Punjab University
Journal of Mathematics (ISSN 1016-2526)
Vol. 49(2)(2017) pp. 37-49

Generalization of Higher Order Homomorphism in Configuration Complexes

M. Khalid
Department of Mathematical Sciences,
Federal Urdu University of Arts, Science & Technology, Karachi-75300, Pakistan,
Email: khalidsiddiqui@fuuast.edu.pk

Javed Khan
Department of Mathematical Sciences,
Federal Urdu University of Arts, Science & Technology, Karachi-75300, Pakistan,
Email: javedkhamafridi@yahoo.com

Azhar Igbal
Department of Basic Sciences,
Dawood University of Engineering & Technology, Karachi-74800, Pakistan,
Email: azhar.igbal@duet.edu.pk

Received: 17 November, 2016 / Accepted: 16 December, 2016 / Published online: 24 May,
2017

Abstract. In this research, Grassmannian complex (Configuration Com-
plex) is being introduced in a generalized form.4ts and5*" order com-
plexes are being constructed at first, tAéth order generalization is being
discussed. For this purpose, higher order mixed partial differential mor-
phisms between free abelian group generated by projective configuration
of points will used. Furthermore, in this work, the associated diagrams of
these complexes are shown to be commutative.
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1. INTRODUCTION

Grassmannian chain complex was named after the mathematician Hermann Grassmannian,
who presented his idea in general. For past few year, the Grassmannian complexes have
been under consideration of many researchers to investigate the homology of general lin-
ear groups. Grassmannian chain complex of free abelian groups generated by the projec-
tive configuration of points was first introduced by Suslin [9], who connected free abelian
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groups using two types of first order differential morphisms: differential map and projec-
tion map to form Grassmannian chain complex.

Goncharov [1, 2, 3] connected Grassmannian complex with Bloch-Suslin complex for
weight 2 and also connected the former with his own complex, called Goncharov’'s com-
plex, for weight 3.

Grassmannian complex and Cathelineau’s complex for weight 2 and 3 are connected by
Siddiqui [8]. Khalid [5, 6] introduced new morphisms to connect Grassmannian complex
and Variant of Cathelineau complex upto weightand proved that the corresponding di-
agrams are commutative. Recently, Hussain [4] connect Grassmannian complex and Tan-
gent complex for second order.

In previous work, Khalid [7] introduce@™® and3"? order Grassmannian complexes. Both

of which have been defined usigg? and37¢ order mixed partial differential morphism
between free abelian groups generated by projective configuration of points.

In the present work4!", 5t and N*" order Grassmannian complexes have been con-
structed and free abelian group are connected thratigls** and N*" order mixed partial
differential morphism. It is also shown that the associated diagrams of these complexes are
bi-complex and commutative.

2. PRELIMINARY AND BACKGROUND

Let us supposé&',, +1(n) is a group ofr— dimensional vector space generatedty-1)
vectors and it is free abelian. The first order Grassmannian chain complex [9] is given by

Gri1(n) —L—> Gp(n) —2L—> Gy (n)

Gpi1(n) —2= Gp(n—1) —2= Gp_1(n —2)

whered is a differential function called first order differential morphism, defined as

n

d:(ag,...,0n) — Z(—l)h(ao, ey Oy ey Q) (2. 1)

h=0
andp is called projective map, which is another type of differential morphism, defined by
p:(ag,...,an) — Z(—l)b(ab\ao, R TR T B (2. 2)

b=0

274 and3"? order Grassmannian complex have been introduced ithand 37¢ order
mixed partial differential morphisms (see [7]).
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2.1. Fourth Order Grassmannian Complex. Let us construct fourth order Grassmannian
complex by the following

(A)
piv piv piv
. 4d> Gn+16(n + 11) d4> Gn+12(n + 11) L> Gn+8(n + 11)
p'm; piv pi'u
div div div
> Gny12(n+7) Gris(n+17) Gria(n+17)
pw pi'u pi'u
s Gris(n+3) Gria(n +3) Gn(n +3)
whered™ is fourth order mixed partial differential map, defined as
n
d“’(ao,...,an) — Z (—1)h1+h2+h3+h4(0[0,...,dhl,dhz,dhs,dﬁ4,...,Oén>
h1#ha#hs#ha
h1=0
ho=h1+1
h3=h1+2
hqa=h1+3
(2. 3)

andp™ is another fourth order mixed partial differential morphism called projection map,
defined by
n
; by+ba+bs+b A
pzv(a()a"wan) = Z (_1) 1t 3+4(Oéb1,ab2,0éb3,ab4‘0407...7ab1,
by £bo£bs£by
b1:0

bo=bi+1

b3=b1+2

ba=b1+3

db27&b37&b4a'“aan) (2 4)
Proposition 2.2. (i) d’od® =0 (ii)) p"™op™ =0

(i) Go(4) —Lm Gy(4) —2> Gy (4)

(i) Go(9) L= Gs(5) = Gi(1)
Proof: (i) let (ap, ..., ag) € Gg(4) , apply mapd® then
8
d”(ag,.as) = > (=LAt (a0 dy Gy, Gy, Gy s as) (2. 5)
ﬁ2h=1;1(zi-1
hs=h1+2
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In Eq. (2. 5), there ar&26 terms with each having points, if expanded it becomes,

div(am o) =(ay, a5, a6, az, ag) — (a3, as, o6, a7, ag)+
(0[3,044, g, 07, Oég) - (O[3, Qy, a5, A7, Ckg)-f—

(a3, au, a5, 06, ag) — (g, 0, a5, 0, o7 )+

(041,052, ag, Oy, 065) - (QOa a2, (3, (x4, O[5)+

(g, a1, a3, 04, a5) — (0, 1, 2, 0y, C5) +

(a07a17a27a37a5) - (QO;a17a27a37a4) (2 6)
Now apply mapdi?, to get
8 8
diV o 4 — Z (_1)ﬁ5+h5+h7+h8 Z (_]\)ﬁl-l-fiz-‘-fi?,-ﬁ-hzl(0[07'”,dh17
hs=hq+4 h1=0
he=h1+5 ho=h1+1
hr=h1+6 hs=h1+2
hg=h1+7 hqy=h1+3
dhgﬂdﬁ37dh4>dh57dh67&h77dhgﬂ"'7a8) (2 7)

In Eq.( 2. 7), there aré30 terms, each of which has single points given by

d" o d"™ =(as) — (a5) + (a6) — (a7) + (ag) — (as) + (as) — (a6)+
(a7) = (ag) + (a3) — (a4) + (a6) — (a7) + (as) — (a3)+

+ (a1) = (a2) + (a3) — (a4) + (a5) — (ao) + (@2) — (az)+
() — (a5) + (0) — (a1) + (a2) — (a3) + (a5) — (o) +
(a1) = (a2) + (a3) — () (2. 8)

all the terms cancel each other, therefore
div o di'u _ 0

Proof: (ii) let (ap, ..., ag) € Go(9) , apply map™ then

8
i _ b1+bo+bz+b N N
p“}(a(% ...7048) - Z (_1) 1R 4(ab17ab2aab37ab4 QQy ey Ay, O,y
b1=0
bo=bi+1

b3=bi+2
ba=b1+3

Gy Gy, s ey Q) (2.9)
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in Eq.( 2. 9), there ar&26 terms with5 points each withl projected points like such as

piv(aov ) =(ag, o, ag, azlay, as, ag, o7, ag) —

(ap, a1, o2, aglas, as, o, oy, ag)+

(0447a6, ar, a8|a0) aq, 2, 03, 045)_

(0457016,047,048|(10,O{1,042,Oé3,064) (2 10)

Now applying mag*® again, to get

8 8
v v bs+be+b7+b by +bo+bs+b
plopt = Z (_1) 5+be+b7+bs Z (_1) 1+ba+bs+ 4(ab17abg>ab3aab47

bs=b1+4 b1 #bo#b3#by

be=b1+5 b1=0

br=b1+6 bo=b1+1

bg=b1+7 b3=b;+2
ba=b1+3

Qs Oy Oy abg|a07 ceey d{bladb27db37db47 db57db67db77 @bsa 23} Oég) (2 11)

In Eq.( 2. 11), there aré30 terms with each having single points wiprojected points,
given by
Pw Opw =(a, 1, 2, 3, a5, (g, 7, gl g ) —

(01070417 Qg, 03, (4, Og, A7, a8|a5)

(OZ0,0LQ, agz, 04, 05, g, A7, Oé8|al)—

(0[1,042,a3,0l4,()é5,a6,a7,048|a0) (2 12)

all the terms cancel each other, therefore

Proposition 2.3. p™ o d™V = d* o p™.
Proof: Consider the subcomplex of the above diagram to be

Go(5) —2> G5 (5) (8)

Gs(1) N G1(1)
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Let (ap, ..., ag) € Go(5), apply mapd™

8
; _ 1 +ho+ha+h Aa
dw(ao,...7ag) = Z (—1) nthaths 4(a0,...,ah17ah2,ah3,ah47...7a8) (2 13)
h1=0
hao=h1+1
h3=h1+2
hqa=h1+3
then:
8 8
pw odW = Z (_1)b1+b2+b3+b4 Z (_1)51+ﬁ2+53+54 (ab17ab2a Wy

by=h1+4 h1=0

bo=by+1 ho=h1+1

bg=by+2 h3=nh1+2

by=b;+3 ha=h1+3

ab4|a07 ceey dhp dhgadhga dhu dbl ) @b27db37 db4v ceey aS) (2 14)

now take(ay, ..., ag) € Go(5) again and apply map®

8
i — b1+ba+b3+b N ~
pw(a()v“'vOZS) - Z (_]—) 1R 4(ab17abgaabgvab4 QQy ey Oy O,y
b1=0
bo=by+1
bs=b1+2
by=bi1+3
&b33db47 ...,Oég) (2 15)
now apply mapi®
8 8
i v hi+ho+hz+h b1+bo+bs+b
dVop = Y (-nfuthEthethe N T (L1t oy L, s
h1=b1+4 b1=0
ho=h1+1 bo=by+1
hs=h1+2 bg=b1+2
ha=h1+3 by=bq1+3
O{b4|040, seey &bl 5 OAéan dbg? db47 &hl 5 dhza dﬁgvdfma ceey O{S) (2 16)

using dummy indice$, o, i3, iy andby,bo, b3, by in Eq.(2. 14 ) and Eq.( 2. 16), itis
observed that the diagram A is commutative.
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2.4. Fifth Order Grassmannian Complex. Fifth order Grassmannian complex is con-
structed by the following

©)
dv d’ dv
e Gn+25(n + 11) —_— Gn+20(n + 11) — Gn+15(n + 11)
o ot t
dv d’ dv
v ——> Gpyo0(n +6) ——— Gry15(n +6) ——— Gry10(n + 6)
o ot ot
g & v
o ——>=Gpr15(n +1) ——=Gpi10(n +1) Gnis(n+1)
whered" is fifth order mixed partial differential map, defined as
n
d”: (an" ;an) = Z (_1)h1+h2+h3+h4+h5 (aoﬁ"')dhd?&ﬁ&?
h1#ho#Rs#RaRs
)‘11:0
ho=h1+1
hs=hi+2
ha=h1+3
hs=hi+4
Qhigs Qhyy Ohgy -« -y Q) (2.17)

andp® is another fifth order mixed partial differential morphism, called projection map,
given by

v by4bo+bg+bs+b
p (a07"'7an) = Z (_1) 1+pz+batoat s(ab17ab27ab3>ab4aab5 g,
b17#bo#bs#baFtbs
b1=0
bo=bi1+1
bg=by1+2
bga=bi1+3
bs=b1+4

"'7db17db27&b37db47@b5a"'7a’n) (2 18)
Proposition 2.5. (i) d’ od" =0 (ii) p* op” =0

(i) Gu(5) ——G4(5) —“= G (5)

v

p

(i) Gr1(11) = Gg(6) > Gi (1)



44 M. Khalid, Javed Khan and Azhar Igbal

Proof: () let (av, ..., a10) € G11(5) and apply magl? to it then

10

v _ iy 4ho+ha+haths A
d (a()»m»alo)* § (_1) P (aOv"'vaﬁlaahwahs’ahwahsv
h1=0
ho=h1+1
hs=h1+2
ha=h14+3
hs=h1+4
...70410) (2 19)

using combinations in the Eqg.( 2. 19 ), there 462 terms with each having points as
given below.
d" (g, ..., 10) = + (a5, a6, 7, g, g, 1)
— (a4, ag, a7, a5, ag, 1)

+ (0447015, a7, Qag, g, 0410)

- (007(11,%,0437015,046)

+ (Oéo,O[l, a2, 3, (4, aﬁ)

- (a07a17a27a37a4ua5) (2 20)
Applying mapd® again, to get
10 10
he+hr+hg+hg+h h1+ho+hs+ha+h
d¥od’ = Z (71) 6+Nh7+hs+ho+hio Z (71) 1the+hs+ha+ 5(0407'”’

he=h1+5 h1=0

hr=h1+6 ho=h1+1
hg=h1+7 ha=h1+2
ho=h1+8 hy=h1+3
Rro=h1-+9 s =y 44

&hl 5 dﬁza dﬁgv ééhz; 5 dﬁsa db67 CAYb7) &bg7 dbg? dblfw seey (110) (2 21)
In the Eq.( 2. 21), there af¥72 terms each having single points given by

d’od" =+ (as) — (ag) + (a7) — (as) + (ag) — (a10)
— (o) + (o) — (a7) + (ag) — (a9) + (a10)

+ (@) = (e1) + (a2) — (a3) + (a4) — ()
— () + (a1) — (a2) + (a3) — (a4) + (as) (2. 22)

all the terms cancel each other, therefore:

d’od" =0
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Proof: (it) let (a, ..., 1) € G11(11) , apply mapp® then
10
plu(a()? oy alO) = Z (_1)b1+b2+b3+b4+b5 (abl , Oy s ab3a Ay ab5 agp, ...,
b1:0
bo=b1+1
bg=b1+2

bg=b1+3

bs=b1+4
(2. 23)

dbmé‘bzadbga&budbs,' . ';al())
In Eq.( 2. 23), there aré62 terms and each haviepoints with5 projected points like

given below.

U —

p (0407 -70410) —(CVO,041,@2,043,a4|a5,066,0477048,04970410)*
(ag, a1, o, a3, s |y, i, oy, g, Qug, Qryg) +

(a57 a7, Qag, g, a10|a0a aq, 2, 3, O547046)_

(OZG,047,O[S,Oég,a10|04(),01170é2,063,014,045) (2 24)
Now applying map® again, to get
10 10
_ bg+b7+bg+bo+b bi+bo+bs+ba+b
pv opv — Z (_1) 6tP7+bg+DPo+D10 Z (_1) 11tD21+D3+Dg s(ablaabgv

bg=b1+5 b1=0

b7=b1+6 bo=b1+1
bg=b1+7 bg=b1+2
bo=bi+8 ba=b1+3
bro=b1+9 bs=b1+4

ey Oy, Oy, Oy Oy, OOy

(2. 25)

Ay Ol Ol Ol oy Ol Oy Al QU ‘0407 .
dbsv CAkb77 dbg ) dbga dblov ceey al())
In Eq.( 2. 25), there ar2772 terms each have single point with projected points given
by
(3 v
p’ op’ =(ao, 1, a2, a3, g, a5, g, 7, (g, gl v10) —
(ao, a1, a2, a3, 04, a5, i, 7, g, vy vg) +

(o, a2, a3, (g, s, v, Q7 g, v, ey |ay ) —
(a1, 00, a3, a4, a5, ag, a7, ag, g, 1plag) (2. 26)

all the terms cancel each other, therefore

v ’U_O

p op =
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Proposition 2.6. p* od” = d” o p®.
Proof: On taking the subcomplex of the above diagram given by

G11(6) —2 Gy (6) (D)
b
Go(1) = G1(1)
Let (ap, ..., 210) € G11(6), apply mapd”

10
_ 1 +ho+ha+ha+h Aa A A
dv(a07'-'7a10) - Z (71) prieTe T 5(0[07...7O[h1,0552,04h3,ah4,
h1=0
ho=h1+1
hs=h1+2
ha=h1+3
hs=h1+4
dh5, ceey alo) (2 27)
then
10 10
pv od' = Z (71)b1+b2+b3+b4+b5 Z (71)51+ﬁ2+ﬁs+ﬁ4+h5 (abl Qs Oty s
b1=h1+5 h1=0
bo=bi+1 ho=h1+1
bs=b1+2 h3=h1+2
ba=b1+3 hy=h1+3
hs=b1+4 hs=h1+4
Qp, 5 Qg |Oéo, [EEE) &hl ) dﬁza dﬁg ) &hzl ) dﬁsa OAébl 5 é‘bg ) &bga OA‘M? db57 cey alO)
(2. 28)
now take agaifay, ..., a19) € G11(6) , apply map”
10
_ }: by, 4botbstbatbs
pv(a07"'7a10> - (_1) ! 2rrsTRe (ab17ab27ab37ab47ab5 Qg ...,
b1=0
bo=bi+1
bg=b1+2
bg=b1+3
bs=b1+4
dbl,de,OA[b3,OAlb4,db5,...,alo) (2 29)
now apply mapl’
10 10
dY opv —_ Z (71)ﬁ1+ﬁ2+h3+h4+h5 Z (71)b1+b2+b3+b4+b5 (abl Qs Oy
h1=b1+5 b1=0
ho=h1+1 bo=bi+1
hz=h1+2 bs=b1+2
ha=h1+3 ba=b1+43
hs=h1+4 bs=b1+4

Qp, 5 Qg |050, ey dbl ) dbz ) &bg y d{b4a db5 ) &hl ’ dhza dﬁ37 &)LM ) dhg,a sy 0410)
(2. 30)
use dummy indices, hig, hiz, ha, his andby, ba, b3, by, bs in equation Eqg.( 2. 28 ) and Eq.(
2. 30), itis proved that the diagram C is commutative.
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2.7. N*" Order Grassmannian Complex. Let us generalize Grassmanniané& order
Grassmannian complex, shown below:

(E)
o o o
R Gans1(4n +1) S Gan+1(4n +1) s Gont1(4n +1)
pn pn pn
o G (Bn+ 1) — s G130+ 1) — L= Gyt (3n + 1)
pn p’ﬂ pTL
s i> G2n+1(2n + 1) L Gn+1(2n + 1) & G1(27’L + 1)
where
d": (040,...7an) — Z (—1)h1+h2+'“+ﬁ"(ao,...,@h17...7dhn,...7an)
R s ..l
52:171_1+1
i =h1+(n—1)
(2. 31)
and
n
pn : (Oéo,...,Oén) = Z (_1)b1+b2+m+bn(ab1’"'aabn Oéo,...7(3[b1,...,
b1#ba...#by
|71:0
bo=bi+1
bn=b1+(n—1)
Gy, yeeey Q) (2.32)
Proposition 2.8. p™ od™ = d" o p".
Gonp1(2n+1) —2 > G120+ 1) (F)

Grpr(n+1) —L = Gi(n+1)

Proof: Let(ao, ..., a2y) € Gant1(2n + 1), apply mapd™
2n

d"(ag,...,ag) = > (=L)HRtetie(ag G dn, e 0n) (2. 33)

h1=0
ho=hi1+1

Rp=h1+(n—1)
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then
2n 2n
) L bi+bo+... 4Dy h1+ho+...4+hn,
plod’ = S (st S (w1 (s oy
bi=hi14+n h1=0
bo=b1+1 ho=h1+1
bn=b1+(2n—1) Bin=h1+(n—1)

abn\ao, ceey dh1>~-~7dh @bl, ceey dbn, ceey Ozgn) (2 34)

n )

now take agaifao, ..., asy,) € Gan+1(2n + 1), apply mapp™

2n
bi4bo+...4by ~
p" (g, .y o) = Z (=12t (L, [y ey Gy ey
b1:0
bo=by+1
bn=b1+(n—1)
Gy ooy Qlop) (2. 35)
now apply mapi™
2n 2n
d"op" = Z (—1)Pathatthn Z (—1)Prtbatethn (g
1
hi=b1+n b1=0
ho=h1+1 bo=b1+1
Fin=h1+(2n—1) bp=by-+(n—1)
cey O |Oéo, cony @bl yevey OAzbn,OAzhl, vesy dhn, ceny Oézn) (2 36)

use dummy indice#y, hs, ...h, andby,bo,....b, iNn Eq.( 2. 34 ) and Eq.(2. 36), itis
observe that the diagram E is commutative.

3. CONCLUSION

This study generalized the Grassmannian complex constructionNifjt@rder. Free
abelian group have been connected through higher order mixed partial differential mor-
phisms, through which the associated diagrams of these complexes shown commutative
and bi-complex. This paper is a comprehensive contribution to the field of algebraic com-
plexes. Also this work will serve as pioneer in the study of generalized Grassmannian chain
complexes.
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