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Abstract. For a graph G = (Vig, E¢), consider a mapping h : Eqg —
{0,1,2,...,k — 1}, 2 < k < |Eg| which induces a mapping h* : Vg —
{0,1,2,...,k — 1} such that h*(v) = []'_, h(e;)( mod k), where ¢; is
an edge incident to v. Then h is called k-total edge product cordial ( k-
TEPC) labeling of G if |s(i) — s(j)| < 1foralld,j € {1,2,...,k —1}.
Here s(4) is the sum of all vertices and edges labeled by :. In this paper, we
study k-TEPC labeling for some families of convex polytopes for £ = 3.
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1. INTRODUCTION AND PRELIMINARIES

Let G be an undirected, simple and finite graph with vertex-set Viz and edge-set F¢.
Order of a graph G is the number of vertices and size of a graph G is the number of edges.
Graph labeling is a map that assigns integers to Vi or E¢ or both subject to particular
condition(s). In graph G a mapping from Vi (or Eg) to positive integers is called vertex
(or edge) labeling and a mapping from Vi U Eg to positive integers is known as total
labeling.

In order to understand cordial labeling h and its types, we need the following notations:
(1) wvp () is the number of vertices labeled by 4;
(2) ep(i) is the number of edges labeled by i;
(3) wn(i, j) = vn(i) —vnl4):
) en(i,j) = en(i) — en(j) and
(5) the sum of all vertices and edges labeled by 7 is s(¢) i.e. s(i) = v (i) + ep (7).
Cabhit introduced cordial labeling in [9].

Definition 1.1. Let h : Vo — {0,1} be a mapping that induces h* : Eq — {0,1}
such that h*(uv) = |h(u) — h(v)| for each edge uv, then h is called cordial labeling if it
satisfies |vp(1,0)] < 1 and |exn(1,0)] < 1.

Product cordial labeling was introduced by Sundaram et al. in [15].

Definition 1.2. Let h : Vo — {0, 1} be a mapping that induces h* : Eq — {0,1} such
that h*(uv) = h(u)h(v) for each edge uv, then h is called product cordial labeling if it
satisfies |vp,(1,0)] < 1and |en(1,0)| < 1.

In 2006, the total product cordial labeling was developed by Sundaram et al. in [16].

Definition 1.3. Let h : Vo — {0, 1} be a mapping that induces h* : Eq — {0,1} such
that h*(uv) = h(u)h(v) for each edge uv, then h is called total product cordial labeling
if it satisfy |s(0) — s(1)| < 1.
Definition 1.4. [13] Let h : Vo — {0,1,...,k — 1}, 2 < k < |Eg| be a mapping that
induces h* : Eq — {0,1, ...,k — 1} such that h*(uv) = h(u)h(v)(mod k) for each edge
uv, then h is called k-total product cordial labeling if it satisfy |s(a) — s(b)| < 1 for all
a,be{0,1,...,k—1}.

In 2012, Vaidya and Barasara introduced edge product cordial labeling (see [17]).
Definition 1.5. Let h : Eq — {0,1} be a mapping that induces h* : Vg — {0,1} such
that h*(u) = h(ey)h(ez2)...h(ey) for edges ey, ea, . .., e, incident to u, then h is called
edge product cordial labeling if it satisfies vy, (0,1)| < 1 and |en(0,1)] < 1.

Definition 1.6. Let h : E¢ — {0,1,...,k — 1}, 2 < k < |E¢g| be a mapping that
induces h* : Vg — {0,1,...,k — 1} such that h*(u) = h(ei)h(ea)...h(e,)(mod k)
for edges ey, es, ..., e, incident to u, then h is called k-edge product cordial labeling if it
satisfies |vp(a,b)| < 1and |ep(a,b)] <1for0<a<b<k-—1

Definition 1.7. [18] Let h : E¢ — {0, 1} be a mapping that induces h* : Vo — {0,1}
such that h*(u) = h(e1)h(es)...h(e,) for edges ey, ea, ..., e, incident to u, then h is
called a total edge product cordial labeling if it satisfy |s(0) — s(1))] < 1.
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In 2015, Azaizeh et al. provide the k-total edge product cordial labeling in [5].

Definition 1.8. Let h : E¢ — {0,1,...,k — 1}, 2 < k < |Eg| be a mapping that
induces h* : Vg — {0,1,...,k — 1} such that h*(u) = h(e1)h(ez) ... h(e,)(mod k) for
edges e1,eo, ..., ey, incident to u, then h is called k-total edge product cordial labeling if
it satisfy |s(a) — s(b)| < 1fora,b e {0,1,...,k—1}.

We refer to the articles [1, 3, 12] for more recent topics in labeling.

In order to study different families of convex polytopes, first we give definitions of the
following two archimedean convex polytopes introduced in [11].

Definitions 1.9. (1) A prism graph Yy, is cartesian product graph C,, x P, where
Ch, is cycle graph of order m and Py is path graph of order 2 (see Figure 1).

FIGURE 1. Prism graph Y,

(2) A m-sided anti-prism A,, is polyhedron composed of two parallel copies of some
particular m-sided polygon connected by alternating band of triangle (see Figure
2).

FIGURE 2. Anti-prism graph A4
Baca introduced the following convex polytopes R,, in [6].

Definition 1.10. For m > 5, a combination of prism graph'Y,,, and antiprism graph A, is
known as convex polytope graph R,,,. It consists of the inner cycle vertices {u;, 1 <i < m},
the middle cycle vertices {v;,1 < i < m} and the outer cycle vertices {w;,1 <i < m}
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(see Figure 3). Note that Vi, = {u;,v;,w;,1 <i<m}and Eg, = {ujuit1,1 <i<
mfl}U{vile,l §z§m71}u{wlwl+1,l § 1 Smfl}u{uivl,l §Z§ m}U
{tip1v, 1 <i <m—1}U{vw;, 1 < i <m}U{upnur }U{vnv} U{wnpwr U{uivm,}

FIGURE 3. Graph of convex polytope Rg

Now we will discuss different families of convex polytopes obtained from Y;,,, A,,, and
R

Definitions 1.11. (1) The graph of convex polytope A,, can be obtained from R,, by
adding some new lines (edges). i.e. Vi, =Vg  and Es, = Eg, U {vnwi} U

{viwir1,1 <i<m—1}. A, consist of three-sided faces and a m-sides face
(see Figure 4).

FIGURE 4. Graph of convex polytope Ag

(2) The graph of convex polytope Sy, is composed of two parallel copies of prism
graphs connected by alternating band of triangles. It consist of three-sided faces,
Sfour-sided faces and m-sides face (see Figure 5). Note that Vi = {u;, v;, w;, z;, 1 <
i < m}and E¢ = {uuit1,1 < i <m—1}U{vvi41,1 <i <m-—-1} U
{win_l,l S 7 S m — 1} @] {Z¢Zi+1,1 S ) S m — 1} U {Uﬂ)i,l S 1 <
m} U {vw;,1 < i < m}U{vpw,l <i<m-—1}U{wz,1 <1
m} U {umur} U{vmor} U{wpnwi} U {zm21} U {viwn}

IN |
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FIGURE 5. Graph of convex polytope Sg

(3) The convex polytope Q,,, can be obtained from S,,, by deleting some lines (edges).
ie. Vg, =Vs, and Eg,, = Eg,, \ {wjw;11,1 <i<m—1} U{w,wi} It
consist of three-sided faces, four-sided faces, five-sided faces and m-sides face
(see Figure 6).

FIGURE 6. Graph of convex polytope Qs

(4) The graph of convex polytope T,,, can be obtained from Q.,, by adding some new
lines (edges). i.e. Vp,,=Vq, and Er, = Eq, U{u;11v;,1 <i <m}U{uivm}.
It consist of three-sided faces, five-sided faces and m-sides face (see Figure 7).
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FIGURE 7. Graph of convex polytope T3

Convex polytopes are geometrical objects. In recent years, different families of convex

polytopes were studied in the context of graph labeling and metric dimension. For more
details, we refer to the articles [4, 6, 7, 8, 10].
Azaizeh et al. discussed 3-TEPC labeling of path, circle and star graphs in [5]. Madiha et
al. in [14] have discussed 3-TEPC labeling of Dutch Windmill graph and m isomorphic
copies of n-cycle graphs. Yasir et al. in [2] has discussed 3-TEPC labeling of gear, web
and helm graphs. In this paper, we study 3-TEPC labeling for convex polytopes graphs
A, Sy and T,,.

2. MAIN RESULTS

In this section, we will discuss 3-total edge product cordial (3-TEPC) labeling of convex
polytopes.

Theorem 2.1. Let G be a graph of convex polytope (double antiprism) A,,, then G admits
3-TEPC labeling.
Proof. In order to show that A,, is 3-TEPC, we consider three cases as follows:

Case 1: Let m = 0 (mod 3) which implies m = 3I, for some integer [ > 1. We
define the edge labeling h : Eq — {0, 1,2} as

0, ifl<i<l;
2, ifl+1<i<3l—1;

0, ifl1<i<l
2, ifl+1<i<3l—1;

h(uiui_,_l) = { and h(U3lU1) =2.

h(viviy1) = { and h(vgvr) = 2.

0, ifl<i<l—1;

and h(w: =2.
9, ifl<i<3l—1; (wsin)

h(winl) = {
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0, if1<i<l—1;
1, ifl<i<3l-1;
0, ifl<i<l

2, ifl+1<i<3l—1;

and h(vlwgg) =1

h(vi+1wi) = {

h(uiiiv;) = { and h(uqvg) = 1.

0, if1<i<l 0 ifl<i<l
hluw) =42, ifl+1<i<3l—1;, hlvaw) =4 . ='=7
o 1, ifl+1<q¢<3l.
1, if¢=3l.

In this case, we have s(0) = s(1) = s(2) = 10l. Therefore |s(x) — s(y)| < 1
for 0 <z < y < 2. Hence h is 3-TEPC labeling.

O

Case 2: Let m = 1 (mod 3) which implies m = 3[ + 1, for some integer [ > 1. We
define the edge labeling h : Eg — {0, 1,2} as

0, ifl<i<l;
2, ifl+1<i<3l;

0, if1<i<l
2, ifl+1<i<3l

and h(U3l+1U1) =2.

h(uiuiy1) = {

and h(vspiv1) = 2.

h(viviy1) = {

0. ifl<i<l:
h(w;w; =< -7 dh =2.
(witwi1) &,ﬂh&giSMM1(WHWﬂ

0. ifl<i<l:
h(v; i) =<’ -7 dh =1.
(Vis103) {L 101 << g, 4 hlvwa)

0. if1<i<l:
huip1v;) =< -7 dh =1.
(i101) {z 141 << ndhlave)

0, ifl<i<l;

L ifl<i<l
{L ifl+1<i<3l+1.

0
h(uv;) =<2, ifl4+1<i<3l;,h(vw;) =
1, ifi=30+1.

In this case, we have s(0) = s(1) = 10l + 3, s(2) = 10! + 4. Therefore
|s(z) — s(y)| < 1for0 <z <y < 2. Hence h is 3-TEPC labeling.

Case 3: Let m = 2 (mod 3) which implies m = 3I + 2, for some integer [ > 1. We
define the edge labeling h : E¢ — {0, 1,2} as

0, ifl<i<i+1;
2, ifl+2<i<3l+1;

0, if1<i<l
2, ifl+1<i<3l+1;

and h(ugjour) = 2.

h(uiuit1) = {

and h(v3l+2vl) = 2.

h(UiUiJrl) = {
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0, ifl1<i<l
e F1<i dh = 2.
) {2, ifl+1§i§31+1;an (ws142w1)

and h(viw = 1.
1, ifl+1<i<3l+1; (v1wsi42)

0, ifl<i<li+1;
. S ’ andh(ulngg):l.

2, ifl+2<i<3l+1;
0, if1<i<I+1;
cHAsrsie 0, ifl1<i<l;
h(uivi) =42, fi+2<i<3l+1;, h(UlrLUz) = . )
e 1, ifl4+1<:<3l+2.
1, ifi=3l+2.

In this case, we have s(0) = s(1) = 10l + 7, s(2) = 10l + 6. Therefore

[s(z) — s(y)| < 1for0 < x <y < 2.Hence h is 3-TEPC labeling.

Example 2.2. The 3-TEPC labeling of Ag is shown in Figure 8.

FIGURE 8. 3-TEPC labeling of Ag

Theorem 2.3. Let G be a graph of convex polytope S,,, then G admits 3-TEPC labeling.

Proof. In order to show that S, is 3-TEPC, we consider three cases as follows:

Case 1: Let m = 0 (mod 3) which implies m = 3I, for some integer [ > 1. We
define the edge labeling h : Eq — {0, 1,2} as

0, ifl1 <<l
o Basrel and h(ugui) = 2.

h(uiu; =
(ustti1) {2 ifl4+1<i<3l—1;

0, if1<i<l;
st andh(vgl’l}l)ZQ.

h(vivig1) =
(vivis1) {2, ifl4+1<i<3l—1;
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0, ifl<i<l—1;
2, ifl<i<3l—1;
0, ifl1<i<l—1;
1, ifl<i<3l-1;
0, ifl1<i<l;

1, ifl+1<i<3l—1;

and h(wgw) = 2.

h(wiwit1) = {
h(zi2i+1) = { and h(Zglzl) = 2.

h(vi_,_lwi) = { and h("l}l’wgl) =1.

0, ifl<¢t<I+1; 0, ifl <<l
h(UiUi) = . . ,h(ini) = . .
2, ifl+2<iqi<3l. 1, ifl+1<qi<3l.
0, if1<i<]—-1;
h(wiz) =< 1 _.l_ 7
1, ifl < <3l

In this case, we have s(0) = s(1) = s(2) = 12[. Therefore |s(x) — s(y)| < 1
for 0 <z < y < 2. Hence h is 3-TEPC labeling.

O

Case 2: Let m = 1 (mod 3) which implies m = 3 + 1, for some integer [ > 1. We
define the edge labeling h : Eq — {0, 1,2} as

0, ifl<i<l;
2, ifl+1<i<3l

0, ifl<i<l
2, ifl+1<i<3l

and h(ugj41u1) = 2.

h(uiuiﬂ) = {

and h(vzriv1) = 2.

h(viviﬂ) = {

0, ifl<i<l
hwjw;11) =<2, ifl+1<i<2l; and h(wg11wy) = 1.
1, if20+1<4<3l;
0, ifl1<i<l—1;
h(zizig1) = < 2, ifl <i <20 —1; and h(z34121) = 1.
1, if20<i<3l:
0, ifl<i<I+1;
1

and h =1.
Cifl+2<i<3l (V1)
0, if1<i<i+1; 0, ifl<i<l+1;
h(u;v;) = ; ) s h(viw;) = . ,

2, ifl+2<i<3l+1. 1, ifl4+2<i<3l+1.
0, ifl<i<Il—1;

1, ifl<i<3l+1.

In this case, we have s(0) = s(1) = s(2) = 12I+4. Therefore |s(x)—s(y)| < 1
for 0 < z < y < 2. Hence h is 3-TEPC labeling.
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Case 3: Let m = 2 (mod 3) which implies m = 3I + 2, for some integer [ > 1. We
define the edge labeling h : Eq — {0, 1,2} as

0, ifl<i<l;

and h(usjiouy) = 2.
2, ifl+1<i<3l+1; (usi2u1)

h(uiuiJrl) = {

0, ifl1<i<l;
h(v;v; = ’ -7 and h =2.
(vivit1) {z ifl4+1<i<3l+1: (var-+2v1)
0, if1<i<l
h(wiwiﬂ) =<2, ifl+1<:<2 and h(’w31+2w1) =1.
1, if20+1<:<3l+1;
0, if1<i<Ii+1;
h(zizi_H) = 2, ifl+2 < ) < 21, and h(ZgH_QZl) =1.
1, if2l+1<i<3l+1;
0, ifl1<i<lI;
h i i) = ’ - -7 andh :1~
(vig1w;) {17 ifl41<i<3l+1: (viwsi42)
0, if1<i<Il+1; 0, if1<i<Ii+1;
h(usv;) = . ‘ s h(viw;) = . ,
2, ifl+2<i<3l4+2. 1, ifl+2<:<3l+2.
ifl1<qi<lI;
h(w;z;) = % 1 727.’
1, ifl+1<:<3l+2.

In this case, we have s(0) = s(1) = s(2) = 121+8. Therefore |s(x)—s(y)| < 1
for 0 <z < y < 2. Hence h is 3-TEPC labeling.

Example 2.4. The 3-TEPC labeling of Sy is shown in Figure 9.

FIGURE 9. 3-TEPC labeling of S
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Theorem 2.5. Let G be a graph of convex polytope T, then G admits 3-TEPC labeling.

Proof. In order to show that T}, is 3-TEPC, we consider three cases as follows:

Case 1: Let m = 0 (mod 3) which implies m = 3/, for some integer [ > 1. We
define the edge labeling h : E¢ — {0,1,2} as

0, ifl<i<i+1;

and h = 2.
9, ifl+2<i<3l—1; (uaru)

0, ifl1 <<l
h(v;v; = , - =7 dh =2.
(vivie1) {z 141 <i<a—1; MR
0, ifl<i<I—1;
h(ZiZH_l) = 2, if { < ) < [+ 2; and h(23lzl) =1.
1, ifl+3<e¢<3l—-1;

0, ?flgzg‘l; and h(ujvs) = 1.

1, ifl+1<¢<3l—1;

0, ifl<i<l—1;

h(vip1w;) =2, ifl <i <2l and h(vyws;) = 1.

1, if2l+1<i<3l—1;

h(uivi):{o’ ?flgig.“—l; ’h(wizi):{o7 ?flg.igl_l;
2, ifl+2<qi<3l. 1, ifl <q¢<3l.
0, ifl<i<l—1;

if1 << 2l

. if20+1<i<3l.

In this case, we have s(0) = s(1) = s(2) = 12[. Therefore |s(z) — s(y)| < 1
for 0 < z < y < 2. Hence h is 3-TEPC labeling.

|

Case 2: Let m = 1 (mod 3) which implies m = 3[ + 1, for some integer [ > 1. We
define the edge labeling h : Eq — {0,1,2} as

0, if1<i<i+1:
2, ifl+2<i<3l-
0, ifl<i<l:

2, ifl+1<i<3l:
0, if1<i<l—1;
h(ziziv1) =K 2, ifl <i<2l and h(z34121) = 1.
1, if2+1<i<3l:

h(uiuH_l) = { nd h(u3l+1u1) = 2.

and h(UgH_l’Ul) = 2.

h(’Uﬂ}H_l) = {
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h(ui+1vi) = and h(u1v31+1) =1.

0, ifl<i<l;
1, ifl4+1<qi<3l;
0, ifl<i<l;
h('UiJr]wi) =42, ifl+1<i< 21; and h(v1w3l+1) =1.
1, if20+1<1¢ <3l
0, ifl1<i<|i+1; 0, ifl1 <<l
h(uv;) =< 1 _Z_.+ ’ Jh(wiz) =9 ] _Z_.’
2, ifl+2<i<3l+1. 1, ifl4+1<i<3l+1.
0, ifl<i<lI;
h(viw;) =<2, ifl+1<i<2l
1, if2l+1<i<3l+1.
In this case, we have s(0) = s(1) = s(2) = 12{+4. Therefore |s(z)—s(y)| < 1
for 0 <z < y < 2. Hence h is 3-TEPC labeling.

Case 3: Let m = 2 (mod 3) which implies m = 3[ + 2, for some integer [ > 1. We
define the edge labeling h : Eq — {0, 1,2} as

f1<i<l+1:
(2): ifl;;;;;r32+ p and Aluaizu) =2
0, if1<i<l;
9, ifl+1<i<3l+1;
0, ifl<i<l;
9, ifl+1<i<3l+1;
{0, if1<i<l
1, ifl+1<i<3l+1;
0, ifl<i<l
h(w“wi){L ifl141<i<3l+1:
0, ifl<i<Il+1; ( __)_{0, if1<i<l:

and h(vs42v1) = 2.
and h(z3;4221) = 2.
and h(ul1}31+2) =1.

and h(Ulng_Q) =2.

2, ifl4+2<i<3l+2.° 1, ifl+1<i<3l+2.
0, ifl<i<Ii+1;

1, ifl+2<i<3l+1;

2, ifi=3l+2.

In this case, we have s(0) = s(1) = s(2) = 121+8. Therefore |s(z)—s(y)| < 1
for 0 <z < y < 2. Hence h is 3-TEPC labeling.

>
—
&
&
\_‘/
Il
—N

Example 2.6. The 3-TEPC labeling of Tg is shown in Figure 10.
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FIGURE 10. 3-TEPC labeling of Ty
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