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1. INTRODUCTION

A function f : I C R — R is called convex function (in the classical sense) if the

inequality
f(Cs1+(1=¢)s2) <Cf(s1) + (1 =) f(s2)
holds for all s1, s3 € I and ¢ € [0,1].

The history of the theory convex functions is very long. The commencement of the
theory of convex functions can be found to be at the end of the nineteenth century. The
roots of the theory of convex functions can be found in the fundamental contributions of O.
Holder [9], J. Hadamard [6] and O. Stolz [24]. In the beginning of the twentieth century,
J. L. W. V. Jensen [15] was first mathematician who realized the importance of the convex
functions and started the symmetric study of the convex functions. In years thereafter this
research has given rise to the theory of convex functions as an independent discipline of
mathematical analysis.

Inequalities play an important role in almost all the branches of mathematics as well
as in the other areas of sciences. The theory of convex functions plays a pivotal role in
the development of the theory of inequalities and hence it has been a subject of extensive
research over the past few decades. A number of interesting results have been proved by
using the concept of classical convexity.
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The most widely studied result for convex functions is stated as follows:
If f: [k1, k2] C R — Ris a convex function, the inequality

k1 + ks 1 b2 f (k) + f (ko)
f( ! )skal s < LI

holds true. The double inequality ( 1. 1) is well-known in literature as Hermite-Hadamard
inequality which was discovered independently by J. Hadamard and Ch. Hermite, see for
instance [6] and [8].

The concept of classical convexity has been extended and generalized in several direc-
tions. One of the generalizations of classical convexity is the harmonic convexity stated in
the definition below.

(1. 1)

Definition 1.1. [12] Ler I C R\ {0} be a real interval. A function f : I — R is said to be
harmonically convex, if

f(c+(1—c)> <)+ 1=0f (1) (1.2)

forall s1, s2 € I and ¢ € [0, 1]. If the inequality in ( 1. 2 ) is reversed, then f is said to be
harmonically concave.

The connection between the usual convexity and the harmonic convexity is well ex-
plained in Proposition 2.3 from [12].

In recent years, many mathematicians are trying to generalize and extend the notion
of harmonic convexity. Most recently, a number of results on Hermite-Hadamard type
inequalities and their applications have been produced by using different generalizations
and extensions of harmonic convex functions, see for example [1]-[7], [14]-[11], [13], [16]-
[23] and [25]-[27].

In Section 2, we present some new estimates by using twice differentiable harmonically-
convex mappings.

2. NEW RESULTS

We begin this section with the definition of some special functions to be used in the
sequel of the paper.
These special functions are defined as follows

1 ’
B (p,p/> = / Tt =Y -t d¢,p > 0,p > 0 (The Beta function),
0

I'(p) = / ¢P~'e™%d¢, p > 0 (The Gamma Functions)
0
and

o <p7p’;7“; 2)
- 1
B(p',r—p)

where |z| < 1,7 > p > 0.

1, ,
/ P (1= ¢)"P 71 (1 — 2¢) 7P d¢ (The hypergeometric function)
0
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The following lemma is important to prove estimates for the Hermite-Hadamard in-
equality for twice differentiable harmonically-convex mappings. These results provide
new error bounds between the middle and the rightmost term in terms of second de-
rivative which satisfies the harmonic convexity assumption. We will use the notation
Y¢ (k1, ka2) = Cko + (1 — ¢) k4 for the convenience of the reader.

Lemma 2.1. Let f : I C R\ {0} — R be a differentiable mapping on I° and kq, ko € I°
with ky < ko If f € L [ky, ko), then

(ko — ky)? g 2—24 fike Y g
A2 K2 Lk, k2 Y (k1, ka)

_ F (k1) + £ (ko) I
= 5 —kal/k1 f(s)ds. (2.3)

Proof. By integration by parts, we have

C2-20) ey ko
/ T ko) (n (kl,k2)>dC
C (2-2¢) | kika (k2 — k1) f”( k1ko >d<
ks kg—kl kl,kg) Tg (k1, k2) Te (k1, k2)

T ik (klz — k1) /0 %2(/@1,212) ! {f, <Tclzllﬂllga2k2)>} @

_ 1 ¢(2-29) < kiks )
k1ko (b*h)rg (k1,k2) Te (ki, k2) o

1 U2kl +2(1 =) ky < ky ko )
* kiko (ko — k1) /0 Tg (k1,k2) f Y (ki ka) d

- 1 9k +2(1 = () ( ks )
‘klkz(kz—kn/ T k) \Te (k) ) ™

o 1 P2k +2(1 -k [(kl/@)]
a k%kg(kg—kl)z/o ¢ (K1, k) 4\ T (K1, k2) “

1
_ 1 —2koC +2(1—C) Ky ( ik )dc
k%k% (kQ - kl)2 TC (klu k2) TC (klv k2)

1 Y dkiky k1ksy
T R (k) | Y2 (hr, ) <T< (kl,z@)) “
_ 2f (k1) +2f () 4 /1 1 ( k1ko
> Jo YZ( T¢

K2k2 (ks — k1)2 Jenko (ko — ky)? 2 (k1 k)

(K1, k‘2)> a9
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Making use of substitution - ’Ei Qk y =8 in (2. 4), we get

C 2 B QC k‘le
kl’kQ (TC (khkz)) d
_2f(k1)+2f(k2)_ 4 k1< . )2[ e ]
k%kg <k2 - k‘l)z kiko (kg — k1)2 /k k1ko (kg _ kl) 52 f (5) ds
2f (k1) + 2 (k2) 4

ko
= — f(s)ds. (2.5)
k2K2 (ky — k1)? K22 (ko — k1)® i, (®)

2

Multiplying both sides of ( 2. 5 ) by (’“;,;2’;122 , we get required equality ( 2. 3). O
1™v2

Theorem 2.2. Let f : I C (0,00) — R be a twice differentiable mapping on I° and ki,

1" 1" d
ko € I° withky < ko. If f € L [k1, k2] and ‘f ‘ is harmonically convex on [k1, ks| for
d > 1, the following inequality holds

f (k1) + f (k2) I
‘ 5 _kzlﬁ/kl f(s)ds

(ky— hn)? < ) ) 1-4 [{2k3+3k2k2 6k1k3 + k3 + 652z In (k)}
<

S TR \3KR 3k2ky (ky — k)

{ kD — 6k2ky + 3k1k2 + 2k3 — 6k k2 In (%) }
Jr

1 d !
3k1k2 (kg — k1)? f (kg)w . (2.6

Proof. Talking the absolute value on both sides of ( 2. 3 ) and applying the power-mean
inequality, we get

[ (k1) + f (k2) 1 k2
‘ 5 Rl " f(s)ds

(ks —k1)® [ C(2-20 ( k1 ks )‘ (kg — ky)?
= TIRR /(Ckz+(1—C)k1)4f T¢ (ks k2) = Tk

¢(2-2¢) T ce-2 ( Fakz )d
. ( 0 T4(k1,k2)d4> (0 T2 ko) ||\ (ks o)

dg‘) )
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By integration by parts, we get

C2*2C CQ*QC (k2 — k1)
k’1, kz T ky— k’1 k?1, ks)

3 ((2-29) 1 P (2-40)
3 (ks — k) X2 (kr, ) 0* 3(1@*1@)/0 T (hr, h)

d¢

_ 1 Y (2—-40) (k2 — k1)
3 (kQ — ]Cl)Q / Tg (k1, k2) dC
_ (2 -4¢) / (k2 —
6 (ks — k1)” T2 (k1 ko) | k2 —k1)* Jo TZ kl, kz

1 1
+ + — :
3(ky — k1)’ k2 3(ky—k1)° k2 (k:2 — k1)® (kz kl) 3k3k3

(2.8)

1" d
By using the harmonic convexity of ‘ bi ‘ on [kq, ko], we have

/(i)
TC(kl’kQ)

/421@2152{ ”(kl)’d+(1—<) ”(kg)ﬂdg

)f kl‘ / icf kllij kz’ / 26(1=¢ d<. 2.9)

T4 (K1, k:g
By integration by parts, we also get that

C (2-20)
klakQ

dg

to2(1-¢) . 1 ! )
o T (e ha) o =0 k) (k) G

2k} + 3kiky — 6k1k3 + k3 4 6kiky In (%)
_ . (2. 10)
3k2ky (ky — k)t

and

Loc(1—¢)? 1 1
/0 fé((kl,liz)dcz ko *kl/o 2 (I_C)Q TE4 (F1, ko) (k2 — k1) dC

k3 — 6k2ky + 3kyk2 + 2k3 — 6k1k2 In (,7)
= 2. 11)
3k k2 (ko — Ky’

A combination of (2. 8 )-(2. 11 ) and ( 2. 7)) gives the required result. O

The next results can be proved by using the Holder inequality and the Hypergeometric
function.
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Theorem 2.3. Let f : I C (0,00) — R be a differentiable mapping on I° and k1, ko € I°

" 1" d
with k1 < ko. If f € L k1, k2] and )f ’ is harmonically convex on ki, k] for d > 1,
the following inequality holds

[ (k2) 1 "
_kz—/ﬁ/kl f(s)ds

|f(k1)+
2

(k2—k1)2 d—1 1-3 2F1(4dd—|—1d+31 ]?1) - 4
TR <m1) (d+2)(d+1) 7" )|
1
B . en
" d+2 [ (k2) (2. 12)

Proof. Talking the absolute value on both sides of ( 2. 3 ) and applying the Holder inequal-
ity, we get

fh) 4+ f(k2) 1
EOSIERE
(ks — k1)? g2—2< ( k1ko >d§<(k2_k1)2
- 4]<Z k‘ k‘l,k‘g TC (k‘l,kg) - 4]<1%k‘§

dg) . 2. 13)

y (/1 Cddldc) 1—2 /1 (2 o 2C)d f” ( Ifle > d
0 o Y (ki ko) T (K1, k)
" d
Since ‘ f ‘ is harmonically convex on [k1, ko] for d > 1, we get
/1 (2—2¢)° 7 ( kiks )
o Y (ki k2) Te (kr, k2)

b (2-201 c
0 T4d (k1,k2)

d
d¢

1 d 1 d
(k)| + 1= |1 (ko) }dc

2% 5P (4d d+1,d+3;1— ,71) )

(d+2)(d+1) f k)

20541 o Fy (4d,d+2,d + 31— )
d+2

The proof follows if we use (2. 14 )in (2. 13). O

‘ d

, d
N (kQ)‘ L2 14)

Theorem 2.4. Let f : I C (0,00) — R be a differentiable mapping on I° and k1, ko € I°

" 1" d
with k1 < ka. If f € L [k1, ko] and )f is harmonically convex on ki, k] for d > 1,
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the following inequality holds

f (k1) + f (k2) 1 k2
5 —kal/k1 f(s)ds

k=)’ (d-1 -3
=Tk \2d-1

) (4d,1,d+3;1 _ %)

" d
- d+2 f (kl)’
2F1(4d,2,d+3;1_%) ) . a
M (d+1)(d+2) f (kz)’ . (2.15)

Proof. Talking the absolute value on both sides of ( 2. 3 ), applying the Holder inequality

" d .
and using the harmonic convexity of ’ f ‘ on [k, ko], we obtain

[ (k1) + f (k2) 1 k2
‘ 5 o A f(s)ds

< (k2 — k)® [t 2 -2)
- 4/4}%]{,‘% 0 Té (k‘1, ]412)

" kle
<T< (khkz)) ‘ &

1

ky — k)2 ([ a N\

el s Ll —¢ydc\
kl‘ / T4d (k1, k2) )f k2‘ 0 ng(kl,/@) - 210

(I

By the definition of Hypergeometric function, we observe that

/1 ¢ kR (4d 1,d+3;1— 7)
o Y (ki ks) ~ d+2
and
—4d
g, KT (44,244 31— 2)
0 ’I‘gd (K1, k2) (d+1)(d+2)
Using the above observations in ( 2. 16 ), we get (2. 15). U

Theorem 2.5. Let f : I C (0,00) — R be a differentiable mapping on I° and k1, ko € I°
" 1" d
with ky < k. If f € L k1, ks] and )f

is harmonically convex on ki, k] for d > 1,
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the following inequality holds

‘f(k1)+f(k2) L [ s

2
B < (k2 — k1)
2 [

S TR

1

1
d

x (L—f (kl,kg)) (B(d+2,d+1)] (’f (kl)‘d+‘f” (kz))d) . @217

Proof. Talking the absolute value on both sides of ( 2. 3 ), applying the Holder inequality

1 d .
and using the harmonic convexity of ‘ f ‘ on [k, ko], we obtain

f (k1) + f (k2) 1 b2
‘ 5 _kz—/ﬁ/kl f(s)ds

(k2 —k1)® [* ¢(2-2¢)
T OARRRS Sy (ka1 ka)

v kks
/ (TC(M,@))‘CM;
1-3
(kZ*kl)Q ! d¢
S 4ad

Hhiks (/0 T (/ﬁ,kz))
1 d 1 B a 1 1
1 (k)| /Oéd“(l—c)ddgwd 1" (k) /ogd(l_odH‘K)

(k2 — k1)

==L (ki k
2k2k32 e, (R ke)

-

X <2d

1

x <B(d+2,d+1) ‘f” (kl)]d+B(d+ 1,d+2) ‘f” (kg)’d)d . Q2. 18)

Since
B(d+2,d+1)=B(d+1,d+2),
hence the inequality ( 2. 17 ) is achieved. ]

Theorem 2.6. Let f : I C (0,00) — R be a differentiable mapping on I° and k1, ko € I°
" 1" d
with ki < ko. If f € L[k, ko] and ‘f ’ is harmonically convex on [k1, ks| for d > 1,

the following inequality holds
ko — k)2 [ (2d—1 2d—1\]'"7
s| < (ks s ) B ;
2kiks d—1"d-1

‘f(k1)+f(kz) 1 /’”f(s)d
d d\ 4
< (i) |1 o0+ x| 0)[*) 219

2 ko — K1 Jy,

where
x (1, ko d) = 34 — ki 2k (1 — 2d) + (4d — 1) k4]
s ks 2(ky — ko) (2d — 1) (4d — 1)
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Proof. Talking the absolute value on both sides of ( 2. 3 ), applying the Holder inequality

" d .
and using the harmonic convexity of ’ f ’ on [kq, ko], we obtain

ko
‘f(k1)+f(kz)_ 1 /kf(s)ds

2 ko — k1

cl—k)® (1 C(2-20)
= Ak Jo YE (ki ko)

" kle
(Tc (khkz)) ‘ &

1—1

kg*k’l ¢
<l ([ o)

e p eg ol [ ¢ :

By evaluating the integrals involved in the above inequality, we have

d d—
/Cd T 2_2C)d Td¢ =2a1 1/ C”’ 1 1_C)d T ¢ = 2a 1B<2d_11 2d_11>

/1 (1=0) o KM — k™ [2ky (1 — 2d) + (4d — 1) 1]

Y (ky ko) 2 (k1 — k) (2d — 1) (4d — 1)
= X (k1, ka; d)
and
! ¢ B2 _ g1 k) (1 — 2d) + (4d — 1) ko
/o T (k1 ko) N 2 (ky — ko) (2d — 1) (4d — 1)
= X (k2, k1;d) .
Substituting the values of the above integrals in ( 2. 20 ), we get the result ( 2. 19 ). Hence
the proof of the theorem is accomplished. g

Theorem 2.7. Let f : I C (0,00) — R be a differentiable mapping on I° and k1, ko € I°

" 1" d
with ky < k. If " € L [k1, ks) and (f
the following inequality holds

[ (k1) + f (k2) 1 k2
‘ = L

[ (/@,kl, )‘f kl‘ +x<k1,k2,d>

<k1 - d) _ R kP 2k (1 - d) + (2d — 1) k]
T 2(ky — ko)? (d—1)(2d — 1)

is harmonically convex on [ky, k] for d > 1,

. (ks — k1)
S R

al-

(1 (K1, k2; d)]'

, d
(kz)w . @2

=

where
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and

2d—1 2d—1 20—-122d—1) K
ki kosd) = B[ S S 2d, S L I
Vu ks, ki d) (d—l’d—l) ( d— 1’ d—1 ' kg)

Proof. Talking the absolute value on both sides of ( 2. 3 ), applying the Holder inequality

" d .
and using the harmonic convexity of ’ f ’ on [kq, ko], we obtain

f (k) + f (k2) I
| 2 _kz—/ﬁ/ fls)ds
kZ_kl ¢ Q—QC k1ko
= AR2k2 / ¢ (k1 k2) (Tc (K1, kz)) ‘ i

1-3
Cd T 2_2(: d T
- 4k2k2 (/ ]{il, k‘g) dC)
X (f (k

d rl (1-¢) ) 4 : :
2)‘ /O Wd@r‘f (/m)‘ /0 de) . (2.22)

By evaluating the integrals involved in the above inequality, we have

' 22T

¢
o (ki ko)
_ 277 . B (2;1_—117 Qdd:ll) 1
k34 B (2021:117 2;1:11)
1 —2d
< [ema—or (- (1-1)¢)
0 k2
= d d
artrp (3 ) . (2d 201 2(2d-1) m)
)24 P\ d-1 d=1 T Ry

2d T
= k2d ,(/)1 (klak2ad)7

/1 (1-Q) o B =k 2k (1—d)+ (2d-1) k]
Y2 (ky, ko) 2(ky — k)2 (d—1)(2d — 1)

d
=X (lﬁ, ka; 2)



Estimates of Hermite-Hadamard Inequality for Twice Differentiable Harmonically-Convex Functions with Applications 11

and

/1 ¢ p _ R kM 2k (1 —d) + (2d — 1) ko
o T2 (k1 k2) 2(ky — ko) (d—1) (2d — 1)

d
=X <k2a k17 2) .

By applying the values of the above integrals in ( 2. 22 ), we get the result ( 2. 21 ). Hence
the proof of the theorem is accomplished. |

3. APPLICATIONS TO MEANS

Let k1, k2 > 0, then the following means are well-known in mathematical literature
(1) The Arithmetic Mean

A:Am¢g:h;b,

(2) The geometric mean

G = G(kl,kg) = klkg,

(3) The harmonic mean

2k1 ko
H=H (k1,ko) :=
( 1 2) kl ¥ kg’
(4) The Logarithmic mean
ko — k1
L="L(ky,ky):=————
( 1 2) lnkQ_lnklv

(5) The p-Logarithmic mean

p+1 p+1
ky ™ =Ky

Lp:Lp (kl,kQ) = (p-|—1)(k2—k1)] 7PER\{*1,O},

and
(6) The Identric mean

The inequalities H < G < L < I < Ahold for these means. It should be noted that L,,
is monotonically increasing for p € R and L and L_; are denoted by I and L respectively.
We use the result of Theorem 2.2 to get some inequalities of means.

Proposition 3.1. Let 0 < k1 < kg and d > 1, the following inequality holds
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(ko — k1)* (d+ 1) (2d + 1)
4d>G? (ki k3)

1 1 1.9
A (k2 k) = 1415 (k)| <

1\ 2
o — 2
(3G2 (k%>k§)> {(k2_k1)2L(k17k2)

2 —7G2 B
24k o) [44 (k12, k2) = 7G? (b, ko)) . (3.23)
3 (ke — k1)” G2 (K7, k3)

1 . d
Proof. Let f (s) = #3211)’ s € (0,00), then ’f (s)’ = s is harmonically-convex
on [k1, ko]. Applying the result of Theorem 2.2, we get the required result. |
Corollary 3.2. Let 0 < ky < ko, the following inequality holds

|A (K3, k3) — L§ (k1. k2)|

1 A (ky, ko) [4A2 (K1, ko) — 7TG? (k1 k 3
< _— (k1. k2) | (122)2 (k1 2)]Jr G
G? (k7,k3) G2 (k7,k3) L (k1, k2)
Proof. Let d = 1, then the inequality ( 3. 24 ) holds true. U

Proposition 3.3. Let 0 < ky < kg and p € (—1,00) \ {0}, the following inequality holds

‘A (K725 %) = 513 O, k2)’

- 1 2(p+2) L2} (k1 ko) B (p+3) LE13 (1, k2)
T AG? (K1, k3) L (ky, k2) 3G?2 (K1, k2)
(p+5) 15 (ky, ko) 2
- = 1) LP (ki k . .2
Proof. Consider the function f (s) = #J{;_S), s € (0,00). Then ’f” (5)| = P2 is

convex and nondecreasing on [k1, ko] C (0,00). We know that if I C (0,00) and f is
convex and nondecreasing function on [ then f is harmonically convex on I. Using the
result of Theorem 2.2, we get the required result. g
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