pythagorean
trapezoidal fuzzy hybrid averaging (IV PTFHA) operator in the next Theorem.

Definition 3.10. Let p̃£ (j = £ = 1, 2, ...,Φ) be a collection of IV PTF numbers. An
interval-valued Pythagorean trapezoidal fuzzy hybrid averaging (IV PTFHA) operator
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of dimension Φ is a mapping IV PTFHA : ΩΦ− > Ω, that has an associated vector
~ = (~1, ~2, ..., ~Φ)

T such that ~£ > 0 and
∑Φ

£=1 ~£ = 1. Furthermore,

IV PTFHAw,w (p̃1, p̃2, ..., p̃Φ) = (~1

.
p̃σ(1)

⊕ ~1

.
p̃σ(2)

...⊕ ~1

.
p̃σ(Φ)

), (14)

where
.
p̃σ(£)

is the £ th largest of the weighted interval-valued Pythagorean trapezoidal

fuzzy numbers such that,
.
p̃£

( .
p̃£ = Φ~£

.
p̃£,£ = 1, 2, ...,Φ

)
, and ~ = (~1, ~2, ..., ~Φ)

T

be the weighting vector of p̃£ (£ = 1, 2, ...,Φ), and ~£ > 0 and
∑Φ

£=1 ~£ = 1 and Φ is
the balancing coefficient.

Theorem 3.11. Let p̃£ (j = £ = 1, 2, ...,Φ) be a collection of IV PTF numbers, then
their aggregated value by using the IV PTFHA operator is also IV PTF number such
that,

IV PTFHAw,w(p̃1, p̃2, ..., p̃Φ)

=



[
Φ∑

£=1
~£

.
p̃σ(£),

Φ∑
£=1

~£
.
q̃σ(£),

Φ∑
£=1

~£
.
r̃σ(£),

Φ∑
£=1

~£
.
s̃σ(£)

]
;√1−

Φ∏
£=1

(
1−

.

Ψ
2

σ(£)

)~£

,

√
1−

Φ∏
£=1

(
1−

.

Ψ̄
2

σ(£)

)~£

 ,[
Φ∏

£=1

.

Υ
~£

σ(£)
,

Φ∏
£=1

.

Ῡ
~£

σ(£)

]


. (15)

Theorem 3.12. The IV PTFWA operator is a special case of the IV PTFHA operator.

Proof. Let ~ =
(

1
Φ ,

1
Φ , ...,

1
Φ

)T
, then

IV PTFHAw,w (p̃1, p̃2, ..., p̃Φ) =
(
~1

.
p̃σ(1)

⊕ ~2

.
p̃σ(2)

...⊕
.

~Φp̃σ(Φ)

)
=

(
1

Φ

.
p̃σ(1)

⊕ 1

Φ

.
p̃σ(2)

...⊕ 1

Φ

.
p̃σ(Φ)

)
= (~1p̃⊕ ~2p̃...⊕ ~Φp̃ )

= IPTFWAw (p̃1, p̃2, ..., p̃Φ) .

Theorem 3.13. The IV PTFOWA operator is a special case of the IV PTFHA operator.
�

Proof. Let ~ =
(

1
Φ ,

1
Φ , ...,

1
Φ

)T
, then

( .
p̃

£
= p̃

£
,£ = 1, 2, ...,Φ

)
IV PTFHAw,w (p̃1, p̃2, ..., p̃Φ) =

(
~1

.
p̃σ(1)

⊕ ~2

.
p̃σ(2)

...⊕
.

~Φp̃σ(Φ)

)
=
(
~1p̃σ(1)

⊕ ~2p̃σ(2)
...⊕ ~Φp̃σ(Φ)

)
= IV PTFOWAw (p̃1, p̃2, ..., p̃Φ) .

�
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4. AN APPLICATION OF INTERVAL-VALUED PYTHAGOREAN TRAPEZOIDAL FUZZY
NUMBERS WITH MAGDM PROBLEMS

To solve the multiple attribute group decision making (MAGDM) problem we use
IV PTFWA as well as IV PTFHA operators with interval-valued Pythagorean trape-
zoidal fuzzy information. Let B = {B1, B2, ..., Bm} be set a of alternatives and C =
{C1, C2, ..., Cn} be set of attributes. Let P = {P1, P2, ..., p£}, is weighting vector and
sum of p£ is equal to one such that

∑Φ
£=1 P£ = 1. Let the set of decision makers is

denoted by Q = {Q1, Q2, ..., Qt} whose weighting vector is ~ = (~1, ~2, ..., ~Φ)
T such

that, ~k ∈ [0, 1] and
∑t
k=1 ~k = 1.

Let

Z̃k =
(
z̃ki£
)
m×n =

[
pki£, q

k
i£, r

k
i£, s

k
i£

]
; [Ψk

i£, Ψ̄
k
i£], [Υk

i£, Ῡ
k
i£])m×n,

be the interval-valued Pythagorean trapezoidal fuzzy decision matrix. Then,

[Ψk
i£, Ψ̄

k
i£] ⊂ [0, 1] , and [Υk

i£, Ῡ
k
i£] ⊂ [0, 1] Ψ2k

i£ + Ψ̄2k
i£ ≤ 1 and Υ2k

i£ + Ῡ2k
i£ ≤ 1,

(£ = 1, 2, ...,Φ, i = 1, 2, ...,m, k = 1, 2, ..., t).

In the following steps, we solve MAGDM problems by applying IV PTF information
by using the following steps;

Algorithm
Step 1. In this step, we construct the interval-valued Pythagorean trapezoidal fuzzy

decision matrix
Step 2. In this step, we apply the attribute weight on the IV PTFWA operator such

that (
z̃ki
)

= IV PTFWA(zki1, z
k
i2, ..., z

k
iΦ), (i = 1, 2, ...,m, k = 1, 2, ..., t), (16)

is the individual overall preference interval-valued Pythagorean trapezoidal fuzzy values(
z̃ki
)

of the alternative Bi.
Step 3. In this step, we determine the ordered of interval-valued Pythagorean trapezoidal

fuzzy decision matrix
(
z̃ki
)

of the alternative Bi, by applying operational law 3 and score
function by using E.q.(3).

Step 4. We utilize, IV PTFHA operator to derive the collective overall preference
values of IV PTF values z̃i (i = 1, 2, ...,m) of the alternative Bi;

(z̃i) = ([pi, qi, ri, si] ; [Ψi, Ψ̄i], [Υi, Ῡi]) = IV PTFHAw,w(z1
i£, z

2
i£, ..., z

t
i£), (17)

here ~ = (~1, ~2, ..., ~Φ)
T

) is the weighting vector of decision makers. with ~k ∈ [0, 1] and∑t
k=1 ~k = 1, Γ = (Γ1,Γ2, ...,Γt)

T is the associated weight vector of the IV PTFHA
operator with Γk ∈ [0, 1] and

∑t
k=1 Γk = 1.

Step 5. In this step, we use score function to aggregate values of each alternative.
Step 6. In this step, we determine the rank of alternative Bi and select the best option

according to descending order.
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Step 7. End.

Flow chart of proposed algorithm

5. NUMERICAL EXAMPLE

Global environmental concern is a certainty and consideration on the black manufacture
in several industries. A car company wanted to choose the most suitable black supplier
having the key factor in its industrial process. Subsequently pre-evaluation, four suppliers
Bi(i = 1, 2, 3, 4) have persisted as alternatives for further evaluation. There are four crite-
ria to be supposed such that C1 creation worth C2 equipment competence C3 contamina-
tion control C4 atmosphere supervision. Suppose p = (0.4, 0.3, 0.2, 0.1)T is the weighting
vector. The company arranged four group decision maker’s form four fidelity branches q1

is from the engineering branch q2 is from the acquiring branch q3 is from the quality assess-
ment branch q4 is from the fabrication branch having weight ~ = (0.20, 0.30, 0.35, 0.15)T .
They constructed the decision matrix Z(k) =

(
z

(k)
ij

)
4×4

(k = 1, 2, 3, 4) as follows:

Step1: The decision maker’s give his decision in the following tables.
Decision matrix of expert-1
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Z(1) =



C1

B1 ([0.3, 0.4, 0.4, 0.3] ; [0.5, 0.6], [0.4, 0.7])
B2 ([0.4, 0.3, 0.6, 0.3] ; [0.4, 0.6], [0.6, 0.5])
B3 ([0.5, 0.3, 0.6, 0.4] ; [0.5, 0.7], [0.8, 0.5])
B4 ([0.9, 0.6, 0.4, 0.1] ; [0.3, 0.8], [0.6, 0.5])

C2

B1 ([0.7, 0.5, 0.6, 0.3] ; [0.4, 0.6], [0.5, 0.6])
B2 ([0.3, 0.1, 0.2, 0.4] ; [0.3, 0.8], [0.6, 0.5])
B3 ([0.2, 0.1, 0.3, 0.5] ; [0.6, 0.5], [0.3, 0.8])
B4 ([0.4, 0.3, 0.4, 0.2] ; [0.3, 0.8], [0.6, 0.5])

C3

B1 ([0.3, 0.4, 0.5, 0.6] ; [0.8, .4], [0.5, 0.7])
B2 ([0.4, 0.5, 0.7, 0.2] ; [0.6, 0.7], [0.7, 0.6])
B3 ([0.3, 0.1, 0.2, 0.3] ; [0.3, 0.8], [0.8, 0.6])
B4 ([0.4, 0.3, 0.4, 0.6] ; [0.4, 0.7], [0.6, 0.4])

C4

B1 ([0.4, 0.5, 0.2, 0.3] ; [0.6, 0.5], [0.4, 0.7])
B2 ([0.4, 0.3, 0.2, 0.1] ; [0.4, 0.6], [0.7, 0.5])
B3 ([0.6, 0.8, 0.9, 0.2] ; [0.3, 0.9], [0.8, 0.4])
B4 ([0.4, 0.5, 0.4, 0.3] ; [0.5, 0.5], [0.8, 0.6])



Decision matrix of expert-2

Z(2) =



C1

B1 ([0.4, 0.5, 0.7, 0.5]; [0.3, 0.9], [0.8, 0.3])
B2 ([0.3, 0.4, 0.4, 0.6]; [0.3, 0.7], [0.8, 0.3])
B3 ([0.5, 0.4, 0.2, 0.3]; [0.4, 0.7]; [0.8, 0.5])
B4 ([0.4, 0.6, 0.3, 0.4]; [0.8, 0.6]; [0.5, 0.7])

C2

B1 ([0.4; 0.3, 0.6, 0.7]; [0.4, 0.6]; [0.6, 0.6])
B2 ([0.3, 0.4, 0.5, 0.6]; [0.9, 0.3]; [0.3, 0.8])
B3 ([0.4, 0.5, 0.7, 0.8]; [0.6, 0.7]; [0.4, 0.7])
B4 ([0.3, 0.4, 0.5, 0.7]; [0.7, 0.6]; [0.5, 0.8])

C1

B1 ([0.8, 0.2, 0.3, 0.4]; [0.5, 0.5]; [0.6, 0.7])
B2 ([0.4, 0.3, 0.2, 0.1]; [0.6, 0.5]; [0.5, 0.6])
B3 ([0.3, 0.4, 0.5, 0.6]; [0.5, 0.5]; [0.6, 0.7])
B4 ([0.4, 0.5, 0.6, 0.7]; [0.4, 0.8]; [0.7, 0.3])

C2

B1 ([0.3, 0.4, 0.5, 0.6]; [0.4, 0.8]; [0.8, 0.5])
B2 ([0.4, 0.5, 0.3, 0.1]; [0.3, 0.9]; [0.8, 0.3])
B3 ([0.5, 0.5, 0.4, 0.6]; [0.3, 0.8]; [0.6, 0.4])
B4 ([0.4, 0.3, 0.1, 0.3]; [0.8, 0.6]; [0.4, 0.6])


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Decision matrix of expert-3

Z(3) =



C1

B1 ([0.4, 0.5, 0.6, 0.5] ; [0.4, 0.8], [0.6, 0.4])
B2 ([0.9, 0.6, 0.3, 0.4] ; [0.4, 0.8], [0.6, 0.4])
B3 ([0.4, 0.5, 0.1, 0.2] ; [0.4, 0.8], [0.8, 0.6])
B4 ([0.3, 0.4, 0.3, 0.5] ; [0.4, 0.7], [0.8, 0.3])

C2

B1 ([0.3, 0.4, 0.5, 0.4] ; [0.3, 0.7], [0.7, 0.6])
B2 ([0.4, 0.5, 0.4, 0.1] ; [0.3, 0.7], [0.8, 0.4])
B3 ([0.4, 0.5, 0.4, 0.1] ; [0.3, 0.7], [0.8, 0.4])
B4 ([0.8, 0.4, 0.3, 0.4] ; [0.4, 0.8], [0.7, 0.5])

C1

B1 ([0.6, 0.2, 0.3, 0.4] ; [0.5, 0.6], [0.6, 0.5])
B2 ([0.4, 0.5, 0.6, 0.7] ; [0.5, 0.8], [0.8, 0.4])
B3 ([0.4, 0.6, 0.2, 0.3] ; [0.5, 0.7], [0.8, 0.4])
B4 ([0.4, 0.6, 0.3, 0.4] ; [0.4, 0.8], [0.8, 0.5])

C2

B1 ([0.4, 0.5, 0.6, 0.9] ; [0.2, 0.8], [0.7, 0.4])
B2 ([0.3, 0.4, 0.5, 0.9] ; [0.5, 0.6], [0.8, 0.5])
B3 ([0.6, 0.7, 0.8, 0.6] ; [0.4, 0.9], [0.8, 0.3])
B4 ([0.4, 0.5, 0.6, 0.5] ; [0.6, 0.5], [0.7, 0.8])


Decision matrix of expert-4

Z(4) =



C1

B1 ([0.9, 0.3, 0.1, 0.2] ; [0.5, 0.6], [0.8, 0.4])
B2 ([0.4, 0.2, 0.2, 0.5] ; [0.3, 0.8], [0.8, 0.4])
B3 ([0.3, 0.4, 0.5, 0.7] ; [0.4, 0.7], [0.7, 0.4])
B4 ([0.4, 0.9, 0.6, 0.3] ; [0.5, 0.5], [0.6, 0.7])

C2

B1 ([0.3, 0.4, 0.5, 0.6] ; [0.5, 0.8], [0.7, 0.4])
B2 ([0.4, 0.5, 0.6, 0.4] ; [0.6, 0.5], [0.8, 0.8])
B3 ([0.4, 0.6, 0.3, 0.5] ; [0.7, 0.8], [0.6, 0.5])
B4 ([0.6, 0.3, 0.1, 0.4] ; [0.5, 0.6], [0.7, 0.5])

C1

B1 ([0.1, 0.4, 0.5, 0.3] ; [0.4, 0.8], [0.8, 0.5])
B2 ([0.4, 0.7, 0.8, 0.9] ; [0.4, 0.7], [0.5, 0.6])
B3 ([0.6, 0.8, 0.3, 0.2] ; [0.3, 0.8], [0.8, 0.4])
B4 ([0.3, 0.4, 0.7, 0.2] ; [0.7, 0.5], [0.5, 0.8])

C2

B1 ([0.6, 0.2, 0.5, 0.1] ; [0.5, 0.7], [0.7, 0.6])
B2 ([0.4, 0.6, 0.3, 0.2] ; [0.8, 0.3], [0.2, 0.9])
B3 ([0.5, 0.8, 0.7, 0.3] ; [0.4, 0.7], [0.8, 0.3])
B4 ([0.3, 0.5, 0.6, 0.9] ; [0.4, 0.7], [0.8, 0.5])


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Step 2. In this step, we apply the decision information given in the interval-valued Pythagorean
trapezoidal fuzzy decision matrix, Z(k) (i = k = 1, 2, 3, 4) and the IV PTFWA operator
to find the individual overall preference IV PTF values z̃ki of the alternative Bi

z̃
(1)
1 = ([0.43, 0.44, 0.46, 0.36] ; [0.59, 0.57], [0.44, 0.46])

z̃
(2)
1 = ([0.37, 0.31, 0.46, 0.29] ; [0.43, 0.71], [0.62, 0.51])

z̃
(3)
1 = ([0.38, 0.25, 0.46, 0.39] ; [0.49, 0.72], [0.59, 0.58])

z̃
(4)
1 = ([0.96, 0.44, 0.40, 0.25] ; [0.36, 0.76], [0.61, 0.48])

z̃
(1)
2 = ([0.47, 0.37, 0.57, 0.55] ; [0.40, 0.78], [0.69, 0.46])

z̃
(2)
2 = ([0.33, 0.39, 0.38, 0.45] ; [0.69, 0.64], [0.54, 0.48])

z̃
(3)
2 = ([0.43, 0.44, 0.43, 0.54] ; [0.49, 0.69], [0.59, 0.57])

z̃
(4)
2 = ([0.37, 0.49, 0.40, 0.54] ; [0.73, 0.67], [0.52, 0.60])

z̃
(1)
3 = ([0.41, 0.41, 0.51, 0.49] ; [0.39, 0.74], [0.63, 0.47])

z̃
(2)
3 = ([0.62, 0.53, 0.41, 0.42] ; [0.41, 0.76], [0.71, 0.40])

z̃
(3)
3 = ([0.51, 0.57, 0.25, 0.26] ; [0.61, 0.72], [0.69, 0.56])

z̃
(4)
3 = ([0.48, 0.45, 0.33, 0.45] ; [0.44, 0.75], [0.75, 0.42])

z̃
(1)
4 = ([0.53, 0.34, 0.34, 0.33] ; [0.49, 0.73], [0.75, 0.43])

z̃
(2)
4 = ([0.40, 0.43, 0.45, 0.52] ; [0.52, 0.71], [0.79, 0.57])

z̃
(3)
4 = ([0.41, 0.57, 0.42, 0.50] ; [0.52, 0.78], [0.69, 0.41])

z̃
(4)
4 = ([0.43, 0.58, 0.47, 0.37] ; [0.55, 0.62], [0.63, 0.62])

Step 3. We utilize the known weight vector by using operational law 3 and Definition 2.8.
We find the score function to ordered the overall preference interval-valued Pythagorean
trapezoidal fuzzy values such that,

z̃
(1)
1 = ([0.52, 0.35, 0.64, 0.54] ; [0.67, 0.50], [0.66, 0.35])

z̃
(2)
1 = ([0.44, 0.37, 0.55, 0.34] ; [0.46, 0.14], [0.75, 0.44])

z̃
(3)
1 = ([0.31, 0.35, 0.36, 0.28] ; [0.53, 0.51], [0.51, 0.71])

z̃
(4)
1 = ([0.57, 0.26, 0.24, 0.15] ; [0.28, 0.74], [0.63, 0.64])

z̃
(1)
2 = ([0.37, 0.29, 0.45, 0.44] ; [0.36, 0.74], [0.72, 0.53])

z̃
(2)
2 = ([0.51, 0.68, 0.56, 0.75] ; [0.80, 0.40], [0.75, 0.48])

z̃
(3)
2 = ([0.56, 0.44, 0.68, 0.66] ; [0.43, 0.64], [0.82, 0.39])

z̃
(4)
2 = ([0.60, 0.61, 0.60, 0.75] ; [0.56, 0.47], [0.67, 0.45])

z̃
(1)
3 = ([0.28, 0.27, 0.19, 0.27] ; [0.33, 0.84], [0.62, 0.19])

z̃
(2)
3 = ([0.71, 0.79, 0.35, 0.36] ; [0.69, 0.59], [0.77, 0.44])

z̃
(3)
3 = ([0.74, 0.63, 0.49, 0.50] ; [0.44, 0.66], [0.75, 0.33])

z̃
(4)
3 = ([0.32, 0.32, 0.40, 0.39] ; [0.35, 0.69], [0.68, 0.54])
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z̃
(1)
4 = ([0.42, 0.27, 0.27, 0.26] ; [0.44, 0.79], [0.67, 0.50])

z̃
(2)
4 = ([0.48, 0.56, 0.54, 0.62] ; [0.56, 0.75], [0.75, 0.50])

z̃
(3)
4 = ([0.25, 0.34, 0.28, 0.22] ; [0.44, 0.75], [0.50, 0.75])

z̃
(4)
4 = ([0.57, 0.79, 0.58, 0.07] ; [0.59, 0.59], [0.85, 0.28])

Step 4. We utilize IV PTFHA operator to derive the collective overall preference interval-
valued Pythagorean trapezoidal fuzzy values z̃i. Suppose that, (~ = 0.20, 0.30, 0.35, 0.15)
and Γ = (0.155, 0.345, 0.345, 0.155).

z̃1 = ([0.36, 0.28, 0.36, 0.38] ; [0.44, 0.75], [0.66, 0.34])
z̃2 = ([0.56, 0.65, 0.48, 0.53] ; [0.70, 0.54], [0.75, 0.46])
z̃3 = ([0.53, 0.47, 0.57, 0.47] ; [0.46, 0.65], [0.68, 0.39])
z̃4 = ([0.49, 0.48, 0.47, 0.52] ; [0.49, 0.63], [0.69, 0.47])

Step 5. In this step, we calculate the score function s (z̃i) of the collective overall prefer-
ence valuesBi. If there is no difference between two or more than two scores function then
we have must to find out the accuracy degrees of the collective overall preference values.

s (z̃1) = 0.035, s (z̃2) = −0.002, s (z̃3) = −0.004, s (z̃4) = −0.014.

Figure 2.

Step 6. Now we arrange the scores of all alternatives in the form of descending order and
select that alternative which has the highest score, function. Since B1 ≥ B4 ≥ B2 ≥ B1.
Thus the most wanted alternative is B1.

Step 7. End.

6. CONCLUSIONS

In this paper we introduced the idea of interval-valued Pythagorean trapezoidal fuzzy
weighted averaging (IV PTFWA) operator, interval-valued Pythagorean trapezoidal fuzzy
ordered weighted averaging (IV PTFOWA) operator and interval-valued Pythagorean
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trapezoidal fuzzy hybrid averaging (IV PTFHA) operator. We have defined some appro-
priate properties such as monotonicity, idempotency and bounded of IV PTFOWA and
IV PTFHA operators. We also developed IV PTFHA operator, which is a generaliza-
tion of the IV PTFWA and the IV PTFOWA operators. At the end of this paper we
have constructed numerical example of IV PTFWA and IV PTFHA operators to multi-
ple attribute group decision making problems with interval-valued Pythagorean trapezoidal
fuzzy information. In future we can extend this work.
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