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Abstract. A positive integem is called super totient if the residues:of
which are prime to: can be partitioned into two disjoint subsets of equal
sums. LelG be a given graph witly, the set of vertices an# is the set of

its edges. An injective function defined onV into subset of integers will

be termed as super totient labeling of the grépif the functiong™ : £ —

N defined byg*(zy) = g(x)g(y) assigns a super totient number for all
edgesey € E, wherex,y € V. A graph admits this labeling is called

a super totient graph. In the current manuscript, the authors investigate a
novel labeling algorithm, called super totient labeling, for several classes
of graphs such as friendship graphs, wheel graphs, complete graphs and
complete bipartite graphs.

AMS (MOS) Mathematics subject classification (2000): 05C25, 11E04, 20G15
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1. INTRODUCTION

The assignments of integers using some appropriate mathematical rule to vertices (or
edges) of a given graph is called a vertex (or edge) labeling. Indeed, it is possible to define
a simultaneous labeling for both vertices and edges of a graph as well. Thus it has be-
come an autonomous and compelling interest of number theorist. Even after finding such
functions, it is important to find classes of well known graphs which admit your number
theoretic functions as graph labeling. Unadventurousl, most of the real world problems can
be fixed and viewed by intrigues their graphs with labeling.
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Formally, the subject of graph labeling has been introduced by A. Rosa [8] in 1967. Rosa
defined an injective function on edges from set of vertices of a graph to a subset of
{1,2,...,n}. Later on Golomb [1], called such labeling as graceful labeling. Many inter-
esting games and puzzles have been solved by means of graph labeling. A similar work
regarding puzzles and packing has been presented very elegantly in [7]. A detailed survey
of previous labeling over many well known classes of graphs has been studied by Gallian
in [6]. In [2], K.P.S. Bhaskara Rao and Yuejian Peng explored many interesting results
on Zumkeller numbers. B.J. Balamurugan, K. Thirusangu and D.G. Thomas introduce the
concept of Zumkeller labeling and proposed Zumkeller labeling algorithms for complete
bipartite graphs and wheel graphs [4].

In this paper, we propose novel labeling algorithms by means of super totient numbers.
We call this labeling as super totient labeling. We give algorithms and prove that the well
known classes of graphs such as complete graphs, complete bipartite graphs, wheel graphs
and friendship graph admits the super totient labeling. Notations used in this paper are
standard and we follow [ 2] to [4]. We state the following theorems of [5], without proof

for use in the sequel.

Theorem 1.1. [5] If p is a prime andk is any positive integer, thep(p*) = p* — p*—1.
Theorem 1.2. [5] For n > 1, the sum of positive integers less thaand relatively prime
ton is 2l

2

Before giving our proposed algorithm, we introduce the notion of super totient numbers
and state few results of super totient numbers with straightforward proofs so as to make
this paper self contained.

Definition 1.3. A positive integem is called super totient if the residues ofwhich are
prime ton can be partitioned into two disjoint subsets of equal sums. The integers 5, 8, 10,
12, 14 and 15 are few examples of super totient numbers.

Example 1.4. Taken = 14, then the positive residues of 14 which are prime to 14 are 1,
3,5,9, 11, and 13. We can patrtition these residues into two disjoint subsets of equal sums
such as:A = {1,9,11} and B = {3,5,13} with}~ A = >~ B = 21. Thus 14 is a super
totient number.

The following Lemma is very crucial and of vital importance. We shall be using this lemma
throughout the paper.

Lemma 1.5. Letm be a positive integer, if|¢(m) thenm is super totient.

Proof. We note that(t;, m) = 1 ifand only if (m — ¢;,m) = 1.
Let k = ¢(m)/4, we can partition the set of coprime residues

1=t1<t2<t3<"'<t¥,(m)<m
in the following two disjoint sets:
A: {t17 t27 t3 ) tk’}u{m_tla m_t27 m_t3 ) m_tk}

B = {tory1, tors2, -, tap} U{m —togp1, m —togqo, -+, m —tap}
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Then it is clear that
k 3k

Sa=Yti+(m—t;)=mk= > tj+(m—t;)=> b

acA i=1 j=2k+1 beB

The proof of the following theorem can be viewed by means of Lemma 1.5.
Theorem 1.6.

1. A prime numbep is super totient if and only i = 1(mod 4).

2. If a positive integern has at leat two odd prime divisors then is a super totient
number.

3. If n is super totient number anah be any positive integer, thenn is a super totient
number.

Definition 1.7. Let G be a given graph witlV, the set of vertices andl is the set of its
edges. An injective functign: V' — N is termed as super totient labeling of the gragh

if the induced functio* : E — N given byg*(xzy) = g(z)g(y) assigns a super totient
number for each edgey € E, where,z,y € V.

Note that there will be no edge between vertices 2 and 3 as given in Fig.1 since 6 is not
super totient number.

Definition 1.8. We name a graph as super totient if it admits a super totient labeling.

Example 1.9. The super totient labeling of a graph is given in Fig.1.

Fig.1

We propose algorithms for super totient labeling over different classes of graphs namely
friendship graphs, wheel graphs, complete graphs and complete bipartite graphs. As conse-
guences of these algorithms, we deduce that all cycles and all paths also admit super totient
labeling. Finally, we prove the existence of super totient graphs for all these classes. Fig.1
depicts super totient labeling on a graph. It is note that loops can admit this labeling as
well. For example, the vertices 4, 5 and 6 have loops and the edges must be labeled by 16,
25 and 36 respectively and all these are totient numbers. That is, 16, 25 and 36 are totient
numbers. The motivation behind our research work was the concept of Zumkeller labeling
and Zumkeller graphs given in [6]. Thus it was interesting and challenging to define a novel



26 M. Khalid Mahmood and Shahbaz Ali

labeling algorithms which can be proved via number theory.

We note that the super totient numbers on the edges of a graph are obtained by multiplying
the labels of the vertices of that edge. Thus, if we remove some vertices or edges then
the remaining subgraph certainly admits super totient numbers for the remaining edges.
Hence, we must arrive at the following proposition.

Proposition 1.10. A non-totally disconnected subgraph of a super totient graph is a super
totient graph.

2. SUPERTOTIENT FRIENDSHIP GRAPHS

Definition 2.1. For any integem, a planar graph havin@n + 1vertices and3n edges is
termed as friendship (ot-fan) graph. It is denoted b¥;,. This is traced by connecting

copies of a cyclic graph of order 3 such that these cyclic graphs have one common vertex.
For n = 5, the friendship graphF; has 11 vertices and 15 edges.

The Fig.2, depicts the friendship gragh.

Fig.2
If a given friendship graph admits super totient labeling then we call this as a super totient
friendship graph. In the following theorem, we prove existence of super totient labeling
over a friendship graph.

Theorem 2.2. The friendship graplF,, admits super totient labeling. That is, for each
F,, are super totient friendship graphs.

Proof. Let p, ¢ andr be distinct odd primes. Choosg as the vertex which is adjacent

to verticesvy, vg, v, - - - , v, t0 construct thes—fans of a given friendship grapfi,. Then
by definition of F},, E = {e; = v;v;41, ¢ = 1,3,5,--- ,2n — 1} U {e; = vou;, T =
1,2,3,---,2n} is the set of edges. We define an injective functoon the vertex set’
such as

oy { P, =0
FOT=0 p%, ifi=1,3,5,---,2n— 1

and

gvis) =q =, i=1,3,5---,2n—1

Let g* be an induced function tg defined on the vertex sét by
g (ei) = g (vivit1) = g(vi)g(vit1), i=1,3,5,--- ,2n — 1
g*(@;) = g*(UQUi) = g(Uo)g(Ui)7 1=1,2,3,---,2n
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Then by definition ofy, we obtain,

g (ei) = 9" (vivi1) = g(vi)g(vip) =p = g = (2.1)
g (e) = 9 (vovi) = glwo)g(v)) =rp’T (2.2)
9" (e) = 9" (vovis1) = 9(v0)g(vier) = = (2.3)

Note that ifp andg are distinct odd primes, then(pq) = ¢(p)¢(q) andp(p) is an even
number. Hence, by Lemma 1.5, equations (2.1)-(2.3) yield that the friendship gaigh
a super totient friendship graph. O

Example 2.3. For n = 6, the friendship graplF; is a super totient-graph, its super totient
labeling withvg = 11, p = 3, ¢ = 7 is given in Fig.3 .

Algorithm 1

(super totient labeling of friendship graph F;, )

This algorithm computes integers for vertices of the friendship gfgpto label the edges
with super totient numbers.

Step 1.(Input) F;,, a friendship graph ovexn + 1 vertices.

V : Set of vertices of’,.

E: set of edges of,, andE = {e; = v;v;41, i = 1,3,5,--- ,2n — 1} U {e; = vov;, i =
1,2,3,---,2n}

p: wherep is an odd prime.

q: wheregq is an odd prime.

q: wherer is an odd prime.

pFGFT.

g : g is a one-one function ol with g(vy) =

g* : g* is an induced function by on E.

Setu as the central vertex of the whell with g(ug) = r

Step 2.

{

for

{
i=1,35,..2n—1do

{ i+1
g(vi) =p=

9(vit1)




28 M. Khalid Mahmood and Shahbaz Ali

}
}

Step 3.0utput (super totient friendship graph.

3. SUPERTOTIENT WHEEL GRAPHS

Definition 3.1. A graph ovem vertices is said to be a wheel graph if a fixed verigxs ad-
jacent to all remaining verticess, us, us, ..., u, 1 Where the vertices,, us, usz, ..., up_1
form a cycle of lengtw — 1. This graph is denoted biy/,, and ha2n — 2 edges.

In the following theorem, we prove that all wheel graphs admit the super totient labeling.

Theorem 3.2. For each integem, the wheel graph3$V,, are super totient wheel graphs.
That is, every wheel graph admits super totient labeling.

Proof. Let u, be the vertex of a given wheel graph which is connected with all other ver-
tices (sayl1, ug, us, - - - , u,. Define the edge sét of W, as follows:

E= {e; =ugus, t = 1,2, .. ,n}U{e; = wuiqr, i =1,2,...,n — 1} U {uus = ep}-

We discuss the cases separately accordingiagven and odd. Consider the wheel graph
W,, whenn is even. Lep, ¢ andr be distinct odd primes . To label vertices, we define an
injective functiong on the vertex set” such as:

T, ifi=0
g(u;) = p%7 ifi=1(mod2),1<i<mn
qz, ifi=0(mod2), 1<i<n

Now, we define an induced functiari to g as follows,

g (e)) = g (wivit1) = g(ui)g(wiv1), i=1,2,.., n—1
g'(e;) = g (uows) = g(uo)g(us) , i =1,2,3..., n
Then by definition ofy, we obtain,
g'e) = ¢ (i) = gug(uin) =pF ¢ T i=1(mod2) (3.4
g°(e)) = g (usuier) = gluipr)g(us) = g7 p 2i=0(mod2)  (3.5)
7€) = g (uouisr) = gluo)g(uss) = rp'F i = 1(mod2) (3.6
g (e;) = g*(uouir1) = g(uo)g(uis1) = rq*.i = 0(mod 2) B.7)

Note that ifp andgq are distinct odd primes, then(pq) = ¢(p)e(q) andp(p) is an even
number. Hence, by Lemma 1.5, equations (3.4)-(3.7) yield that the wheel graph a
super totient wheel graph.

Now if » is an odd number then, we take distinct odd primgg » ands. Again, we label
vertices as the values of the functigrmiefined on the vertex sét such that,

T, ifi=0

p1,+17 ifi=1(mod2), 1<i<mn
q

s,

glw) = 2, ifi=0(mod2),1<i<n

if i =n,
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Also we define an induced functigri to g as follows,

g (e:) = g (wivit1) = g(ui)g(uit1) , i=1,2,..., n—2 (3.8)
g (en-1) = g (un—1un) = g(un—1)g(un) (3.9)
g*(e;) = g"(uotti+1) = g(uo)g(w;) , i =1,2,3...; n (3. 10)
g'(en) = g (upur) = g(un)g(u1) (3.11)

Equations (3.8) and (3.10) follow the previous case, so we only to prove that the equations
(3.9) and (3.11) assign super totient numbers.

9*(67:,—1) - g*(un—lun) = g(un—l)g(un) : qés (3 12)
g (en) = g (unuy) = glun)g(ur) = sp= (3. 13)

Sincep, ¢, r ands are distinct odd primes, so again by Lemma 1.1, equations (3.12)-(3.13)
assign super totient numbers. Consequently, the wheel dgfapis a super totient wheel
graph. O

It is well known that cycleC,, can be obtained by deleting the vertex of the wheel
graphW,,. Thus the cycle graphs are the non-totally disconnected subgraph of wheels
graphs. Similarly, by deleting some more vertices we can obtain path gfaphs the
non-totally disconnected subgraph of wheels graphs. The following corollaries are the
simple consequences of Theorem 3.2 and proposition 1.10.

Corollary 3.3. A cycleC,, admits a super totient labeling.
Corollary 3.4. A path P,, with n vertices is a super totient graph.

Example 3.5. For n = 8 the wheel graph¥s is a super totient graph, its super totient
labeling withr = 11, p = 3 andq¢ = 7 and forn = 9, the wheel graphVy is a super
totient graph, its super totient labeling with= 11, p = 3, ¢ = 7ands = 19 is given in
Fig.4 .

32 32 e 32

7 @@t 3 3 Iy
Fig.4
In the following algorithm, we summarize Theorem 3.2.

Algorithm 2

This algorithm finds the set of vertices of a given wheel grdphsuch that each edge must
be labeled by a super totient numbers by means by Theorem 3.2.
Step 1.(Input)
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W,, a wheel graph ovet vertices;

V' : Set of vertices oV, ;

E : Set of edges ofV,, andE = {e; = uou;, i = 1,2,...,n} U {e; = w1, i =
1,2,..,n =1} U{upus = en};

g : g is a one-one function oW;

p: pisanodd prime;

q: qisan odd prime;

r :ris an odd prime;

s : sis anodd prime;

pFqFTFs
Setuy as the central vertex of the whéél, with g(ug) = r;
Step2. do {
if nis eventhen
{
fori=1,3,...,n—1 do

{

g(u;) =
g(uiy1)
}

i) p+1

}

else

{

fori=1,3,...n—2 do

if i=ntheng(u,)=-s

}
Step 3.0Output (super totient wheel graph).

4. SUPERTOTIENT COMPLETE GRAPHS

In this section, we prove the existence of super totient labeling over complete graphs, that
is, existence of super totient complete graphs and propose an algorithm to understand the
notion of super totient labeling over complete graphs.

Definition 4.1. If any two distinct vertices of a simple graph are adjacent, then it is called

a complete graph. These are denotedfyywith n vertices and’@ edges.
The complete grapk; is shown in Fig.5.

Fig. 5
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Theorem 4.2. The complete graplx,, admits super totient labeling. That is, for each
K, are super totient complete graphs.

Proof. Let {v1,vq,vs, - ,v,} be the set of vertices and | {eir. = viur} be the
i<k, i,k=1
set of edges of the complete grafily. Denote these sets By and E respectively. LeN
be the set of positive integers.
Define functionsy : V' — N such thaty(v;) = 2, 1 < i < n and an induced function
g* : E — Nsuchthay*(eir) = g(vi)g(vr), 1 <k <mn, i<k.
We need to show that the numbers on the edges are the super totient numbers. For this, we
see that

9" (ei) = g"(vivr) = g(vi)g(vk)
= 2ok
2k i+ k>3
Thus by Lemma 1.5 (e;,) is a super totient number. O

Algorithm 3
This algorithm finds the set of vertices of a given complete giEptsuch that each edge
must be labeled by a super totient number.
Step 1.(Input)
K, a complete graph over vertices;
V' : Set of vertices o, ;

n

E : Set of edges of(,, andE = U {eir} be the set of edges of the complete
i<k, i,k=1
graphk,.
Step 2.
{
for i =1tondo
{
{ ,
g(v;) = 2, whereg is an injective function defined ovéf in K,,.
}
}
}

Step 3.0Output (super totient complete graph).

Example 4.3. For n = 6 the complete grapli is a super totient graph, is given in Fig.6.
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Fig.6

5. SUPERTOTIENT COMPLETE BIPARTITE GRAPHS

Definition 5.1. A simple graph withn + n vertices is called bipartite if the vertex set can
be partitioned into two subset$ and B containingm, andn, vertices respectively such
that the graph contains no edge between any pair of vertices foramd from B itself.
That is, the edges can be built only for those pair for which one vertex is takervframa
the other is from the vertex st In addition, if each vertex ofl is adjacent to every vertex
of B, the bipartite graph is called a complete bipartite graph. It is denotedsy,,. In
this case, the complete bipartite graph has edges.
The complete bipartite grapR’s 5 is shown in Fig.7.
Fig.7
In the following theorem, we prove the existence of super totient complete bipartite graphs.

Theorem 5.2. The complete bipartite grapk,, ,, is a super totient complete bipartite
graph. That is, all complete bipartite graphs admit super totient labeling.

Proof. Let A and B be the two partitioned subsets containingandn elements respec-
tively for the vertex seV” of a complete bipartite graphi,,, ,,. TakeA = {v1, v, vs, -+ , v}
andB = {v1,vs,93,--- ,v,,} whereV = AU B. DefineE = {e;; = v;v; |1 < i <
m, 1 < j < n}. ThenE is the edge set ok, ,,. Letp andg be two distinct odd primes
and define a functiop : V' — N such as,
(v) = pt, ifv=v;€A

g\ = q’, ifv:v;GB

and an induced functiog* : £ — N defined as
g (ei;) = g (vif)
= g(vi)g(W;)for,1 <i<m,andl <j<n

But then,
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g (eij) = g* (viv) = g(vi)g(v;) = p'¢? V i, ]
Sincep andgq are distinct odd primes so, by Theorem 1.6@)(e;;) is a super totient
number. Hencek,, ,, is a super totient complete bipartite graph. O

Example 5.3. The complete bipartite graplks 5 is a super totient complete bipartite
graph. Fig.8 depicts its super totient labeling whes- 3, ¢ = 7. .

Fig.8
Since every bipartite graph is a non-totally disconnected subgraph of a complete bipartite
graph and complete bipartite graphs are super totient graphs, thus we simply arrive at the
following corollary.

Corollary 5.4. Every bipartite graph is a super totient bipartite graph. That is, every
bipartite graph admits super totient labeling.

In the following algorithm, we present super totient labeling for a given complete bipartite
graphk,, . This algorithm assigns labels to edges assuring that each edge must be labeled
by a super totient number.
Algorithm 4
Step 1.(Input)
K,,.m,acomplete bipartite graph over + n vertices;
V : Set of vertices of,, .
A= {v1,v2,03, " ,Um}
B = {4}, V5,3, , v, } where,V = AUBandAN B ={
E : Set of edges of,, , where,E = {e;; =v;v; |1 <i<m, 1 <j<n}
g : g is a one-one function om.
g* : g* is an induced function by on E.
p, wherep is an odd prime.
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q, Whereg is an odd prime.

p#q.
Step 2.
{
for i::lto_mdo
g(vi) = p’
for j := lton do
9(vj) = ¢
if i # j then
{
{
for : :=1tom do
{
for j:=1tondo
9" (vivy) = g(u;i)g(v;)
}
else
9" (vii) = g(us)g(vi)
}
}

Step 3.0utput (super totient complete bipartite graph).

The explicit constructions of super totient labelings for different families of graphs have
been discussed separately. Therefore, these families of graphs are actually super totient
graphs. It is proved in Proposition 1.1, that every non-totally disconnected subgraph of a
super totient graph is again a super totient graph. This means that, the property of being
super totient is preserved via graph restriction. Moreover, in Theorem 4.1, it is shown that
every complete graph admits super totient labeling and hence every complete graph is a
super totient graph. It is also well-known that every graph witvertices can be viewed

as a subgraph of a complete grafgh. Therefore, we conclude from Proposition 1.1 and
Theorem 4.1, that every graph with at least one edge & non-totally disconnected graph)
admits a super totient labeling as well. For instance, if we start with the labeliAg @i

Fig.6 and delete the edgd$4,64},{2,64},{2,4},{8,16},{16,32}, {8,32}}, then we
immediately recover a super totient labeling 65 3 (which of course is different from the

one given in Fig.8). Thus, the above discussion leads to the following theorem.

Theorem 5.5. Every graph om vertices having at least one edge is a super totient graph.
That is, every graph on vertices having at least one edge admits super totient labeling.
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