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Abstract. In this paper we establish a generalization of the rightFej
inequality for general Lebesgue integral on measurable spaces as well as
a positivelower boundand someupper boundgor the difference
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whereh : [a,b] — R is a convex function and : [a,b] — [0,00) is an
integrable weight. Applications for discrete means are also provided.
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1. INTRODUCTION

The Hermite-Hadamardntegral inequality for convex functions: [a,b] — R

f<a+b>§ ! /jf(x)dng(a”f(b) (HH)

2 b—a 2

is well known in the literature and has many applications for Special Means, in Information
Theory and in Probability Theory and Statistics.

For related results, see for instance the research papers [1]-[6], [9], [10], [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20], [21], [22], the monograph online [7] and the
references therein.
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In 1906, Fegr [8], while studying trigonometric polynomials, obtained the following
inequalities which generalize that of Hermite & Hadamard:

Theorem 1.1 (Fejer's Inequality) Consider the integrayfh(:z)g (z) dz, whereh is a
convex function in the intervdh, b) and g is a positive function in the same interval such
that

1
g(a+f):g(b_t)a OSfS i(b_a’)a
i.e.,y = g(x) is a symmetric curve with respect to the straight line which contains the

point (3 (a + b),0) and is normal to ther-axis. Under those conditions the following
inequalities are valid:

h(a;b)/abg(a:)d:r:g/abh(x)g(x)dacgh(a);rh(b)/abg(x)dx. (1.1)

If h is concave orfa, b), then the inequalities reverse in (1. 1).

Clearly, forg (z) = 1 on|[a, b] we get (HH).

Motivated by the above result, we establish in this paper a generalization of the right
inequality ( 1. 1) for general Lebesgue integral on measurable spaces as well as a positive
lower boundand somaipper boundgor the difference

h(a)+h(b) 1 b () d
u f;g@)dx/a h(r)g (@) dr,

whereg andh are as above.
Applications for discrete means are also provided.

2. GENERAL RESULTS

Suppose that is an interval of real numbers with interidrand® : I — R is a convex
function on. Then® is continuous on’ and has finite left and right derivatives at each
point of I. Moreover, ifz,y € I andz < y, then®d’ (z) < P () <P (y) <P, (y)
which shows that bot®’_ and®’, are nondecreasing function énlt is also known that a
convex function must be differentiable except for at most countably many points.

For a convex functio® : I — R, the subdifferential ofd denoted byp® is the set of

all functionsy : I — [—o0, oo] such thatp (I) c Rand

O (z) > P(a)+ (xr—a)p(a) foranyz,a € I. (2.2)
It is also well known that if® is convex on/, thend® is nonemptyd’ , ¢/, € 9 and
if ¢ € 0P, then
?' (z) < (z) < ¥, (z) foranyz € I.
In particular,p is a nondecreasing function.
If @ is differentiable and convex ah thend® = {®'} .

Let (2, 4, 1) be a measurable space consisting of &xet o — algebraA of parts of
Q2 and a countably additive and positive measuren A with values inR U {co} . For
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a p-measurable functiow : Q — R, with w (z) > 0 for x -a.e.(almost every} € Q,
consider the Lebesgue space

Ly (Qu):={f:Q—R, fisu-measurable an(}/ |f (z)|w () dp (x) < oo}

For simplicity of notation we write everywhere in the sequ;iudu instead ofo x)dp ().
The following result holds:

Theorem 2.1. Let® : [m, M] C R — R be a convex function ojm, M]andf : Q@ — R
satisfying the condition
—co<m< f<M< o (2.3)

p-a.e.onQ and sothat o f, f € L,, (Q, ) . Then we have

O(m)+®(M) O(M)—P(m) m+ M
0< 5 + U —m /Q<f—2>wdu (2. 4)

—/Q(<I>Of)wdu

(b/
/ —m)wdpy
Q

) ([

sf( )[ " (M) — @', (m)].

Proof. By the convexity ofd we have

M —t t—m
<I>(t)—<I><M_mm+M_mM>

§]\]\44:;<I>(m)+]\27_7:;®(M)
O (m) + ¢ (M) M-t 1 t—m 1
B 2 Jr<M—m2)(1)(m)+<M—m2>(I)(]\/[)

m _ m4M _ m+M
2(m) +2 (M) );‘NM) —® (m) <tM2m ) + (M) (thm )

O (m)+ (M)  &(M)—d(m) m+ M
- 2 T m (t_ 2 )

foranyt € [m, M].
This inequality implies that

0(f () < TR SERR (1) - ) ey

foranyz € Q.
If we multiply (2. 5) byw > 0 u-a.e and integrate an, we get the first inequality in (
2.4).
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We will prove now that

T (m) + __m@(M)—q>(t) (2. 6)
3 (M) — @', (m)
< T (M=t (t=m)

< 3 (M —m) [2 (M) — &, (m)],

foranyt € [m, M], and if ®’_ (M) and®’, (m) are finite, the inequalities in (2. 6 ) are
sharp.

By the convexity ofd we haved (¢t) —® (M) > & (M) (t — M) foranyt € (m, M) .
If we multiply this inequality witht — m > 0, we deduce

(t—m) @ (1) — (t —m)® (M) > & (M) (t — M) (t—m), te(mM). (2.7)
Similarly, we get

(M — ) ® (t) — (M — )@ (m) > &, (m) (t —m) (M ~ 1), te(mM). (28)
Adding (2. 7) to (2. 8) and dividing by/ — m, we deduce

(t—m)®(M)+ (M —t)®(m) S (M —1t)(t—m)

d(t) —
*) M—m - M—m

(@ (M) — @, (m)],

for anyt € (m, M), which proves the first inequality in (2. 6 ) forc (m, M) .
The second inequality in ( 2. 6 ) is obvious by the elementary fact that

2

af < (a;ﬁ> forreala, 8. (2. 9)
If t =m ort = M, the inequality also holds.
Now, assume that ( 2. 6 ) holds wifh and E greater than zero, i.e.,

= DC=) g (ar) — @, (m)]

< E(M—m)[@ (M)~ &, (m)]

Dy (1)

IN

D .

for anyt € [m, M]. If we chooset = ™4 then we get

W_@<m;M> < DM —m) [ (M)~ @, (m)] (2. 10)

< E(M—m)[®_ (M) -9 (m)].

mEM| Then® is convex,® (m) = ® (M) =

Consider® : [m, M| — R, @ (t) = |t —
=1,9, (m) = —1and by (2. 10) we deduce

]M;m’ P (m;]\/[) — O, q)/_ (M)
M—-—m 1
< —
2 -2
which implies thatD > 1 andFE >

L,

D(M—-—m)<2E(M —m),

1
I
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From (2. 6) we have

M- f(z) f@)—m
S 8+ 0 (M) = @ (f (2)) 2. 11)
<= (Aﬁifj %) (M = £ @) (7 (2) — m)

for y-a.e.x € Q.

If we multiply (2. 11) byw > 0 u-a.e and integrate di, we get the second inequality
in(2.4).

Observe that the functiop : [m,M] — R, g(t) = (M —t)(t —m) is a concave
function on[m, M] . Then by Jensen’s inequality for concave functions we have

/Q(M—f)(f—m)wdué (M—/wadu> (/wadu—m),

which proves the third inequality in ( 2. 4).

The last part follows by (2. 9). O
Corollary 2.2. With the assumptions of Theorem 2.1 and if
/<fm+M>wduO, @. 12)
Q 2
then we have
ng—/@oﬁwdu 2. 13)
Q
o (M) — D' (m)
< _ _
< = [0 = my v
1
< Z(M—m) (@7 (M) — @', (m)].

Remark 2.3. Leth : [a,b] C R — R be a convex function and : [a,b] — [0,00) a
Lebesgue integrable function ¢ b] . Then from Theorem 2.1 we have

h(a)+h() h(b)—h(a) 1 b R D
0< 5 + = f:g(z)dx/a< 5 >g()d (2. 14)
1 b
h(x z)dr
fg(x)dx/a (2) g (x)
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If we assume thaj : [a,b] — R is integrable and symmetric on the interVal b] , then

/ab(x—a;b>g(x)dx:(). (2. 15)

The converse is obviously not true.
Now, ifg : [a,b] — [0, 00) is integrable and satisfies the condition ( 2. 15 ), then from (
2. 14) we get

o< M@ +h() /h (2. 16)
x)dx

- 2

ACRYAC ) 1
b—a fag(x)dm

< 30— a) [ (5) ~ ()]

/ (b—2)(x—a)g(z)dz

The above inequality ( 2. 16 ) provides both a generalization and a reverse for the right
Fejer inequality ( 1. 1) as announced in the introduction.

Example 2.4. The first two inequalities in ( 2. 16 ) can be written as

ogh“;h(b)/ dx—/h 2.17)
SW/G (b—2)(x—a)g(z)de.

If in this inequality we make : [a,b] — [0,00), g (x) = (b — ) (z — a) and since

b b
/a(b—x)(m—a)dx:é(b—a)3,/a(b—x)Q(m—a)de:%(b—af,

hence

h(a) + I ()
12

(b— a) [h/_ (b) —h!y (a)] ,

0

IA

b
(b—a)g—/ (b—2)(z —a)h(z)dx (2. 18)

1
3
for any convex functioh : [a,b] — R
We have the following result as well:

Theorem 2.5. Let® : [m, M] C R — R be a convex function ojm, M]andf : Q@ — R
satisfying the condition (2. 3)-a.e. onQ2 and so that® o f, f € L,, (Q, ). Then we
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have

2 M+m
< — — .
0< (1 /Q t 5 ‘wdu) (2. 19)

[ ()

- @(m)zé(M)+<1>(A]4W):i(m)/ﬂ<f_m+M)wdu

- [ @0 pud
t—M+m’wdu>

2
<(1
<+M—m/ﬂ 2

x {@(’”H‘I’(M)@(Mﬂ_

2 2

Proof. We recall the following result obtained by the author in [5] that provides a refine-
ment and a reverse for the weighted Jensen’s discrete inequality:

. 1 & 1 &
0O<n min {pi} [n ;<I> (z;) — @ <n leﬂ (2. 20)
< ii ,Q)( ) ) ii e
— Pn Zle’L Z‘Z Pn P plzl
<n max {p;} lzn:q)(w)—@ lzn:x
~ ie{l,..n} pi n ! n I

where® : C — R is a convex function defined on the convex suliSedf the linear
spaceX, {zi} ey, ) arevectorsandp;};(, ., are nonnegative numbers witt, :=
Z?:l pi > 0.

Forn = 2 we deduce from ( 2. 20) that

.....

2 2
<AD(z)+(L-N@(y) —2A\r+(1-N)y)

< 2max {\, 1 — A} P(IH@@) By (m+y>]

0<2min{\1- A} F’(I)”’(y)@<“yﬂ 2. 21)

2 2

foranyz,y € C and\ € [0,1].
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If we replace in (2. 21 ¥ = [z,y] = [m, M] and\ = ¥ S m,then we get:
[ M-t t—m O (m) + @ (M) m+ M
< - .
O_Qmm{M—m’M—m}{ 5 d 5 (2. 22)
M —t t—m

< T (m) + @ (M) — ® (1)
§2max{ M-t t—m } {@(m)+®(M) _q)<m+M>}

M—-m"M-m 2 2
The inequality ( 2. 22 ) implies that

ogzmin{MM_fr(f),fzf;)_mm} P(mH@(M) — <m+M>} 2. 23)

< Mg gy LD =" (1) — a1 )
M z) f(x)—m) [®(m)+ D (M) m+ M
SQmaX{]W m M- m}{ 2 (I)< 2 >}
foranyz € Q.
If we multiply (2. 23 ) byw > 0 u-a.e and integrate i, we get
o<2[©(m)‘;q’(M)—q><m;Mﬂ (2. 24)
x/{zmin{m,m}wdu

M — d d

<2[<I>(m)4;<1>(M) (I)(erM)}

-/ f-m
x/ﬂmax{M M —m wdp.

Using the elementary facts

min {0} = 5 (o + 8~ o= ), mas{a, 8} = 3 (a+ B+ |~ ),

whereq, 5 € R, then we have

(M—f f-m 1 1 M+m
= — 2.2
/Qmm{M—m’M—m}Wd“ 5 m—m ), | g |wdn (2.29)
and
M—-—f f—m 1 1 M+m
AmaX{M’M}Wd“—z Mo Jo|f T 2| (220)

Making use of (2. 24 )-( 2. 26 ) we deduce the desired result (2. 19). a
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Corollary 2.6. With the assumptions of Theorem 2.5 and if the condition ( 2. 12) is
satisfied, then

2. 27)

O (m) + @ (M)
§—2 f/Q(CI)of)wdp
M
§<1+M2m Qt— m wdu)

x {‘W”LH‘I’(M)_@(MH,

Remark 2.7. Leth : [a,b] C R — R be a convex function and : [a,b] — [0,00) a
Lebesgue integrable function ¢m b] . Then from Theorem 2.5 we have

ma—’_b‘g(ac)dac) (2. 28)

" [h(a)—kh(b) —h<a+b)}

2 b—a ffg(x 2
1 b
— h(x x)dr
f;g@)dm/a (2) 9 (2)
2 1 b a+b
_<1+baf;g(m)dx/ - ) ‘g(x)d‘%)
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Now, ifg : [a,b] — [0, 00) is integrable and satisfies the condition ( 2. 15), then from ( 2.

28) we get
2 1 b a+b
0< 1—7177/ T — ‘g(az)dm (2. 29)
b_afag(ac)daz a

y [h(a)+h(b) _h(a+b)]

2 2

h(a)+h(b) 1 b 2 o (o) do
<M f;g@)dx/ah(””d

b
< 1+i%/ x—a+b‘g(m)dﬂc
b_afag(x)d:c a 2

" [h(a);th(b) —h(a;b”.

The above inequality ( 2. 29 ) provides a generalization, a refinement and a new reverse
for the right Fegr inequality ( 1. 1) as claimed in the introduction.

Example 2.8. The inequality ( 2. 29 ) may be written as

0< (/abg(x)da?—bQG/:

[h(a)+h(b) _h<a+b)}

x—a—;b’g(x)dac> (2. 30)

X

2 2

a b b
g"”;h(b)/ g(e)do = [ 1)) da

b b
S(/W)d“bfa x—“‘;b\ <x>dx>

X

[h(a);rh(b) h<a;b>}

Ifin (2. 30) we takgy (z) = |z — %2|, z € [a,}], and since

2
/
a

a+b 1 9 b a+b
T = — ‘dm—4(b a),/a(x 5

>2dx:1(b—a)2,




Generalization, Refinement and Reverses of the Riglérfegquality for Convex Functions 11

hence
1
<
0_12
<h(a)+
- 8
2
< 50—

for any convex functioh : [a, b] —

o-a?|

h@0+h@)_h<a;bﬂ (2. 31)
thb_wz_lbf_a;bwmmdx

3. APPLICATIONS FORDISCRETEINEQUALITIES

Letx = (x1,...,2,) be ann-tuple withz; € R, i € {1,...,n} andp = (p1,...,pn) @
probability distribution, i.ep; > 0,7 € {1,...,n} with Y  p; = 1.

If @ : [m, M] C R — Ris a convex function offin, M], then for anyx = (z1, ..., zy,)
with z; € (m, M) C R,i € {1,...,n} and any probability distributiop = (p1, ..., p,) we
have from (2. 4) and ( 2. 19) for the discrete measure that

o< 2m)+ 2 (M)

2

|

=
|

3

!
=
!

3

A
I
=
!
2
o
S
|
=
s
2

o
AN
/:\
\
S
||~
3
g
3

IA
+

n

n q)(]\]{}:;{;(m) ;pi (mi — m—;M) _;pié (xl>

(3. 32)

INA
A/

—
+
=

| [
3

S

and the corresponding inequalitieS,_, p; (z; — 252) = 0.



12 S. S. Dragomir

If we write the inequalities ( 3. 32 ) and ( 3. 33 ) for the convex power function
P (t) =tP,p € (—00,0) U (1,00), we have

mp+Mp Mpfmp n

0< ™2 Zp2<:cL—m+M> sz 3. 34)

MP= —mpl"

Sp sz - z z_m)
-1 _ _
SP% (M - ;}%%) <;pzxz - m)

p(M —m) (MP~" —mP~)

pM»—‘

and

m my m p
o<<1_zpz i — +MD[ p;Mp—< ;MH (3. 35)

mp_|_Mp Mp_mp n

<t zpz(mz med) - > pirt

S( m’m+MD {mp;Mp<m;M>p}

If we write the inequalities ( 3. 32 ) and ( 3. 33) for the convex functioft) = — Int,
then we get

M
0<Zpllnxz InG(m, M) — Zp,(a:, m+ ) (3. 36)

i=1

1 n
< § ) — . -
= G2 (m, M) izlpl (M = z:) (z: —m)
1 - - 1(M —m)®
< _—— | M- T T — < XX 7
=02 (m,M) ( ;pﬁﬁ,) (;pzxz m) SATTM

and
g( o m+MDln(m> (3. 37)
gzn: Ina; — 1nG(m,M)M§;Pi<mim;M>
( S ) (A0,
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whereA (m, M) := ™M is the arithmetic meanG (m, M) := v/mM is thegeometric
meanand

M—m
L (m, M) := InM —1Inm
is thelogarithmic mean
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