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Abstract. In this paper, we first prove cyclicity of bounded diagonal ma-
trix on Hp(β) and we provide some conditions for a weighted mean ma-
trix operator to have eigenvectors. Then we study boundedness of matrix
of eigenvectors, diagonalization and cyclicity of the weighted mean matrix
operator on the weighted Hardy spaces.
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1. INTRODUCTION

The notation f(z) =
∑∞
n=0 f̂(n)z

n shall be used whether or not the series converges for
any value of z. These are called formal power series and the set of such series is denoted by
Hp(β), so we call this space ”weighted Hardy space”. Let f̂k(n) = δk(n). So fk(z) = zk

and then {fk}k is a basis such that ‖fk‖ = β(k).The study of weighted Hardy spaces lies
at the interface of analytic function theory and operator theory. As a part of operator theory,
research on weighted Hardy spaces is of fairly recent origin, dating back to valuable work
of Allen Shields in the mid- 1970s. For some other sources, see [10-18].

2. NOTATIONS AND PRELIMINARIES

Let {an}∞n=0 be a sequence of positive numbers, and let An =
∑n
i=0 aiβ(i)

p
. The

weighted mean matrix operator on Hp(β) is an infinite matrix A = [ank]n,k with

ank =

{
akβ(n)

p

An
0 ≤ k ≤ n

0 k > n
.
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The definition was introduced by Pazouki [10]. The weighted mean matrix has been the
focus of attention for several decades and many of its properties have been studied. Some
of basic and useful works in this area are due to Browein et al.
LetX be a nontrivial complex Banach space of complex sequences. The spectrum (σ(A))X
of a bounded operator A on X , is the set all of complex numbers λ such that the operator
A−λI is not invertible onX . The resolvent (ρ(A))X ofA is the complement of (σ(A))X .
A complex number λ is an eigenvalue of the operator A, whenever there exists a nonzero
complex sequence {f̂(n)}∞n=0 inX such thatA{f̂(n)} = λ{f̂(n)}. This nonzero complex
sequence {f̂(n)}∞n=0 is called an eigenvector corresponding to λ [6].
A vector x in a Banach space X is a cyclic vector of a bounded operator T on X if the
closed linear span {Tn(x) : n ≥ 0} is all of X , i.e. span{Tn(x) : n ≥ 0} = X . Some of
basic and useful works on these topics are due to [1-13].

3. CYCLICITY

Section 3 is intended to motivate our investigation of cyclicity and boundedness of diag-
onal matrix whose nonzero elements is diagonal entries of weighted mean matrix operator,
diagonalization of weighted mean matrix operator on Hp(β). This idea goes back to [2-5].

Proposition 3.1. Let D be a diagonal matrix on Hp(β). Then D is a bounded operator if
and only if sup{|dnn| : n ≥ 0} <∞.

Proof. The proof is trivial. �

Theorem 3.2. Let lim
n→∞

anβ(n)
p

An
= 1 and aiβ(i)

p

Ai
6= ajβ(j)

p

Aj
for all i 6= j. Then the

bounded diagonal matrix operator D = [dij ] with dii =
aiβ(i)

p

Ai
is cyclic on Hp(β).

Proof. Define the decreasing positive sequence αn = min{|aiβ(i)
p

Ai
− ajβ(j)

p

Aj
| : 0 ≤ i 6=

j ≤ n}. Since Ai =
∑i
j=0 ajβ(j)

p, so we have 0 ≤ aiβ(i)
p

Ai
≤ 1, this gives us

|aiβ(i)
p

Ai
− ajβ(j)

p

Aj
| < 1,

for all 0 ≤ i 6= j ≤ n, so 0 < αn < 1. Consider the polynomialsPnk(z) =
∏n
i=0,i6=k

z−λi

λk−λi
,

where λi = aiβ(i)
p

Ai
for all 0 ≤ i 6= k ≤ n. Thus Pnk(λk) = 1 and Pnk(λi) = 0 for

0 ≤ i 6= k ≤ n. For all r > n we have

|Pnk(λr)| =
n∏

i=0,i6=k

|λr − λi
λk − λi

|

≤ 1

(αn)n
≤ 1

(αr)r
.

Note that Pnk(D) = [drs] where dkk = 1, drr = Pnk(λr) when r = s > n and drs = 0
otherwise. If

f(z) =

∞∑
n=0

f̂(n)zn ∈ Hp(β),
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then

Pnk(D)f(z) = f̂(k)zk +

∞∑
r>n

Pnk(λr)f̂(r)z
r.

Suppose that

f1(z) =

∞∑
n=0

f̂1(n)z
n ∈ Hp(β),

where 0 < |f̂1(r)|p < (αr)
r

2rβ(r)p and r ≥ 0. To show that

M = span{Dk(f1) : k ≥ 0} = Hp(β),

it is suffices to prove that for every k ≥ 0, fk ∈ M . If there exists m such that fm /∈ M ,
then there is a linear functional L1 on Hp(β) Such that L1 = 0 on M and L1(fm) = 1.
On the other hand by the Lemma 2 in Yousefi [13], there exists

g(z) =

∞∑
n=0

ĝ(n)zn ∈ Hq(β
p
q ),

1

p
+

1

q
= 1

such that

L1(f(z)) =

∞∑
n=0

f̂(n)(ĝ(n))β(n)p,

so there is a natural number n ≥ m such that (
∑∞
r>n

1
2r )

1
p < ε. Thus

Pnm(D)f1(z) = f̂1(m)zm +

∞∑
r>n

Pnm(λr)f̂1(r)z
r,

and so

|L1[Pnm(D)f1(z)− f̂1(m)zm]| ≤
∞∑
r>n

|Pnm(λr)||f̂1(r)||ĝ(r)|β(r)p

≤ (

∞∑
r>n

|Pnm(λr)f̂1(r)|pβ(r)p)
1
p (

∞∑
r>n

|ĝ(r)|qβ(r)q(p−1))
1
q

≤ (

∞∑
r>n

1

2r
)

1
p ‖g‖,

which tends to zero as n → ∞. Thus L1(f̂1(m)zm) = 0 that is a contradiction. So f1(z)
is a cyclic vector for D and the proof is complete. �

Theorem 3.3. Let lim
n→∞

anβ(n)
p

An
= 1, lim

n→∞
β(n+1)
β(n) < 1. Then we have the following state-

ments
i) For every j ≥ 0, cj =

ajβ(j)
p

Aj
is an eigenvalue of the weighted mean matrix operator A.

ii) We have f(z) =
∑∞
k=0 β(k)

pzk ∈ Hp(β) is an eigenvector corresponding to the eigen-
value c0 = 1.
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Proof. Let j be a natural number and λ =
ajβ(j)

p

Aj
. Then we show that there exists fλ(z) =∑∞

j=0 f̂λ(j)z
j ∈ Hp(β), such that A(fλ) = λ(fλ). Define f̂λ(i) = 0 for 0 ≤ i < j, and

f̂λ(j) = a > 0. From ̂(A(fλ))(j + 1) = cj f̂λ(j + 1), we have

(cj − cj+1)f̂λ(j + 1) =
ajβ(j + 1)p

Aj+1
f̂λ(j)

= (
β(j + 1)

β(j)
)p
ajβ(j)

p

Aj+1
f̂λ(j)

= (
β(j + 1)

β(j)
)pcj(1− cj+1)f̂λ(j),

thus

f̂λ(j + 1) = (
β(j + 1)

β(j)
)p
(1− cj+1)

(1− cj+1

cj
)
f̂λ(j).

Let

f̂λ(j + k) = (
β(j + k)

β(j)
)p(

k∏
i=1

(1− cj+i)
(1− cj+i

cj
)
)f̂λ(j),

thus

̂(A(fλ))(j + k + 1) = cj f̂λ(j + k + 1),

it implies that

(cj − cj+k+1)f̂λ(j + k + 1) =
ajβ(j + k + 1)p

Aj+k+1
f̂λ(j)

+

k∑
i=1

(
β(j + i)

β(j)
)p
aj+iβ(j + k + 1)p

Aj+k+1
(

i∏
l=1

(1− cj+l)
(1− cj+l

cj
)
)f̂λ(j)

= (
β(j + k + 1)

β(j)
)p(

ajβ(j)
p

Aj+k+1

+

k∑
i=1

aj+iβ(j + i)p

Aj+k+1

i∏
l=1

(1− cj+l)
(1− cj+l

cj
)
)f̂λ(j),
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therefore

(cj − cj+k+1)f̂λ(j + k + 1) = (
β(j + k + 1)

β(j)
)p(cj

k∏
n=0

Aj+n
Aj+n+1

+

k∑
i=1

cj+i

k−i∏
n=0

Aj+i+n
Aj+i+n+1

i∏
l=1

(1− cj+l)
(1− cj+l

cj
)
)f̂λ(j)

= (
β(j + k + 1)

β(j)
)p(cj

k∏
n=0

(1− cj+n+1)

+

k∑
i=1

cj+i

k−i∏
n=0

(1− cj+i+n+1)

i∏
l=1

(1− cj+l)
(1− cj+l

cj
)
)f̂λ(j)

= (
β(j + k + 1)

β(j)
)pcj(

k+1∏
i=1

(1− cj+i))

(1 +

k∑
i=1

cj+lc
i−1
j∏i

l=1(cj − cj+l)
)f̂λ(j)

= (
β(j + k + 1)

β(j)
)pck+1

j

∏k+1
i=1 (1− cj+i)∏k
i=1(ci − cj+i)

f̂λ(j)

=
β(j + k + 1)p

β(j)p
(

k∏
i=1

(1− cj+i)
(1− cj+i

cj
)
)cj(1− cj+k+1))f̂λ(j).

Thus fλ(z) =
∑∞
j=0 f̂λ(j)z

j , is a formal power series such thatA(fλ) = λ(fλ). For every
j ∈ N, put ε = 1− 2

1+ 1
cj

> 0, so there exists natural number N1 such that

cn > 1− ε = 2cj
1 + cj

,
β(n+ 1)p

β(n)p
< 1

for all n ≥ N1. Let m > 0 such that j +m > N1, thus

cj+m+1

cj
− 1 >

1− cj
1 + cj

, 1− cj+m+1 <
1− cj
1 + cj

.

Consider

|f̂λ(j +m+ 1)|pβ(j +m+ 1)p

|f̂λ(j +m)|pβ(j +m)p
=
β(j +m+ 1)2p

β(j +m)2p
(
1− cj+m+1
cj+m+1

cj
− 1

)p

< (
1− cj+m+1
cj+m+1

cj
− 1

)p

< 1.

It follows that the formal power series
∑∞
k=1 f̂λ(k)z

k is in Hp(β). Therefore (i) holds.
Since lim

n→∞
β(n+1)
β(n) = r < 1, so there exists a natural number N2 such that β(n+1)

β(n) − r <
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1−r
2 for every n ≥ N2. Thus for every n ≥ N2 + 1 we get β(n) < ( 1+r2 )n−N2 , i.e.∑∞
k=0 β(k) <∞, it’s clear that f0(z) =

∑∞
k=0 β(k)

pzk ∈ Hp(β), thus

̂(A(f0))(n) =
n∑
k=0

akβ(n)
p

An
β(k)p

= β(n)p,

so (ii) holds. Now the proof is complete. �

Lemma 3.4. Let B = [bnk] be an infinite matrix, such that bnn = 1, bnk 6= 0 when
k < n and bnk = 0 for k > n. Then B is invertible and B−1 = [cnk] with cnn = 1,
cnk = −

∑n−1
i=k bnicik as k < n and bnk = 0 for k > n.

Proposition 3.5. Let lim
n→∞

anβ(n)
p

An
= 1 and lim

n→∞
β(n+1)
β(n) < 1. Then the weighted mean

matrix operator A is diagonazible.

Proof. First we construct the infinite matrix P = [pnk] of eigenvectors of the weighted
mean matrix operator A by Theorem 3.3 with

pnk =


β(n)p k = 0
β(n)p

β(k)p

∏n−k
i=1

1−ck+i

1−(
ck+i
ck

)
1 ≤ k < n

1 k = n

0 k > n

.

Under the assumptions of Lemma 3.4, the matrix P is invertible and P−1AP = D where
D = [dij ] is an infinite diagonal matrix operator with dii =

aiβ(i)
p

Ai
. It is sufficient to show

that AP = PD. Consider n ≥ 0 thus for k = 0, we have

(AP )n0 =

n∑
j=0

anjpj0

=

n∑
j=0

ajβ(n)
p

An
β(j)p

= β(n)p

= pn0d00

=

n∑
j=0

pj0dj0.
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If 0 < k < n, then

(AP )nk =

n∑
j=k

anjpjk

=
akβ(n)

p

An
+
ak+1β(n)

p

An

β(k + 1)p

β(k)p
1− ck+1

1− ( ck+1

ck
)
+ ...

+
ak+2β(n)

p

An

β(k + 2)p

β(k)p

2∏
i=1

1− ck+i
1− ( ck+i

ck
)

=
anβ(n)

p

An

β(n)p

β(k)p

n−k∏
i=1

1− ck+i
1− ( ck+i

ck
)

=
β(n)p

β(k)p
(ck

Ak
An

+ ck+1
Ak+1

An

1− ck+1

1− ( ck+1

ck
)
+ ...+ cn

n−k∏
i=1

1− ck+i
1− ( ck+i

ck
)
)

=
β(n)p

β(k)p
ck

n−k∏
i=1

1− ck+i
1− ( ck+i

ck
)

= pnkdkk

=

n∑
j=k

pnjdjk

= (PD)nk.

It is clear that (AP )nn = (PD)nn and (AP )kn = (PD)kn = 0 where k > n. This
completes the proof. �

Lemma 3.6. Let p > 1, zn ≥ 0 and {enk}∞n,k=0} be two positive sequence where enk 6= 0
as 0 ≤ k ≤ n and enk = 0 otherwise. Then the following statements hold.
i) (

∑n
k=1 ak)

p ≤ p
∑n
k=1 ak(

∑k
v=1 av)

p−1,
ii)

∑
n≥0

∑n
k=0 enk =

∑
k≥0

∑
n=k enk.

Proof. Let λr = a1 + ...+ ar , 1 ≤ r ≤ n. Then

λpn = p

∫ λn

0

xp−1dx

= p((

∫ λ1

0

+

n−1∑
k=1

∫ λk+1

λk

)xp−1dx)

≤ p(λ1λp−11 + (λ2 − λ1)λp−12 + ...+ (λn − λn−1)λp−1n

= p(a1a
p−1
1 + a2(a1 + a2)

p−1 + ...+ an(

n∑
i=0

ai)
p−1.

It is clear that
∑
n≥0(

∑n
k=0 enk) =

∑
k≥0(

∑
n≥k enk). Thus the proof is complete. �
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Proposition 3.7. Let B = [bnk] ba an infinite lower matrix on Hp(β) such that

M1 = sup
k≥0

(

∞∑
n≥k

|bnk|
β(n)p

β(k)p
) <∞,

and |bni| ≤ |bki| for all 0 ≤ i ≤ k ≤ n. Then B is a bounded operator on Hp(β).

Proof. Let f(z) =
∑∞
n=0 f̂(n)z

n ∈ Hp(β), then

(Bf)(z) =

∞∑
n=0

(

n∑
k=0

bnkf̂(k))z
n.

By the above lemma we have

‖B(f)‖p =
∑
n≥0

|
n∑
k=0

bnkf̂(k)|pβ(n)p

≤
∑
n≥0

(

n∑
k=0

|bnk||f̂(k)|β(n))p

≤ p
∑
n≥0

n∑
k=0

|bnk||f̂(k)|β(n)p(
k∑
i=0

|bni||f̂(i)|)p−1

= p
∑
n≥0

n∑
k=0

|bnk||f̂(k)|β(n)p| ˆB(f)(k)|p−1

≤ p
∑
k≥0

|f̂(k)|β(k)p| ˆB(f)(k)|p−1(
∞∑
n=k

|bnk|
β(n)p

β(k)p
)

≤ pM1‖B(f)‖
p
q ‖f‖.

So B is bounded on Hp(β). Now the proof is complete. �

4. CONCLUSION

The aim of this paper is cyclicity of weighted mean matrix operator on Hp(β).

Theorem 4.1. If cn = anβ(n)
p

An
is an increasing sequence with lim

n→∞
anβ(n)

p

An
= 1 and if

lim
n→∞

β(n+1)
β(n) < 1. Then the weighted mean matrix operator A is cyclic.

Proof. Let k ∈ ℵ be fix. Then the function f(x) = 1−x
x
ck
−1 is uniformly continuous and

decreasing on [ck + δ0, 1] where 0 < δ0. We have lim
n→∞

f(cn) = 0 as lim
n→∞

cn = 1.

Without loss of generality we can assume that f(cn+1)
f(cn)

< 1 for n > k. Consider the matrix
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P for which it’s columns are eigenvector of A. If 0 ≤ i ≤ k ≤ n, then

|pni| =
β(n)p

β(i)p

n−i∏
j=1

1− cj+i
(
cj+i

cj
)− 1

≤ β(k)p

β(i)p

k−i∏
j=1

1− cj+i
(
cj+i

cj
)− 1

≤ p
∑
n≥0

n∑
k=0

|bnk||f̂(k)|β(n)p(
k∑
i=0

|bni||f̂(i)|)p−1

= |pki|.

Since
p(n+1)k

pnk
=
β(n+ 1)p

β(n)p
1− cn+1
cn+1

ck
− 1

for all n ≥ k, it follows that
∑
n≥k |pnk| <∞. Under the assumptions of Proposition 3.7,

the matrix P is bounded. By Proposition 3.5 we get A = PDP−1, and hence bounded.
Theorem 3.2 implies that there exists f1(z) ∈ Hp(β) such that

span{Dk(f1(z)); k ≥ 0} = Hp(β).

If f(z) ∈ Hp(β) is any formal power series, then there is a f ′(z) ∈ Hp(β) withP (f ′(z)) =
f(z) and a sequence hn(z) ∈ span{Dk(f1(z)); k ≥ 0} with hn(z) → f ′(z) as n → ∞.
Since P−1 is surjective, it follows that there exists f2(z) ∈ Hp(β) with P−1(f2(z)) =
f1(z) and P (Dn(P−1(f2(z)) → P (f ′(z)). Thus An(f2(z)) → P (f ′(z)) = f(z) as
n→∞. Now the proof is complete. �

.
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