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Abstract. In this paper, we first prove cyclicity of bounded diagonal ma-
trix on HP () and we provide some conditions for a weighted mean ma-
trix operator to have eigenvectors. Then we study boundedness of matrix
of eigenvectors, diagonalization and cyclicity of the weighted mean matrix
operator on the weighted Hardy spaces.
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1. INTRODUCTION

The notation f(z) =Y., f(n)z" shall be used whether or not the series converges for
any value of z. These are called formal power series and the set of such series is denoted by
HP(3), so we call this space “weighted Hardy space”. Let f,(n) = 0 (n). So fi(z) = 2*
and then {f} }1 is a basis such that || f|| = 8(k).The study of weighted Hardy spaces lies
at the interface of analytic function theory and operator theory. As a part of operator theory,
research on weighted Hardy spaces is of fairly recent origin, dating back to valuable work
of Allen Shields in the mid- 1970s. For some other sources, see [10-18].

2. NOTATIONS AND PRELIMINARIES

Let {a,}?2, be a sequence of positive numbers, and let A,, = > a;3(i)". The
weighted mean matrix operator on H?(/3) is an infinite matrix A = [an]n,; With

{W 0<k<n
Upk = .

n

0 k>n
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The definition was introduced by Pazouki [10]. The weighted mean matrix has been the
focus of attention for several decades and many of its properties have been studied. Some
of basic and useful works in this area are due to Browein et al.

Let X be a nontrivial complex Banach space of complex sequences. The spectrum (o(A)) x
of a bounded operator A on X, is the set all of complex numbers A such that the operator
A — M is not invertible on X . The resolvent (p(A)) x of A is the complement of (o(A)) x.
A complex number A is an eigenvalue of the operator A, whenever there exists a nonzero
complex sequence { f(n)}22, in X such that A{f(n)} = A{f(n)}. This nonzero complex
sequence { f(n)}22, is called an eigenvector corresponding to A [6].

A vector z in a Banach space X is a cyclic vector of a bounded operator 7" on X if the
closed linear span {T™(z) : n > 0} is all of X, i.e. span{T™(z) : n > 0} = X. Some of
basic and useful works on these topics are due to [1-13].

3. CYCLICITY

Section 3 is intended to motivate our investigation of cyclicity and boundedness of diag-
onal matrix whose nonzero elements is diagonal entries of weighted mean matrix operator,
diagonalization of weighted mean matrix operator on H? (). This idea goes back to [2-5].

Proposition 3.1. Let D be a diagonal matrix on HP(f3). Then D is a bounded operator if
and only if sup{|d,,| : n > 0} < oo

Proof. The proof is trivial. g

Theorem 3.2. Let lim 280" — 1 gpg 980" o4 @iBOGF g0 41 i £ j. Then the
n—00 n i j
bounded diagonal matrix operator D = [d;;] with d;; = %@p is cyclic on HP ().

i

Proof. Define the decreasing positive sequence «,, = min{\a"iﬂ — ‘”iﬁ| 0<i#£
i ]

j <n}. Since A; = E;:o a;B(4)", so we have 0 < % < 1, this gives us

@B 0BG
A; A,

| <1,
forall0 <i # j <n,s00 < a, < 1. Consider the polynomials P,;(z) = H?:o,#k ;k%)‘/\t,

where \; = % forall 0 < i # k < n. Thus P,x(\¢) = 1 and P, (\;) = 0 for
0 <i# k <n.Forall r > n we have

n Ar_)\i
PaO) = T 15—

i=0,itk kT Ai
< 1 < 1
T ()™ T ()"

Note that P, (D) = [d,s] where dix, = 1, dyr = Pp(A\) whenr = s > nandd,s =0
otherwise. If

1) =3 fm)=" € H7(8),
n=0
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then

Poe(D)f(2) = f(k)2* + " Par(A

r>n

Suppose that
= fin)e" € HY(B),
n=0

where 0 < | f1(r)|P < % and r > 0. To show that

M = span{D*(f1) : k > 0} = H?(B),

it is suffices to prove that for every k > 0, f € M. If there exists m such that f,,, ¢ M,
then there is a linear functional L, on H?(3) Such that L1 = 0 on M and Li(f,,) = 1.
On the other hand by the Lemma 2 in Yousefi [13], there exists

9(2) = 3 gm)a" € HIBE), ©+ o =1
n=0 p q
such that
2) =Y f(n)(§n)B(n)",
n=0
so there is a natural number n > m such that (3,2, 5= )% < e. Thus
T>n
and so
| L1 [Pam (D) f1(2) = " < Z | Pam A ILf1 () [[§(r)|B(r)?
r>n
Z|Pﬂm r)[PB(r) % Z|g atp= 1))3
r>n r>n
= 1
< (3 5%l
r>n

which tends to zero as n. — oo. Thus L (f1(m)2z™) = 0 that is a contradiction. So f;(z)
is a cyclic vector for D and the proof is complete. g

Theorem 3.3. Let lim 222 ( ) —1, lim 2 ngr)l) < 1. Then we have the following state-
ments

i) Forevery j >0, ¢; = afﬂ(J)

is an eigenvalue of the weighted mean matrix operator A.

ii) We have f(z) =Y 1, ﬂ( )Pz € HP(B) is an eigenvector corresponding to the eigen-
value cy = 1.
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Proof. Let j be a natural number and A\ =
Py ofA( )20 € Hp(ﬂ), such that A(fy) = A(f»). Define fy(i) = 0 for 0 < i < j, and
A(G) = a > 0. From (A(0)(j + 1) = ¢;/a(j + 1), we have

a’iﬂ Then we show that there exists f)(z) =
J

a;8(j +1)

(c;—cis) (G +1) = e ()
j+1

_BG+1) La B0 -

= (U e e fio)
thus

7 _ B(j+1)p(1—ca+1) ,
Let
o BUAR) T (L i),

thus

-

AP)G+E+1) = (i +k+1),

it implies that

R k
(cj —ciarr) A +Ek+1) = a]ﬁ(AjL——Fl)f/\(J)
Jj+k+1
BU+E+1)P (-
+ Z aj+ g+k+1 ll_[ — Cz—l-]l )
=1

_ (ﬂ(]JrkJrl) p ajﬂ( )

ﬁ(ﬁ AJ+k‘+1

+Z CLJ.HB j+i)P H (1- chi_zl;)f/\( ),

1—
j+k+1 = 1( Cj
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therefore

E+1) n
(¢ —cians) A +E+1) = (M j]-_-[ A:ﬂ

B(j
+§:c f[ Aveien 10620
it A; Jj+i+n+1 =1 (1 - %)
__égiﬁtapc,k .
=g e lle e
+ ZCJ“ H 1 — Cjtitn+1) H M) A ()
n=0 = Ci
BU+E+D, AT

30) )pcj(il;[l(l = Cj+i))

j+lCH -
h Z Hl (e — Cj+l))f)\(j)
KAL) oy
5(] ;<.‘I;>+ 1));76?-&-1 E[;l((l ]—H))fA(])
i=1\C ~ Cj+i

k
ﬂ]+k+ c 7 ~ .
II _JL )ej (1= ¢jrnr1)) fr(d)-

= (

= (

z:l

Thus f)(z) = Zj 0f)\( )27, is a formal power series such that A(fy) = A(f»). For every
jeN,pute=1—

> (, so there exists natural number /Ny such that

1+%
J
2¢; 1)P
n>1l—e=—I_ flnt1) <1
1+¢j B(n)P
for all n > Nj. Let m > 0 such that j +m > Ny, thus
Cjtmt1 1—g¢ 1—g¢
_— 1> , l—citmi1 < .
Cj 1+Cj C]+ + 1+Cj

Consider
1AG+m+1)P8 _
|G +m)PB(j +m)P B(j +m)?
(1 - Cj+m+1)p

Citmt1l |
¢j

(j+m+1)P ﬂ(j+m+1)2p(1fcg'+m+1)p

Citmtl |
cj

<1

It follows that the formal power series > -, fa(k)zF is in HP(3). Therefore (i) holds.

Since lim ("H) = r < 1, so there exists a natural number N5 such that Bnt1) _ r <
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1; for every n > Ny. Thus for every n > Ny + 1 we get 5(n) < (I;T)’“NQ, ie.

S neo B(k) < oo, it’s clear that fo(2) = Y- pe, B(k)Pz* € HP(B), thus

— n p
A =3 W gy
k=0 "
= p(n)",
so (ii) holds. Now the proof is complete. g

Lemma 3.4. Let B = [b,i] be an infinite matrix, such that by, = 1, by # 0 when
k < n and by, = 0 for k > n. Then B is invertible and B! = [c,1] with cpy = 1,

ok = — S0 bpicir as k < n and by, = 0 for k > n.
Proposition 3.5. Let lim “"iﬂ = 1and lim 5(%’)1) < 1. Then the weighted mean
n n— o0

. . mmeo
matrix operator A is diagonazible.

Proof. First we construct the infinite matrix P = [py] of eigenvectors of the weighted
mean matrix operator A by Theorem 3.3 with

p(n)? k=0
Bl [ e 1<k <n

e Lli=1 7”@t

Pk = B(k) 1-(=g5)
1 k=n
0 k>n

Under the assumptions of Lemma 3.4, the matrix P is invertible and P~ AP = D where

D = [d;;] is an infinite diagonal matrix operator with d;; = @B Tt is sufficient to show

Aq
that AP = PD. Consider n > 0 thus for £k = 0, we have

(AP)no = > an;pjo
i=0

= >0 O gy
g=o0 "

= B(n)?
= prodoo

n
= piodjo-
=0
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If 0 < k < n, then

(AP)nk = Z anjPjk
=k

agB(n)? n ag+18(n)? Bk + 1P 1 —cp

Ck

ap+28(n)?P B(k +2)P 1 — cpyi
’ ==

n—k
P Ay Aps1 1 —cpq

) 1 — Crti
W(Ckfn + Cry1 A, m + ...+ ¢ H @)
)

Ck i=1 Ck

_ B(n)P nk 1—cras
~ Bk 13 1= (%)

= Pnkdik

n
= anjdjk
j=k

= (PD)nk.

It is clear that (AP),, = (PD),, and (AP)g, = (PD)g, = 0 where kK > n. This
completes the proof. g

Lemma 3.6. Letp > 1, z, > 0 and {en} }; ,—o } be two positive sequence where ey, # 0
as 0 < k < nand ey, = 0 otherwise. Then the following statements hold.

i) (X ar)? <pYy ak(Zf:l ay)P,

ii) ano D ko Enk = Zkzo >k Enk-

Proof. Let A\, = a1+ ...+ a,,1 <r <n. Then

)\‘n,
AP = p/ P dx
0

-nl([ s / :k“w—ldx)

k=1
<pMNT Do = ADXN T 4 (A — Ao AR

n

=plara " +az(ar + a2)P 7+ .+ Cln(z ;)P
i=0

Itis clear that ", <o (> r_g €nk) = D p>0(>n>k €nk)- Thus the proof is complete. O
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Proposition 3.7. Let B = [b,] ba an infinite lower matrix on HP(3) such that

& By
My = (D el i) <

and |by;| < |bii| for all 0 < i < k < n. Then B is a bounded operator on HP ().

Proof. Let f(2) = 3.°°, f(n)2" € H?(B), then

B = S bunf(k))z

n=0 k=0

By the above lemma we have

IB(f ||p—Z\ankf )PB(n

n>0 k=0

< S0 bl £ (R) B(m)?

n>0 k=0

n k
<py >, Ibnkl\f(k)lﬁ(n)p(; (bl 0)])7

n>0 k=0

—pZZIbnkl\f (n)?[B(f) (k)"

n>0 k=0

<X IR IBORP (Y sl )
n==k

k>0

< pMi||B(f)||[I£]l.

So B is bounded on H?(3). Now the proof is complete. O

4. CONCLUSION
The aim of this paper is cyclicity of weighted mean matrix operator on H?((3).

Theorem 4.1. If c, = a"iﬂ is an increasing sequence with lim a”iﬂ = 1and if

n—oo
B(n+1)
Jm 25

< 1. Then the weighted mean matrix operator A is cyclic.

1
decreasing on [cx, + dg, 1] where 0 < Jg. We have lim f(c,) = 0 as lim ¢, = 1.
n—oo n—oo

Without loss of generality we can assume that ! J(f(z‘“)l) < 1 forn > k. Consider the matrix

Proof. Let k € X be fix. Then the function f(r) = 4=2 is uniformly continuous and
ck
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P for which it’s columns are eigenvector of A. If 0 < ¢ < k < n, then
Bn)P T 1= cju
‘p | = . Citi
il =3 Ll =5
1-— Cjti

B 1T
< 5o e

j=1" ¢j

n k
<py .y |bnk\|f(k)\5(mp(; bl | F ()P

n>0 k=0

= |pki|-
Since
Ptk _ Bn+1)P1—cpp
Pnk 6(“)1) fndl _ 1

ck

for all n > k, it follows that ) -, |pnk| < oo. Under the assumptions of Proposition 3.7,

the matrix P is bounded. By Proposition 3.5 we get A = PDP~!, and hence bounded.
Theorem 3.2 implies that there exists f1(z) € H?(3) such that

span{D*(f1(2));k > 0} = HP(B).
If f(z) € HP(pB) is any formal power series, then thereis a f/(z) € HP(8) with P(f'(z)
f(z) and a sequence h,,(z) € span{D¥(f1(2));k > 0} with h,(2) — f'(2) as n — oo.
Since P~ is surjective, it follows that there exists f2(z) € HP(B) with P~1(fa(2)) =
fi(z) and P(D"(P~Y(f2(2)) — P(f'(2)). Thus A"(f2(2)) — P(f'(2)) = f(2) as
n — oo. Now the proof is complete.

O
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