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1. INTRODUCTION

The concept of fuzzy set was first introduced by Zadeh in his seminal paper [30]. This
inspirational paper has opened up new awareness and application in a wide range of sci-
entific fields. After the Zadeh's fuzzy sets many researchers convoyed the researches on
the generalizations of the of fuzzy sets ideas with huge applications in computer science,
artificial intelligence, control engineering, expert, robotics, automat theory, finite state ma-
chine, graph theory, logics and many branches of pure and applied mathematics. The
characterization ofm-polar fuzzy graphs by level graphs has been studied by Akram and
Shahzadi in [3]. In [17], Khan and Sumitra studied some common fixed point theorems
for converse commuting and occasionally weakly compatible (owc) maps using implicit
relations in fuzzy metric spaces. Rao and Parvathi studied general common fixed point
theorems for two maps in fuzzy metric spaces [24]. In [1], Abbas et al. introduced the
concepts of fuzzy upper and fuzzy lower contra-continuous, contra-irresolute and contra
semi-continuous multifunctions. Rosenfeld was the first who used the notion of a fuzzy
subset and introduced the concept of fuzzy groups [25]. Ahmad et al. [2], studied some
new subclasses of AG-groupoids as rectangular AG-groupoid and produced a variety of ex-
amples and counter examples using the latest computational techniques of GAP, Mace4 and
Prover9. Syed in [29], studied Unitary Irreducible Representation (UIR) Matrix Elements
of Finite Rotations of SO(2; 1) Decomposed According to the SubgrqupThie theory
of fuzzy semigroups was first initiated by Kuroki [18]. In [19], Kuroki initiated the notion
fuzzy ideals, fuzzy bi-ideals, fuzzy quasi-ideals of a semigroup. The book by Mordeson et
al. [21] deals with the theory of fuzzy semigroups and their use in fuzzy coding, fuzzy finite
state machines and fuzzy languages. Fuzziness offers a natural place to the field of formal
languages. In [20], Mordeson and Malik deal with the application of the fuzzy approach
to the automata and formal languages. Pu and Lia [23] introduced the notion of “belongs
to” relation (€). In [22], Murali initiated the notion of belongingnesg) (©f a fuzzy point
to a fuzzy subset under an expected equality on a fuzzy subset. These two notions played
a vital role in generating some different types of fuzzy subgroups. In [6, 7], Bhakat and
Das provided the notion dfy, 3)-fuzzy subgroups. The concept(ef, 3)-fuzzy subgroups
are further studied in [4, 5]. By using the "belong t&)(relation and "quasi coincident”
with (¢) relation between a fuzzy point and a fuzzy subgroup and introduced the concept of
(€, € vq)-fuzzy subgroup. The concept 6f, € Vq)-fuzzy subgroups is a possible gen-
eralization of Rosenfeld’s fuzzy subgroups. The idedafe Vq)-fuzzy subrings/ideals
are introduced in [8]. In [9], Davvaz introduced the concept@fe Vvq)-fuzzy sub near-
rings/ideals in a near ring. Jun and Song in [11] proposed the study, 8-fuzzy interior
ideals in a semigroup. By using the conceptef e Vq)-fuzzy ideals, Shabir et al. char-
acterized regular semigroup [26]. In [15], Kazanci and Yamak considered Vq)-fuzzy
bi-ideals of a semigroup and prove some motivated results. Generalizing the idea of the
quasi-coincident of a fuzzy point with a fuzzy subset, Jun introduee& Vg)-fuzzy
subalgebras in BCK/BCl-algebras respectively [12]. In [26], Shabir et al, introduced the
concept of arfe, € Vq)-fuzzy quasi-ideal of a semigroup. In [13] Jun initiated the concept
of general types of quasi-coincident in BCK-algebra. The concefepf Vg )-fuzzy
subsemigroup was initiated by Kang in [14]. In [27], Shabir et al, generalized the concept
of an (€, € Vvq)-fuzzy bi(interior, quasi)-ideal of a semigroup and introduced the notion
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of an (€, € Vg )-fuzzy bi(interior ideal, quasi)-ideal in a semigroup. In [28], the authors
characterized regular semigroups by the propertieg=0E Vg )-fuzzy ideals. In [10,

16], the authors characterized regular semigroup in ter(epf Vg )-fuzzy ideals. The
concept of ar(e, € V) )-fuzzy (generalized) bi-ideal/quasi-ideal of a semigroup is a gen-
eralization of the concepts studied in [11, 15, 26, 27]. If we take: 1, then we get, an

(€, € Vgi)-fuzzy bi-ideal and arie, € Vqy)-fuzzy quasi-ideal of a semigroup. If we take

d = 1 andk = 0, then we get, alc, € Vq)-fuzzy bi-ideal and arie, € V¢ )-fuzzy quasi-
ideal of a semigroup. Which means that these fuzzy ideals become a special case of an
(€, € Vg )-fuzzy (generalized) bi-ideal/quasi-ideal of a semigroup. Due to the motivation
and inspiration of the concept, in this paper, we introduce the concépt af ¢! )-fuzzy
(generalized) bi-idealic, € Vvq!)-fuzzy (1,2)-ideal and(c, € Vq))-fuzzy quasi-ideal in
semigroups. We show that eagh, € V¢! )-fuzzy bi-ideal is an(€, € Vq})-fuzzy bi-ideal
each(e, € vq?)-fuzzy (1,2)-ideal is an(e, € Vq})-fuzzy bi-ideal and eacte, € vq?)-
fuzzy left (right) ideal is ar(e, € Vq,ﬁ)—fuzzy quasi-ideal but the converses are not true in
general.

2. PRELIMINARIES

Throughout this pape$ will denote a semigroup unless otherwise specified. A.&e
a non-empty subset ¢f. ThenA is said to be a subsemigroup 8fif A2 C A. LetI be
a non-empty subset &f. ThenI is said to be a left(right) ideal of if ST C I(IS C I).
Let I be a non-empty subset 6t Then! is said to be an ideal of if it is both left and
right ideal of S. Let B be a non-empty subset 6f Then B is said to be a generalized
bi-ideal of S if BSB C B, B is said to be a bi-ideal of if it is both a subsemigroup and
a generalized bi-ideal &§. A non-empty subse® of S is said to be a quasi-ideal ofif
QRSNSQ C Q.

A fuzzy subset of a universeX is a function fromX into the closed intervdD, 1], i.e,
A: X —[0,1].

Let A be a fuzzy set of a semigroupandt € [0, 1], the seU (\;t) = {a € S|\(a) > t}
is said to be a level subset of the fuzzy set

Let A be a non-empty subset 6f The characteristic function of denoted by\ 4 and
is defined by the mapping froii into [0, 1]:

lifae A
AAM_{OHa¢A

Obviously A 4 is a fuzzy subset of.
A fuzzy subset\ in a universeX of the form

[ te(01] ifb=a,
A(“)'—{0 it b£a

is said to be a fuzzy point with suppartand value and is denoted byu, t).
For a fuzzy subset in S, a fuzzy point(a, ) is said to
e be contained i\, denoted by(a,t) € A, if A(a) > t.
¢ be quasi-coincident with, denoted by(a, t) g, if A(a) +t > 1.
For a fuzzy subset and fuzzy poin{a, t) in a setS, we say that
e (a,t) € AgAif (a,t) € Aor(a,t) gA.
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Generalizing the concept 6&, t) ¢\, Jun [12], defineda, t) gx A, wherek € [0,1) as
(a,t) gpAif A(a) +t+k > 1and(a,t) € Vg if (a,t) € Aor(a,t) g A. Jun etalin [13],
considered the general form of the symbelt) ¢, A and(a,t) € Vg as follows: For a
fuzzy point(a, t) and fuzzy subset in a setS, we say that

i) (a,t) @Nif Aa) +t > 6,

i) (a,t) o\ if Ma) +t+k > 6,

iii) (a,t) € V@A Iif (a,t) € Aor (a,t) ) \;

iv) (a,t) @\ if (a,t) e does not hold, for € {€, ¢, € Vg, € Vax, g3, € Vgl }.

wherek € [0,1) andk < & in [0, 1]. Obviously,(a, t) ¢° X implies(a, t) g) \.

Definition 2.1. [14] A fuzzy subset\ in S is said to be arie, € Vq?)-fuzzy subsemigroup
of Sif for all ¢1,t5 € (0,1] anda,b € S,

(a,t1) € A, (bta) € A= (ab,t1 Aty) € VA
Lemma 2.2. [14] Suppose is a subsemigroup of and X a fuzzy subset of defined by

{5ifa€A

MO =9 gifag 4

wheres > 2E  then,
i) Nis a(q’, € Vq})-fuzzy subsemigroup 6f
ii) A is an (€, € Vqy)-fuzzy subsemigroup 6Ff

Lemma 2.3. [14] Suppose\ is a fuzzy subset &, then) is an (&, € Vq?)-fuzzy subsemi-

group of S, if and only ifA\(ab) > A(a) A A(b) A 5;’“ forall a,b € Sandk € [0,1).

Lemma 2.4. [14] Suppose\ is a fuzzy subset &f, then) is an (€, € Vq?)-fuzzy subsemi-
group of S if and only ifU (\; t)(# 0) is a subsemigroup & for all ¢ € (0, ‘S*T’“].

Definition 2.5. [27] A fuzzy subset\ in S is said to be arfe, € Vvg;)-fuzzy left (right)
ideal of S if the following condition holds:

(b,t) € A= (ab,t) € Vgr\  ((b,t) € A= (ba,t) € Vg A)

Definition 2.6. [27] A fuzzy subset\ in S is said to be arie, € Vg )-fuzzy ideal ofS if it
is both an(e, € vqy)-fuzzy left ideal and &, € Vg )-fuzzy right ideal ofS.

Lemma 2.7. [27] Suppose is a left (right) of S and A a fuzzy subset of defined by

ifac A
M@:{gﬁa¢A

wheree > 12E then,
i) Aisa(q, € Vgi)-fuzzy left (right) ideal of.

i) Ais an(e€, € Vg )-fuzzy left (right) ideal of.
Lemma 2.8. [27] Supposeé is a fuzzy subset &, then) is an(e, € Vg )-fuzzy left (right)
ideal of S if and only if A(ab) > A(a) A 355 (A(ab) > A(b) A 15%) for all a,b € S and
kel0,1).
Lemma 2.9. [27] Suppose is a fuzzy subset &, then)is an(e, € Vg )-fuzzy left (right)
ideal of S if and only ifU (\; 7)(# 0) is a left (right) ideal ofS for all ¢ € (0, 15%].
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3. (€,€ vg))-Fuzzy BI-IDEAL

In this section we introduce the concept(ef, € Vg )-fuzzy (generalized) bi-ideal in
semigroups and prove some of its related properties.

Definition 3.1. A fuzzy subset\ in S is said to be are, € Vg))-fuzzy left (right) ideal of
S if the following condition holds;

(b,t) € A= (ab,t) € V@A ((b,t) € A= (ba,t) € Vg )

Definition 3.2. A fuzzy subset\ in S is said to be arfe, € Vq))-fuzzy ideal ofS if it is
both an(e, € vq))-fuzzy leftideal and arie, € v¢))-fuzzy right ideal ofS.

Definition 3.3. A fuzzy subsef in S is said to be alie, € V¢! )-fuzzy generalized bi-ideal
of S'if for all ¢1,t5 € (0,1] anda, b, c € S,

(a,t1) € N, (c,t2) € X = (abe,ty Ata) € V@A

Example 3.4. Let S = {1,2,3,4,5} and ™" be a binary operation defined ofiin the
following table:

112131415
1j1)11(1(1]1
211111
311|111
4111111131
51111123

Then, (S, -) is a semigroup. One can easily show that5},{1,4,5},{1,3,4} {2,4,5}
are generalized bi-ideals 6f. DefineA : S — [0,1] by A(1) = 0.2, A(2) = 0.8, A(3) =
A(5) = 0and\(4) = 0.3. Letk = 0.3 andd = 0.4. Then,\ is an(&, € Vgi3)-fuzzy
generalized bi-ideal of. But:
(1) : Xis not an(e, € Vqo.3)-fuzzy generalized bi-ideal of. Because(4,t;) =
(4,0.1) € Nand(4,t2) = (4,0.2) € Abut(4-4-4,t; Ata) = (1,0.1) € Vgo2 A, i.e.
A4 4- D+t Atao+k = A(1)+0.1A02+4+0.3
= 02+01+03
0.6 %1
(2) : Ais not an(e,e Vvq)-fuzzy generalized bi-ideal of. Because,4,t;) =
(4,0.1) € Nand(4,t2) = (4,0.2) € Abut(4-4-4,t; Ata) = (1,0.1) € Vg, i.e.
A4-4- )+t Ato+05 = A(1)+0.1A02+0.5
= 02401405
0.8 #1
Definition 3.5. A fuzzy subset\ of S is said to be arie, € Vq?)-fuzzy bi-ideal ofS if it
is both (€, € vq?)-fuzzy subsemigroup ank, € v} )-fuzzy generalized bi-ideal of.

Theorem 3.6. Suppose\ is a fuzzy subset ¢f. Then\ is an (€, € Vq?)-fuzzy bi-ideal of
S, if and only if
(1) A(ab) > A(a) A A(b) A 552
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(1) Mabe) > A(a) A A(c) A 555
forall a,b,c € S wherek € [0,1) andk < § in [0, 1].

Proof. Let \ be an(e, € v¢?)-fuzzy bi- ideal ofS Assume thaﬁ\(ab) < Aa ) A )\( ) A

95k} for somea,b € S. If )\( ) AA(D) > 5%, thenA(ab) < 5. Hence(a, °5%) € A
and (b, 25%) € A, but (ab, & ) €\ Moreover)\(ab)+— < —+ ok = 5 k and
so(ab, 35%) g2 . Thus, (ab, 25%) € vgJA. This is a contradiction. If(a ) A(b) < 5E,
then\(ab) < ( YAX(D). ence there existse (0, 1] such that\(ab) < ¢ < A(a) AX(D).

It follows that (a, t) € A and(b,t) € , but(ab, t) € A. Also, A(ab) + ¢ < 25k 4 25k —
§ — k,i.e.,(ab,t)g)\. Thus(ab,t) € Vgl \, a contradiction. Hencé;) is valld

Now suppose thak(azb) < A(a) A A(b) A 25 for somea, z,b € S. So we have the
following two cases:

Case (a). Ma) A (D) > 25E, Case (b). A(a) A A(b) < 25E.

Case (a )|mpllesthat( k) e ) (b, 555) € A = Aazb) < 552 thatis(azd, 25%) €
A, and Maxb) + 555 < 5k 4 92k = § — kit implies that (axb 2k g2\, Hence
(ab, 25E) € Vgl a contradlctlon

For Case (b) we haveA(azb) < A(a) A A(b) and soA(azxd) < t < A(z) A A(y) for
somet e ( ] Thus(a t) € Aand(b,t) € A but(axb,t) € X. Also A(azb) +1t <
t+t< 5k + 5k = 5 — k, thatis(azb, t) g) \. Hence(axb,t) € Vq) ), a contradiction.
Therefore(zz) is vaI|d

Conversely, suppose thatsatisfies condition$i) and (7). Leta,b € S andty, s €
(0,1] be such thata,t1) € XA and(b,t2) € A. ThenA(a) > t; and)\( ) > to. Using (4 )
we have\(ab) > \(a) /\)\(b) /\ o=k > t1 Ata N SEIf ¢ Aty > 255K thenA(ab) > %5
and soX(ab) + t1 Ate > 2 + 028 =5 —k that is (ab, tl,tQ) /\ If t; Aty < 2
thenA(ab) > 25%, that |s(ab tl,tg) € X. Hence(ab, t1,t2)€ Vgl A. Leta,z,b € S and
t1,t2 € (0,1] be such thata, ¢1) € X and(b,t2) € A. Then\(a ) >t and)\( ) > to. It
follows from (i4) thatA(azb) > A(a) A A(b) A 25E > t1 Nty AN SE It Aty > 25E then
Aaxb) > 25E and so\(azb) 4+t Aty > 05E + =0—k, Ie ,(axb, tq /\tg)q,‘z)\ If
tinty < 95K then)\(axb) > t1 Ato, thatis (axb tl/\tg) € A\. Thus(azb, t; Ats) € Vi
Therefore/\ is an(e, € Vq))-fuzzy bi-ideal ofS. O

‘ E

Example 3.7. Consider a semigroup defined in Example 3.4. If we define a fuzzy subset
AonS by A(l) = 0.2, \(2) = 0.8, A(3) = 0.3, A(4) = 0.4 and\(5) = 0.5, and take
k = 0.4ands = 0.5. Then,\ is an(e, € Vq3-3)-fuzzy bi-ideal ofS.

Also, ) is not a fuzzy, arfe, € vq) and(e € Vqo.4)-fuzzy bi-ideal ofS. Because,

A(B-3-3)=A(1) =0.2 £ 0.3=A(3) AA(3),
A(B:3-3)=X(1)=0.2%05=A(3)AX3)A0.5,
A3-3-3)=A1)=02#03=A3)AA3)A0.3

respectively.
In 3.4\ is not an(e, € Vq?)-fuzzy bi-ideal ofS. BecauseA(4.4) = A (3) = 0.0 #

04=A4AX4). Thls means that afe, € Vq!)-fuzzy generalized bi- |deal af is not
an (€, € vq))-fuzzy bi-ideal ofS.
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Theorem 3.8. Let A be a fuzzy subset ¢f. Then)\ is an (€, € Vvq?)-fuzzy generalized
bi-ideal of S if and only ifU (\; t)(#£ 0) is generalized bi-ideal of for all ¢ € (0, 5*7’“}.

Lemma 3.9. If {\;};cn is a family of (€, € vq})-fuzzy generalized bi-ideals f, then

N \iisan(e, € vq)-fuzzy generalized bi-ideal &f.

ieA

Proof. Suppose{\; }ica is a family of (€, € vq?)-fuzzy generalized bi-ideals of and

a,b,c € S, then, N i (abe) = () (N (abe)). (Since each\; is an (€, € Vg))-fuzzy
iEA i€EA

generalized bi-ideal of, so from Theorem 3.6, we have (abc) > \; (a) A \; (c) A 25E)

Thus,

(ﬂ )\i> (abe) = [ (\i(abe))

1€EA €A
d—k
> . )
> ﬂ (Al(a)/\)\l(c)/\ 5 )
i€EA
= (ﬂ (i (@) A N <c>>> Nt
ieA
0—k
— (ﬂ A) (a) A <ﬂ /\> () A —
i€A €A
Hence N \; is an(g, € vq})-fuzzy generalized bi-ideal of. O

€A

Theorem 3.10. Suppose\ is a fuzzy subset of, then\ is an (€, € Vq?)-fuzzy bi-ideal of
S if and only ifU (; ¢) (s 0) is bi-ideal ofS for all ¢ € (0, 5£].

Proof. Proof of the Theorem follows from Lemma 2.4 and Theorem 3.8 O

Lemma 3.11. If {\;};ca is a family of(€, € vq)-fuzzy bi-ideal ofS, then N \; is an
e
(€, € vq))-fuzzy bi-ideal ofS.

Remark 3.12. Suppose \; }ic is a family of (€, € vg?)-fuzzy bi-ideal ofS. Is |J A; an
i€l
(€, € vq))-fuzzy bi-ideal ofS? Where | J \; = sup;; A;. For this we have the following
i€l
example.

Example 3.13. Consider a semigrouf = {1, 2, 3,4} with the following multiplication
table:

112314
1j1]11]1
211|141
311111
411|111

Suppose\ andy are two fuzzy subsets ifi, define by
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A1) =05,A(2) =08, A(3) =A(4) =0.1andu (1) =0.3, u(2) =
w(3) = 0.4. If we takek = 0.2 andd = 0.7, Hence fort € (0,0.2], wi eh

[ Sitte (0,01
Uxt) = { {1,2} if ¢ € (0.1,0.2]

and
N Sift € (0,0.1]
U(pst) = { {1,3} if t € (0.1,0.2]

Thus\ andy are (€, € Vg5:2)-fuzzy bi-ideals ofS by Theorem 3.10. The uniohU p
of A andy is given by (AU p) (1) = 0.5, (AUp)(2) = 0.8, (AUu)(3) = 0.4, and
(AU u) (4) = 0.1, Hence

UAUp,t)= { {1,2,3} if t € (0.1,0.2]

Since{1, 2, 3} does not satisfy the first condition of bi-ideal §f i.e, Therefore, by Theo-
rem 3.10\ U uz is not an(e, € Vg )-fuzzy bi-ideals ofS.

In the following theorem we show that the union of any family of(anc v¢?)-fuzzy
bi-ideals ofS is again an(€, € Vq})-fuzzy bi-ideal ofS.

Theorem 3.14. Suppose \; }ier is a family of (€, € Vvq?)-fuzzy bi-ideal ofS, such that
Xi CAjor); C A foralld,j €I, then A isan(e, e \/q;z)-fuzzy bi-ideal of5. Where

i€l
U Ai = supier Ai-
i€l

Proof. Suppose, b € S, since each\; is an(e, € \/q;i)—fuzzy bi-ideal ofS. So we have,

U Ai (ab) = sup); (ab)
Pt iel

Y

sup {Ai (a) A X (b) A 5_2’“} (By Theorem 3.6)

_ up{{A (a) A X ()} A 62]6}

iel
5 k
Ai

(VisIeR

Sup {)‘i (@) A A (b) A 62k} < (U )\i> (@) A (U )\z') (0) A 5_Tk

el

Clearly

Suppose

sup{Ai () A A (b) A ‘52]“} ” (U M) (@) A <U >\¢> (b) A ‘S*Tk

i€l



Generalized €, € Vqy,)-Fuzzy Quasi-ldeals in Semigroups 43

Then there existssuch that

sup{Ai (@) A X (B) A 62k} <t< <U /\i> (a) A (U /\l) (b) A %Tk.

i€l icl il
Since); C Aj or\; C A;foralld, j € I, there exists: € I such that

t< Ah(a)mh(b)A‘s_Tk.
On the other hand 5
)\h(a)/\)\h(b)/\%k <t

for all « € I. Which is a contradiction. Hence
sup{)\i(a) AN (b) A M} = (U | @n[Jx) @A ok
el 2 icl icl 2
Supposer, b, ¢ € S, then we have

U Ai (@be) = sup\; (abe)
i€l el
6—k
> supq A (a) AN (b)) A —5 (By Theorem 3.6)
i€l
= sup {{)\i (a) AN (D)}, H}
il 2
0—k
- (U )\> (a) A (U )\> () A ——
i€l el
Therefore(J \; is an(g, € vq!)-fuzzy bi-ideal ofS. O

el

Theorem 3.15. Suppose3 is a non-empty subset §f thenB is a bi-ideal ofS if and only
if xp isan(e, € vq¢!)-fuzzy bi-ideal of5.

Proof. SupposeB is a bi-ideal ofS, thenyp is a fuzzy bi-ideal ofS and so is ar(€, €
vq?)-fuzzy bi-ideal ofS.

Conversely, suppose thgk is an(e, € Vq)-fuzzy bi-ideal ofS, then for alla,b € B,
we have

xs (ab) > x5 (a) A xs (b) A (S_Tk = (S_Tk(By Theorem 3.6)
and soab € B. Now for everya, b, c € B, we have
o—k o0—k
x5 (abe) > xp (a) A xs (b) A 5 =5
and soabc € S. ThereforeB is a bi-ideal ofS. O

Theorem 3.16. Supposeb is a bi-ideal of S, then for every € (0, 25£] there exists an
(€, € vq))-fuzzy bi-ideal of S such that/ (\;t) = B.
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Proof. Suppose\ is a fuzzy ideal ofS defined by

tifae B
Ma):{ 0if a ¢ B

forall a € S, wheret € (0, 25%]. Obviously,U (A;t) = B. Assume that\(ab) < A(a) A
A(b) A SEfora,b e S. It follows thatA(a) A A (b) A 25% =t and\ (ab) = 0. Hence
A(a) =t = X\(b) and soa,b € B. SinceB is a bi-ideal ofS, it implies thatab € B.
Which is a contradiction. Therefove(ab) > A(a) AX (b) A 5% forall a, b € S. In similar

way we have

A (abe) > Ma) A X (e) A (S_Tk

forall a,b, c € S. Hencel is an(€, € vq} )-fuzzy bi-ideal ofS. O

Theorem 3.17.Let¢ : S — S’ be a homomorphism from a semigroup®nto a semi-
groupS” and\ andy are (€, € vg))-fuzzy bi-ideal of5 and S’ respectively. Then

(i) =1 (n) is an (e, € vq)-fuzzy bi-ideal of5.

(#7) If \ satisfies the sup property, that is for any subdetf S there exists:o such that
A(zo) = \V A(z), theng (\) is an(€, € Vq!)-fuzzy bi-ideal of5.

r€H
Proof. (i) : Leta,b € S andty,t2 € (0,1] be such thata,t1) € ¢! (1) and (b, t2) €
¢! (1) .Then(¢ (a),t1) > pand(e (b),t2) > u. Sinceuis an(e, € Vg3 )-fuzzy bi-ideal
of S. Thus,(¢ (ab) ,t1 A t2) = (¢ (a) ¢ (b) ,t1 A t2) € Vgl p.Itimplies that(ab, t; A ta) €
V@it (p). Now leta,z,b € S andty,t» € (0,1] be such thata,t;) € ¢! (1) and
(b,t2) € ¢t (u) . It follows that(¢ (a) ,t1) > pand(¢ (b),t2) > u. Sincep is an(e, €
Vq))-fuzzy bi-ideal ofS”. Itimplies that(¢ (axb) , t1 Ats) = (¢ (a) ¢ (z) ¢ (b) ,t1 Aty) €
Vg itimplies that(azb, t; At2) € Vit (u) . Henceg™! (1) is an(e, € Vg))-fuzzy
bi-ideal of S.

(ii) : Leta,b € S andti,ty € (0,1] be such tha(a,t;) € ¢ ()\) and (b, ty) €
¢ (N). Theng () (a) > t1 andp (N) (b) > to. SinceA has the sup property so there
existsz € ¢! (a) andy € ¢! (b) such thath (z) = \/{A(p):p€ ¢ (a)} and
AMy) = inf{A(q): g€ @' (b)}. Then (z,t;) € )\ and (y,t2) € A\ Since)\ is an
(€, € Vq))-fuzzy bi-ideal ofS. We have(zy, t; Ats) € VgiX. Nowzy € ¢~ (z) and so
(¢ (V) (zy) = A(zy) . Thus,(¢ (N)) (zy) > ti Atz or (¢ (N)) (ay) +t1 Ata+k+1>0
which means thatzy,t; Ats) € Vgié ()\). Similarly takingz,y, 2 € S" andty,ty €
(0,1] such that(z, ;) € ¢ (\) and(z,t2) € ¢ (\), we get(zyz,ty Ats) € Vgl (\). O

Definition 3.18. A fuzzy subset in S is said to be aric, € Vqj)-fuzzy (1, 2)-ideal of S
if
(’L) (a,tl) € )\, (b, tQ) EN=> (ab,t1 /\tg) S \/qg)\
(ZZ) (a,tl) S )\, (b,tg) €N, (C, tg) EN=> ((J,SC (bC) ,t1 ANtg A tg) € \/qk)\
foralla,z,b,c € S.

Theorem 3.19. Suppose\ is a fuzzy subset &f. Then) is an (€, € V) )-fuzzy bi-ideal of
S, if and only if

(1) A(ab) = A(a) A A(D) A %5

(i4) Aaz(be)) > A(a) AA(B) AA(C) A 55

A =k
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forall a,b,c € S wherek € [0,1) andk < ¢ in [0, 1].
Proof. Proof of the Theorem follows from Theorem 3.6. O
The following result shows that eve(¥, € Vq;z)—fuzzy bi-ideal in a semigrouf is an
(€, € vq))-fuzzy (1,2)-ideal of S.

Theorem 3.20. Every (€, € Vq))-fuzzy bi-ideal of a semigrouf is an (€, € vq?)-fuzzy
(1,2)-ideal of S.

Proof. Let A be an(e, € Vq?)-fuzzy bi-ideal ofS andx, a,b,c € S. Then,

A(ax(be)) = A((azd)c)
A (azb) A X () A (S_Tk (By Theorem 3.6)
A(a)AA(b)/\% /\A(c)/\%
(Sincelis an (€, € Vqy ) -fuzzy bi-ideal ofS)
6—k

= A@) AAB) ANe) A

Y

%

Hence\ is an(e, € Vq?)-fuzzy (1, 2)-ideal of S. O

The converse of the above Theorem is not true in general. For this we have the following
example.

Example 3.21. Let S = {1,2,3,4} and “”be a binary operation defined d¢hin the
following table:

=Wl DN~ -
el e e e
e e M e )
N | Wl —|w
I NG TSN

Define a fuzzy subseX in S by A (1) = 0.5, A(2) = 0.1 = A(3), A(4) = 0.2.
Then\ is an (g, € Vvq!)-fuzzy (1,2)-ideal of S, whered = 0.7 andk = 0.3. \ is not an
(€, € Vq))-fuzzy bi-ideal ofS as it does not satisfy the second condition of the Definition
35.ieA(4:3-4)=A(2)=01£02=X(4) AX(4) A~

Theorem 3.22. SupposeS is a regular semigroup and a fuzzy subset &, then every
(€, € vq))-fuzzy(1,2)-ideal of semigroufs is an (<, € Vq))-fuzzy bi-ideal ofS.

Proof. Supposes is regular and\ an (€, € Vq))-fuzzy (1,2)-ideal of S. Leta, z,b € S.
SincesS is regular we havex € (aSa)S C aSa, which implies thatwz = asa for some



46 M. Sajjad Ali Khan, K. Rahman, A. Fahm and M. Shakeel

s € S. Thus
A(axb) = A((asa)b)
= MA(as(ab))
> Xa)AX(a) AX(D) A ‘S_Tk (By Theorem 3.19)
= )\(a)/\/\(b)/\é_Tk
Hence)\ is an(e, € Vq))-fuzzy bi-ideal ofS. O

Theorem 3.23.Supposa is an (&, € V) )-fuzzy bi-ideal of. If S is a completely regular
and A (a) < %% forall a € S, then) (a) = A (a?) forall a € S.

Proof. Suppose: € S. Then there exists ¢ S such thatt = a?za?. Hence

Aa) = X(a*za®)
> A(a®) AX(a®) A % (By Theorem 3.6)
=A@t
> )\(a)/\)\(a)/\¥ /\¥
- A(a)/\? —\(a).
It follows thatA (a) = A (a?) . O

If we putd = 1in Theorem 3.23, then we get the following corollary.

Corollary 3.24. Suppose\is an(e, € Vqy)-fuzzy bi-ideal of. If S is a completely regular
and) (a) < 35 forall a € S, then) (a) = A (a?) forall a € S.

Theorem 3.25. Suppose\ is an (&, € Vq,f,)-fuzzy bi-ideal of5. If S'is completely regular,
then (a) A 255 = X (a?) A SSE foralla € S.

Proof. Suppose: € S, then there exists € S such thats = a%za?. Hence

Aa) A FT]C = X(a’za®) A ok

> A(a®) AX(a®) A ‘S_Tk (By Theorem 3.6)

=A@t

d—k] o—k
> - -
> [ A(a)AAX(a) A 5 A 5

d—k
= )\(a)/\72 .

It implies that\ (a) A 255 = X (a?) A SSE foralla € S. O
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4. (¢, € Vq,‘i)-FUZZY QUASI-IDEAL

In this section we introduce the concept of @ € Vq)-fuzzy quasi-ideal of a semi-
group S and study some of its properties. Based on Theorem 3.6, we defjre Vq?)-
fuzzy quasi-ideal of a semigroupas follows.

Definition 4.1. Suppose\ is a fuzzy subset of &, then) is said to be atic, € vq))-fuzzy
quasi-ideal of5, if it satisfies the following condition:

Aa) > ()\ow)(a)/\(wO)\)(a)/\(S_Tk.
wherew is a fuzzy subset of mapping every element ¢f on 1.

Theorem 4.2. Suppose\ is an (€, € Vq))-fuzzy quasi-ideal of, then the set\, =
{a € A|A(a) > 0} is a quasi-ideal of5.

Proof. To show that\ is a quasi-ideal of, we need only to to show th&\, N AgS C Ag.
Leta € SAg N XS implies thata € SA\g anda € A\gS. Soa = rz anda = ysforr,s € S
andz,y € S. Thus,\ (z) > 0andA (y) > 0. Now (a) > (Ao w) (a)A(wo ) (a)ASE.
Since

(woX)(a) = \/ {w®) AX(a)}

> w:(r) A A (z) because = rx
= Ax).
Hence(w o A) (a) > A (x). Similarly we can show thgtw o A) (a) > A (b). Thus
Ma) 2 (how)(a)A(wo)(a)n S

)\(x)/\)\(y)/\a_Tk

> 0. because\(z) > 0andA(y) >0

IV

Thusa € \g. Hence)\ is a quasi-ideal of. O

Example 4.3. SupposeS = {1,2,3,4} and” - 7 a binary operation defined o$iin the
following table:

112314
11111
2111241
3(1]1]1|1
411141111

Then, (S, ) is a semigroup. Defina : S — [0,1] of S by A(1) = 0.9, A\(2) = 0.8,
A(3) = 0.7, A(4) = 0.4. If we take,d = 0.4 andk = 0.2, then) is an(e, € V¢’ })-fuzzy
quasi-ideal ofS.

Theorem 4.4. A fuzzy subset in S is an (€, € Vq} )-fuzzy quasi-ideal of if and only if

U (\;t) ( 0) is a quasi-ideal ofS for all t € (0, 25%].
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Proof. Suppose\is an(e, € Vq))-fuzzy quasi-ideal of anda € (U (A;t) S]N(SU (A; )]
for somet € (0, 25%], thena € (U (\;t) S] anda € (SU (A;¢)]. This implies that = zy,
anda = wz, wherez, z € S andy,w € U (\;t)

M) > (how)(a)A(wo)(a)n S

. [\/ {A(p)Aw@)}]A[ Vw0 ax @)} 2250

a=pq a=p1q1
= {Aw)Aw @)} A{w (@) AX(Y)} A %Tk sincea = zy,anda = wz,

= D@ AL A{IAA@)A Y

2
= A(w)/\A(y)/\?

= t/\tAﬂ—t
— 5 =t

Thusa € U (A;t) and hencqU (A;t) S] N (SU (A;8)] € U (A;¢). ThusU (Ast) is a
guasi-ideal ofS.
Conversely, assume that foe (0, ‘*Tk], the sety (\;t) ( 0) is a quasi-ideal of. Let
there exists € S such that
A(a) # ()\ow)(a)/\(wOA)(a)/\a_Tk.
and that\ (a) < t; < (Aow)(a) A (woX)(a) A %% for somet; € (0,1), Then
(Aow)(a) > t; and(wo A) (a) > t1 but A (a) < t; which implies thata ¢ U()\;¢).
which is a contradiction. Thus
0—k

)\(a)E(Aow)(a)/\(wO)\)(a)/\T.

Hence\ is an (€, € V) )-fuzzy quasi-ideal of. O

Lemma 4.5. If {)\;};c4 is a family of(€, € Vq?)-fuzzy quasi-ideals of, then (] \; is an
i€
(€, € vq))-fuzzy quasi-ideal of.

Proof. Straightforward. O

Theorem 4.6. Suppose&) is a non-empty subset 6f then@ is a quasi-ideal of5 if and
only if C, the characteristic function af is an (€, € Vg¢?)-fuzzy quasi-ideal of.

Proof. Suppose? is a quasi-ideal ofS andC, is the characteristic function @p. Let,
a€ S;ifa¢ @ Thena ¢ SQora ¢ QS. Thus(wo Cy) (a) =0, (Cgow)(a) =0
and so(Cgq o w) (a) A (wo Cgq) (a) A %55 =0 = Cq. If a € Cg, then(Cg) (a) = 1 >
(Coow)(a) A (woCq)(a)A 5_71« HenceCy, is an(e€, € Vq))-fuzzy quasi-ideal of5.
Conversely, assume th@y, is an(e, € Vq,‘z)-fuzzy quasi-ideal of5. Leta € QS N SQ.
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Then their existy, z € S andb, ¢ € @ such thatw = by anda = zc. Thus

(Coow)(a) = \/ {Cq(p)rw(g)}
Cq (a) Nw (a)

= Cq (by) Nw (by)
Cq (b) ANw (y)

= 1Al

= 1

So(Cq ow) (a) = 1. Similarly, (w o Cg) (a) = 1. Hence

Y

(Ca) (@) = (Cqow) (a) A (wo Co) (a) A 5.

Thus(Cg) (a) = 1, which implies thats € Q. HenceQS N SQ C Q. ThatisQ is a
quasi-ideal ofS. O

Theorem 4.7. Every(€, € Vq?)-fuzzy left (right) ideal of5 is an (€, € Vg )-fuzzy quasi-
ideal of S.

Proof. Leta € S and be an(e, € Vq))-fuzzy left (right) ideal ofS; then

(woX)(a) = \/ {w(@)AA(y)}

a=xy

=\ {1rxw)}

a=zy

=V A\

a=xy

woN @A TE =\ fw@arwia St

=V amapa St

a=xy

=V {/\(I)/\(SQk}

a=xy

< \/ A(zy) (Sincexis an(e, € vq})-fuzzy leftideal ofS)

a=xy
= A(a).
Thus

(o) (a) A T < A(a).
Hence
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Thus)is an(e, € vg})-fuzzy quasi-ideal of. O

Remark 4.8. The converse of the above theorem is not true in general, that (s ,an
vg?)-fuzzy quasi-ideal ofS need not be alie, € Vvq?)-fuzzy left (right) ideal ofS. For
this we have the following example.

Example 4.9. Consider a semigrouf = {a, b, ¢, d} with a binary operatiori - 7 defined
in the following table:

ISEESEESRESESY

ISEESHESHESE RS

QO |
QS| |
ISEESEESEESHEe

Define a fuzzy subseton S by A (a) = 0.2 = A (b), A (c) = 0.4, (d) = 0. If we take
k= 0.4 ands = 0.8 then\ is an is an(€, € Vq)-§)-fuzzy quasi-ideal ofs. But it is not an
(€, € Vgi$)-fuzzy left (right) ideal ofS. Because\ (da) = A (d) = 0 # A (a) A °5% and
A(ad) = A(d) = 0 # A(a) A 55E. Also X is not an(e, € Vqo.4)-fuzzy quasi-ideal of.
Becaus€\ o w) (a) = 0.3 = (wo A) (a), butA (a) = 0.2 # (Aow) (a) A (wo ) (a) A
0.3. Itis also not a fuzzy quasi-ideal nor &g, € \VVq)-fuzzy quasi-ideal of.

Theorem 4.10. Every(¢, € Vq})-fuzzy quasi-ideal of is an (&, € v} )-fuzzy bi-ideal of
S.

Proof. Let A be an(e, € Vq)-fuzzy quasi-ideal o5. Now

Aab) > (Aow)(ab) A (woX) (ab) A ‘S_Tk

[ V {A(w)Aw(y)}] A [ V {w(x)M(y)}} p St

ab=zy ab=zy
> [)\(a)/\w(b)]/\[w(a)/\)\(b)}/\6_7]6
- [A(a)Al]A[1M(b)]A¥
= )\(a)/\)\(b)/\(S_Tk.
So
0—k

Aab) = A(a) AN (D) A ——.
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Also

Alaxd) > (Aow) (axb) A (wo X) (axb) A #

[ V {A(y)Aw(z)}]A{ V {w(y)M(z)}]A‘S;k

azb=yz azb=yz
> [\ (@) Aw (@) A f ax) A X 0] A
= P@AALANB]A S
- A(a)/\A(b)/\%.
So
A(azb) > A(a) A A (b) A %
Hence) is an(g, € Vq))-fuzzy bi-ideal ofS. O

Remark 4.11. The converse of the above theorem is not true in general. That, is
vg?)-fuzzy bi-ideal need not be &, € Vq?)-fuzzy quasi-ideal of. For this we have the
following example.

Example 4.12. Consider a semigrouf = {1, 2, 3,4} defined in the following table as:

2134
111
111
112
211
Define a fuzzy subset by A(1) = 0.8, A(2) = A(4) = 0, A(3) = 0.3, if we takek = 0.2
ands = 0.8, then)\ is an(e, € V¢3§)-fuzzy bi-ideal ofS. But it is not an(e, € VqJ-§)-
fuzzy quasi-ideal of. As (Ao w) (2) = 0.3 = (wo A) (2),butA(2) =0 % (Aow) (2) A
(wo M) (2) A 55E. It also should be noted thatis not a fuzzy bi-ideal, not afe, € Vq)-
fuzzy bi-ideal and not afe, € Vg )-fuzzy bi-ideal ofS.

=] = | =

= DN =]
—_
el e e

5. CONCLUSION

The concept of arfe, € Vq?)-fuzzy bi-ideal/quasi-ideal of a semigroup is a general-
ization of the concepts studied in [11, 15, 26, 27]. If we take- 1, then we get, an
(€, € Vqi)-fuzzy bi-ideal/quasi-ideal of a semigroup. If we take- 1 andk = 0, then we
get, an(e, € Vvq)-fuzzy bi-ideal/quasi-ideal of a semigroup. Which means that these fuzzy
ideals become a special case of(ac Vq!)-fuzzy bi-ideal/quasi-ideal of a semigroup.
Due to the motivation and inspiration of the concepts in this paper we studied the concept
of an (€, € vq)-fuzzy bi-ideal, an(e, € Vvq?)-fuzzy quasi-ideal of a semigroup. In the
domain of modern mathematics the use of algebraic structures in computer science, control
theory and fuzzy automata theory constantly increase the attention of researchers. Alge-
braic structures mostly semigroups play a vital role in such applied branches. Further, the
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fuzzification of several subsystems of semigroups is used in humerous models including
uncertainties.

1) : In future we can apply the present concept to other algebraic structures, i.e Ring,
Hemiring, Nearring etc.

2) : We will define (e, € Vvq?)-fuzzy soft (generalized) bi-ideals/quasi-ideals.
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