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Abstract. In this paper we study the derivations of a subclass of
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1. INTRODUCTION

During the last century, the theory of Lie algebras has become a center of interest
for mathematicians as well as physicists. This theory extensively studied by many
authors, like([7], [8]). In 1993 French mathematician J-Loday discovered a general-
ization of Lie algebra called a (left) Liebinz algebra, where every left multiplication
operator is a derivation([5], [9]). There is the concept of right Leibniz algebra, where
every right multiplication operator also is a derivation. The anti-symmetry condition
of the Lie algebra[@, a] = 0) not necessary to be hold in a Leibniz algebra, hence
Leibniz algebra is a non commutative analogue of the Lie algebra. Derivations of
low-dimensional Leibniz algebras were studied by Rakhimov and AL-Nashri up to
dimension eight([1], [2], [12], [13]). In this work we describe the derivations of a
subclass of filiform Leibniz algebras. The outline of this paper is as follows: In Sec-
tion 2 we present some preliminary results on the Leibniz algebras, basic definitions
and properties are given. In Section 3 we study the derivations of the subclass men-
tioned above in low dimensional cases. Finally, we present the program used in the
course of our calculations.

2. PRELIMINARY RESULTS

In this section we provide some basic definitions and properties of Leibniz alge-
bras, and focus on so-called filiform Leibniz algebras.
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Definition 2.1. (Se¢10]) An algebralL over a fieldK is called a Leibniz algebra if
its bilinear operation., .| satisfies the following Leibniz identity:

[93, [y,z]] = [[x,y],z] - Hxaz]ay]a VZL’,y,Z € L.

From now onwards, all algebras are assumed to be over the fields of complex numbers
C. Throughout the paper, we denote bythe Leibniz algebra, and let us use the
following sequencel! = L, L**' = [LF L],k > 1.

Definition 2.2. (Se¢3]) A Leibniz algebral is nilpotent if there exists € N such
thatL! > L2 > ... D L* =0.

Definition 2.3. (Se¢6]) A Leibniz algebra. is filiform if dim(L?) = n—i, wheren =
dimL and2 < i < n.

Definition 2.4. (Seé4]) A C-linear transformationd of a Leibniz algebra. is called
a derivation ofL if

d([z, y)) = [d(z),y] + [z, d(y)] Va,y € L.

The set of all derivations of an algebfais denoted byDer(L). We denote by
Leib,, the set of all (n+1)-dimensional filiform Leibniz algebras.

Theorem 2.1. Any (n + 1)-dimensional complex Filiform Leibniz algebfaadmits
abasis{eg,e1,...,e,} called adapted, such that the table of multiplicationZdfias
the following form, where non defined products are zero:

[eo, €0] = e,
leise0] = €41, @€ [l;n—1],
FLeib,1 = [eo, e1] = > akey,
k=3
n—j+1 )
lej.en]l = > anejpr—1, jE€[lin—2],
k=3
forOég,Cu,...,Oén e C.
n—1
Lemma 2.1. (Se¢ll]) Letd € Der(L,). In this cased = d; whered,, €
i=0

End(L,) anddy(L;) C L,y fori € [1;n].

3. SUBCLASS OFFleib,+1

We denote by.,,(C) a subclass oFleib,,; defined by

[e0, e0] = €2,

[61‘,60] = €41, 1€ [[l;n — lﬂ,
Ln((C) = [60761} =€n—-1,

[61761] = €n—1,

[e2,e1] = en,

where[n; m] denotes all integers betweenandm. Let us denote by dim(L) the
dimension of L and dimDer(L) denote the dimension of Der(L), then we have the
following tables.
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Dim(L) Basic derivations dimDer(L)
di(eg) = eg + 2e1,dy(e1) = 3ex,
d1(€2 = dey + 2e4,dy (63) = beg + 4es,
dl(ei):(n+i73)€i, 4<’L<5
6 dg(@o) = 62,d2(61‘) = €41, 1 < ) < 4 6
dg(e()) = 63,d3(€7;) = €;42, 1 < ) < 3
d4(60) == 64,d4(€1‘) = €43, 1 < ) g 2
d5(€0) = 65,d6(€1) = €5.
dl(eo) =€+ 361, dl(el) = 461,
d1(62 = bey + 3657(11(63) = Geg + Seg,
di(e;) =(n+i—3)e;, 4<i<6
7 dz(eo) = 62,d2(6i) = €41, 1 < 7 < ) 7
dg(eo) = 63,d3(6¢) = €42, 1 < 7 < 4
ds(eg) = eq,da(e;) = eir3, 1<i<3
d5(€0) = 65,d5(€7;) = €444, 1 < ) < 2
dﬁ(eo) = 66,d7(61) = €g-
di(eo) = e + 4e1, di(e1) = bex,
d1(62 = 662 + 466,d1(63) = 763 + 667,
dl(ei):(n—i—i—?))ei, 4<Z<7
dg(eo) = eg,dg(ei) = €41, 1 S ) g 6
8 dg(eo) = 63,d3(6i) = €;42, 1 < 7 < 5 8
d4(60) = €4, d4(61‘) = €43, 1 < 7 < 4
ds(eo) = es5,ds(e;) = €ira, 1<i<3
d@(eo) = 66,d6(€7;) = €445, 1 < ) < 2
dr(eo) = e, ds(e1) = er.
dy(eo) = eg + bey,di(e1) = Geq,
d1(62 = Tes + beg, dy (63) = 8es + Tes,
dl(ei):(n—i—i—?))ei, 4<Z<8
dg(eo) = eg,dg(ei) = €41, 1 S ) g 7
9 d3(eo) = e3,dz(e;) = ejr2, 1<i1<6 9
dy(e) = eq,da(e;) = eir3, 1<i<5
ds(e) = es,ds(e;) = €ira, 1<i<4
d@(eo) = 66,d6(€7;) = €45, 1 < ) < 3
d7(€0) = 67,d7(€i) = €46, 1 < ) g 2
ds(eo) = es, do(e1) = es.
dl(eo) =€+ 6617 dl(el) = 7617
dy(e2) = 8eq + Geg, di(e3) = 9es + 8ey,
dl(ei):(n—i—i—S)ei, 4<Z<9
dz(eo) = 62,d2(6¢) = €j+1, 1 < ) § 8
d3(eo) = e3,dz(e;) = eir2, 1<i<7
10 d4(€0) = €4, d4(ei) = €443, 1 < ) < 6 10
d5(€0) = 65,d5(€i) = €44, 1 < ) < 5
d6(60) = eg,de(ei) = €45, 1 < 1 g 4
d7(eo) = er,dz(e;) = eire, 1<i<3
dg(eo) = Bs,dg(ei) = €47, 1 < 7 < 2
dg(eo) = eg, dio(e1) = eg.

TaBLE 1. Derivation ofL € L,,(C) for n € [6; 10].
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Dim(L) Basic derivations dimDer(L)
d1 (60) =eo + 761, dl(el) = 861,
dq (62) = 9ey + Teg, dy (63) = 10e3 + 9e19,
dl(ei):(n+i73)ei, 4<Z<10
dg(@o) = 62,d2(61‘) = €41, 1 < ) < 9
dg(e()) = 63,d3(€7;) = €;42, 1 < ) < 8
11 d4(60) = 64,d4(€1‘) = €43, 1 < ) < 7 11
d5(€0) = 65,d5(€i) = €44, 1 S ) < 6
ds(eo) = e, dg(ei) = eiqs, 1<i <5
dr(eo) = e7,d7(e;) = €ive, 1< i< 4
dg(eg) = eg,dg(e;) = €7, 1<i<3
dg(eo) = eg,dg(ei) = €;48, 1 < ) < 2
dio(eo) = €10, di1(e1) = eqo.
d (60) =€+ 861,d1(€1) = 961,
dl(eg) = 10es + 8eg, dl(eg) = l1lesz + 10e11,
dl(ei)z(n+i—3)ei, 4<i<11
dg(@o) = eg,dg(ei) = €41, 1 § 7 < 10
d3(€0) = 63,d3(6¢) = €42, 1 g ) g 9
ds(eg) = eq,da(e;) = eir3, 1<i<8
12 d5(€0) = 65,d5(6i) = €444, 1 < ) < 7 12
d@(eo) = 367d6(€i) = €45, 1 < ) < 6
d7(60) = 67,d7(€i) = €46, 1 S ) g 5
dg(eo) = es,dg(e;) = ejyr, 1<i<4
dg(eo) = eg,do(e;) = €ivs, 1<i<3
dio(eo) = €10, dro(€i) = €iyg, 1< i <2
dii(eg) = e11,diz(er) = eqq.
dl(eo) = €p + 9617d1(€1) = 1061,
dl(eg) = 1162 + 866, dl(eg) = 1263 + 11612,
dl(ei):(n—i-i—?))ei, 4<Z<12
dg(eo) = 62,d2(6i) = €41, 1 g ) < 11
dz(eo) = e3,dz(e;) = eip2, 1<i<10
d4(60 = 64,d4(6¢) = €43, 1 g ) g 9
13 ds(eo) = es,ds(e;) = €iqq, 1< <8 13

)

(eo) (

( ) (BZ) = 6i+5, 1 < Z < 7
d7(€0) = €7, d7(€7;) = €46, 1 < 7 < 6
dg(eo) = eg,dg(ei) = €;47, 1 < 7 g 5

( )Zeg,dg(ei = €48, 1<Z§4
dio(eo) = e10,d1o(€i) = €iyg, 1<i<3
dii(eo) = e, dii(e;) = eipg, 1<i<2

di2(eo) = e12,d1z(e1) = eqa.

TABLE 2. Derivations ofL € L,,(C), n € [11;13].
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Dim(L) Basic derivations dimDer(L)
dl(eo) =eg + 1061,(11(61) = 1leq,
dy (62) = 12e9 + 9eq, dy (63) = 13e3 + 12e33,
dl(ei):(n+i73)ei, 4<Z<13
dg(eo) = ez,dg(ei) = €41, 1 < ) < 12
d3(60) = 637d3(6i) = €42, 1 < ) < 11
d4(60) = 64,d4(6l) = €43, 1 g ) < 10

ds(eo) = e5,ds(e;) = ejqa, 1< <9
14 (60) = 66,d6(67) = €j+5, 1 g 1 § 8 14
dr(eo) = er,d7(e;) = eiye, 1<i<T
ds(eo) = es,dg(e;) = eir7, 1<i<6
do(eo) = eg,dg(e;) = eiq4g, 1<i<5
dio(eo) = €10, d1o(€i) = eiyg, 1<i<4
dii(eo) = e, dii(e;) = eip9, 1<i<3
di2(eg) = e12,di2(e;) = ejp9, 1<i<2
di3(eo) = e13,dis(e1) = e1s.
d1(€0) =eg + 1leq, dl(el) = 12e4,
dl(eg) = 1362 + 1066, dl(eg) = 1463 + 13614,
di(e;) =(n+i—3)e;, 4<i<14
dz(eo) = 627d2(6i) = €41, 1 < ) < 13
dg(eo) = 637d3(6i) = €42, 1 < ) < 12
d4(60) = 64,d4(€i) = €43, 1 < 7 < 11
d5(€0) = 6’5,d5( z) = €44, 1 § ) < 10
15 ds(eo) = eg,ds(e;) = €iys, 1< <9

z)—ez+77 1<eg7

( 15
60) = 67,d7(6¢) =€y, 1<1<8

(e

(1—61-1-87 1<Z<6

dlo(eo) = 6107d10(ez) =eiy9, 1<i<5H

d11(€0) =er,dii(e) = eipg, 1<i<4

diz(eg) = e12,di2(e;) = ejp9, 1<i<3

diz(eo) = €13, d13(€;) = ejyg, 1< i <2
d

14(e0) = e1s, dis(e1) = eq
TABLE 3. Derivations ofL € L,,(C), n € [14;15].

In above tables, the first column contains algebras ffgriC) with n € [6; 15].
The second column gives the derivations of algeliras L,,(C). The third column

indicates the dimension of the derivation algebfas-(L) for L € L, (C) where
n € [6;15].
Remarks:

In the next lines, we add some points to give more information about our study.

e A basis of Der(L), whereL € L,(C), can be found and this will be the
main purpose of the next pages.

e Sincedim L, (C) = n + 1, forn > 5, the dimension ofDer(L) can be
computed.
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Next, we will present some statements that are the main task of our paper.

Definition 3.1. Letn > 4 andz = > \e;. We denote by, (z) = > Ait1(e),
=0 1=0
where

tl(eo) =eg + (n — 3)61,
ti(er) = (n—2)eq,
ti(e2) = (n—1)ea + (n — 3)epn—1,
ti(es) = (n)es + (n — 1)ey,
ti(e;) = (n+1i—3)e; i€ [4;n],

and we definé such that
ag eg + ap(n — 3)eq, 1=0,
ar1(n—2) ey, 1=1,

do(ei) = 042(7171) 62+0[2<n73) €n—1, Z:27 (3 1)

agnes + (n —lage, i =3,
~vi(n — 3 +1) e, i€ [4;n].

Lemma 3.1. We havely = agt;.

Proof. ConsiderL € L,,(C) anddy € Der(L) givenby (3. 1), wherew, a1, s, as
and-; (4 < i < n) are parameters. Consider the derivation conditions

do([ei, e]) = [do(e;), ej] + [es, do(e;)], 4,5 =0,1,2,...,n.

Using the definition of_,,(C) anddy, we have the following cases:

e First Case: Leti, j) = (0,0).
Then

do([eo,eo]) = [do(eo),eo] + [Go,do(eo)].
Using Theorem 2.1
do(eq) = [ao eo + ap(n — 3)eq, 60] + [eo, ageg + ag(n — 3)eq].

Therefore

ag(n —1)es +as(n—3)e,—1 =ag(n —1)ea + ap(n — 3) ep—1

and then
az(n —3) = ap(n — 3).

Therefore
ap = Q. (3.2)
e Second Case: Lét, j) = (1,0).
Then
do([e1, e0]) = [do(e1), e0] + [e1, do(eo)],
and so
do(e2) = [a1(n — 2) eq, eg] + [e1, ap eg + ap(n — 3)eq]
and

as(n—1)eas +as(n —3)ep—1 = a1(n —2)es + agea + ap(n — 3)e,—1

as(n—1)=a1(n—2) + ap
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we get
as = .
e Third Case: Leti, j) = (2,0).
Then
do([e2, e0]) = [do(e2), €o] + [e2, do(eo)]-
Using Theorem 2.1, we get
do(es) = [aa(n — 1) e2 + aa(n — 3) en—1, €0] + [e2, ap €0 + ap(n — 3)eq]
this leads to
agnes + (n—1Daze, =as(n—1)es + az(n—3) e, + agez + ag(n — 3)ey,.
And that
agnes+ (n—Dase, =(n—1+1)ares+ (n—1aze,

a3 = a1 and as = as.

Thus
ap = o] = ag = 3. (3. 3)
e Fourth Case: Leti, j) = (3,0).
Then
do([es, eo]) = [do(e3), €o] + [e3, do(eo)]
and so
do(es) = [aznes+ (n—1)agen,e] + [e3, a0 eg + ap(n — 3)eq]
(n+1)yaes = asgnes+agey
= (n+1)ages.
Thus Y4 = Q.

o Fifth Case: Lef(i, j) € ([4;n],0),
then

n

do({iemeo}) = [do(z ei)760} + [Zn:%do(eo)}
Using Theorem 2.11:,4we have - -

i

62‘_;,_1) = {Z”yz(n—fi—l-z) 62',60:|
=4 =4

n

+ [Zei,ao eo + ap(n — 3)61}

i=4
do(Z(fiH) = Z%(n —3+1i)ei +Zao €it+1
=4 =4 =4
Z(Tl*3+l+1)’}/z+1 €i+1 — Z%(n73+z) ei+1+2aoei+1.
i=4 i=4 i=4

If © = 4, we obtain

(n+2)y5e5 = (n+1)vse5 + ages = 5 = V.
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Y5 = Y4 3. 4)
The same procedure gives
Yit1 = v, 1€ [4;n].
Finally, we have
apg=a1 = =a3 =", i€ [4;n]. (3.5)

Now let us computeéy(z)
dp ( Z i ei) =X\ do(eo) + M do(el) + Ao do(eg) + A3 d0(€3) + Z i do(ei)
=0 =4
= )\0(0[0 €o + ao(n — 3)61) + Al(al(n — 2) 61)
+ Ao(ag(n — 1) ea + az(n — 3) en—1)

+ Asz(asznes + (n—1azey,)

n

+Z)\i(n—3+i)'yi e
i=4

= Olo[Ao(eo + (’/l - 3)61) + )\1(TL - 2)61

+A2((n —1)ez + (n — 3)en—1)

+ A3(nes + (n—1)e,) + Z Ai(n —3+1)e)
i+4
= oo t1(x). (3. 6)
Therefore
do = agt;.
]

Lemma 3.2. Considerd;, € Der(L), L € L,(C), fork € [1;n — 2], andn > 3,
such thatdy, is defined by

N_ ) Toekt1, 1=0,
dk(el) - { T 6k+i,i € H].,TL - k]] (3 7)
wherery, 7; € Randi € [1;n — k]. Then

di(eo) = ext1

and
di(€;) = exti, i € [Lin— kK]
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Proof. Consider the family of derivations
dk([ei, ej]) = [dk(ei), ej] + [ei,dk(ej)], 1,7 =0,1,2,...,n.
Consider the following case:
e First Case: Leti, j) = (0,0).
Then
dk([eo eo]) = [di(eo), eo] + [eo. di(eo)]-
Using Theorem 2.1, we get
di(e2) = [10 €x+1, €0 + [€0, To €xt1]-
This implies
T26k+2:7'06k+2:>7'2:7'0. (3 8)
e Second Case: L€t, j) = (0,1).
By the definition:
di(leo,e1]) = [di(eo), e1] + [eo, di(e1)].
Then
di(en) = [70e€kt1,e1] + [eo, T1 €xt1].
This gives
70 # 0 and ™ # 0.
e Third Case: Leti, j) € ([1;n — k], 0).
Using Definition 2.4, we have

a([Sen]) = (X e + [Seniiten]

Therefore

n—=k n—k n—k
dk( E 61‘+1> = [ E T €k+i;60:| + { E ei,706k+i]~
i=1 i=1 i=1

Then
n—k n—k
Z Ti+1 €k+i+l = Z Ti €l+i+1-
i=1 i=1
We obtain
Tiv1 = T, ©€[L;in—E]. 3.9

From equations (8) and (9), we get

"7 = T, 1=1,2,3,...,n—k. (3. 10)
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Thus

dk(Z)\iez) = d0(>\0€0)+2d0(>\i6i)
i=0

i=1

= No(roerr) + ) Xi(Ti exti)-

i=1

Using equation (10), we get

n n—k
dk(z g 61) =T ()\0 €ht1 T+ Z g ek+i>~
i=0 i=1
Thus
di(eo) = ex+1 and di(e;) = ext4, @ € [1,n — k].
Hence, we complete the proof. a

Lemma 3.3. Letz given byz = > A;e;. Then
1=0

tg((E) = Z )\Ztg(ez)
=0
Proof. Considerd,,_; € Der(L), whered,,_; is defined by

mToen, 2=0,
st ={ "o (3. 11)

for scalarry. Consider the family of derivations
dn—1(lei, €5]) = [dn-1(€:), €] + €, dn—1(e;)].
e First Case: Lefi,j) = (0,1).
Then
dn—1([€o, €0]) = [dn-1(e0), 0] + [e0, dn—1(e0)].
Using the equation (11) and the definitionof(C), we get
dpn—1(e2) = [m0 en, €0] + [€0, To €n).
This implies my # 0.
e Second Case: Lé&t, j) = (1,0).
Then
dn—1([e1, €0]) = [dn—1(e1), €0] + [e1, dn—1(e0)].
Using the equation (11) and the definitioniof(C), we obtain

dn_l(eg) = [O, 60] + [60, o en] =0.
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Thus
dn—1 (Z Ai €i) = dp—1(Moeo) +dn_1(A1e1) + Z dp—1(Ni €;)
i=0 i=2

= Xo(moen)

= mo(Xoen)

= T tg.
Then, we obtain

f,g(eo) = €np. (3 12)

This completes the proof. a

Lemma 3.4. The mappings;, t2 anddy, for k € [1,n—2] are Linearly independent.

Proof. Remember thaty;, ay and 5, wherek € [1,n — 2] are real numbers such
that

n—2
aqty + agts + Z Brdy = 0.
k=1
Letx € Span{eg,e1,ea,€e3,...,e,—1}. Then

n—2
Ozltl(l‘) + Ozgtg(x) + Z Brdy, (m) =0.
k=1

Using the linearly independence of functions, it is sufficient to work with
r=e¢;, 1=01,...,n—1.

So, we have the following linear system fio= 0,1,2,3,...,n— 1

n—2

arty(e;) + astale;) + Z Brdi(e;) = 0.
k=1

We have a system of equations, which we solve it by two cases:

e FirstCase: let =0,1,2,3,...,n—1, then
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n—1 n—2
Z [altl(ei) + aota(e;) + Z ﬂkdk(ei)}
i=0 k=1

n—1

[041?51 (€;) + asta(e;) + Prdi(e;) + Bada(e;) + ﬁn—2dn—2(€i)]
i=0

= aiti(eo) + aata(eg) + Bidi(eo) + Bada(eg) + - - . + Br_2dn_a(eo)

+[aati(er) + asta(er) + asts(er) + Bidi(er) + Bada(er) + ... + Buadn—2(e1)]
+ [anti(e2) + astalen) + asts(es) + Bida(ea) + Bada(e) + - . + Buadn_2(e2)]
N

—+ ...

+ [ont1(en—1) + ata(en_1) + asts(en_1) + Brdi(en_1)

+ Bady(en_1) + .. + Bru_adn_2(en_1)] = 0.

This implies

ai(eg + (n—3)er) + Prea + Paes + fPzeq + Paes
+...+ /6n—3€n—2 + ﬁn—2en—1
+ aen) + (a1 (n — 2)es + Brea + Poes + [zeq + faes + ...

+ Bn_3en—2 + Bn_2en_1) + (a1(n — 1)es + fres + [reqs + fses
+ Baes + ...+ (a1(n —3) + Bn_z)en—1 + Bn_20en)

+ (a1(n)es + Bres + Boes + Bsee + Baer + ...

+ (a1(n —3) + Bn-a)en—1 + (Bn-3 + 2a1(n — 3))ey,)

+...

+...

+ (1 (2n — B)ep—2 + Pren—1 + Paen)

+ (a1 (2n — Q)en_1 + Bien)

+ (1(2n — 3)e,) = 0.
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We obtain

1€
+a1(n —3)ex

+ (a1(n—2)+ 261 + oa(n — 1))ez

+ (a1(n) + B1 + 282)es

+ (a1(n+1) + B1 + B2 + 203)es

+(a1(n+2) + B1 + B2 + B3 +264)es

+ (a1(n+3) + B1 + B2 + B3 + Ba + 205)es

+...

+...

+(1(2n—4) + B+ Bo+ B3+ ..+ Brs + Brs + 201 (n — 3))en_1
+(@i(2n=3)+B1+ B2+ ...+ B+ Bn-z +20n—2+ a2+ 201(n — 3))e,

=0.

Here we have the following results:

1) 2aye09 = 0 which implies a; = 0.

2) (a1(n —2)+ 201 + a1(n — 1))ex = 0, which implies 23; + a; = 0.
Sincea; = 0,thens; = 0.

3) (262 + B1 + a1(n))es = 0, which implies232 + 31 + a1 (n) = 0.
Butay = 81 = 0,thengy = 0.

4) (285 + B2 + B1 + a1(n + 1))es = 0, which implies

283+ B2 + B1 +ar(n+1) =0.But a; =B = =0,then 33 = 0.
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5) (284 + B3 + B2 + B1 + a1 (ng))es = 0, which implies
284 + B3 + B2 + B1 + a1(n —2) = 0.
But ay = 81 = 62 = B3 =0, theng, = 0.
6) Similarly, (3,—2+ Bn—3+ Bn—a+ Bns5+ ...+ B2+ 1 + 1 + az)e, =0,
which implies3,,_2 + Bn_3 + ... + B+ B1 + a1 +az = 0.

Butaliﬂl :ﬁg:ﬁg:ﬁ4:65:.-.:ﬂn—2:O-Thenagio.
e Second Case: lét= n, then

n—2
arti(en) + aata(en) + Y Brdi(en) =0
k=1
by using Lemmas 3.1-3.3. Here, from Case 1 and Case 2 we obtain
ap=ar=031=0=03=01=0F=...=Fr2=0. (3.13)
These prove the mappings are linearly independent. |

Lemma 3.5. The Linear mappingdy, dy, d,,—1 € Der(L,(C)), 1 < k < n —2,
spanDer(L,(C)).

Proof. First we observe that by (1), (7) and (11),

Xo(ag) eg + A1(ap(n —3) + B1(n — 2)) ey,

+Xa(a1(n—1)es + az(n —3)ep—1)

+As(nones +2(n — 3)m) e,

dk(qj) = +Z)\Z(%(n—3+z))e“ for k=0, (3. 14)

=4

n—~k
+A0To €ki1 + D AkTiepai, for 1 <k <n—2,

+Aomg en, for ;C_: n—1.
Hence, by using equations (10) and (14)
di(x) = ap[Ao(eo + (n — 3)er) + A1(n — 2)er + Aa((n — 2)ea + (n — 3)en—1)

n n—k
+ Az(nes + 2(n — 3)e,) + Z Ai(n —3+1i)e;] + 1o(Aoert1 + Z i €kti)
i+4 i=1
+ 7T0()\0 en).
Therefore

d = agt1 + mota + Todp for1 <k <n—2.

Hence, we conclude tha, t; anddy, for 1 < k < n — 2, spanDer(L,(C)). O
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We note that,, t; andd,, for 1 < k < n—2 are defined in Lemma.1 to Lemma
3.3.

Proposition 3.1. Let Ln(C) be[eg, 9] = €2, [es,€0] = €41, 1 <4 < n—1and
[eo,e1] = en—1,[e1,e1] = en—1, [e2,€1] = e,. Thenty, ty andd, for 1 <k < n—2
are a basis of the space Ddrf(C)) .

Proof. : The proof follows from Lemma&.4, and Lemmas.5. g
Proposition 3.2. The mapping, t> anddy for 1 < k < n — 2 are derivations .

Proof. : Consider

n n
T = E Qp€r, Y= E Brex.
k=0 k=0

Then, by using the definition of the algehitg (C), we get

n—3
vy = Polag+on)es + azfoes + > focieit
i=3
+(B1(ao + a1) + Boan—2)en—1 + (@281 + Boan—1)en. (3.15)
Then, using ( 3. 15) and Definition 3.1, we get
n—3
t1(z.y) = (n — 1)ex + nes + Z(n +i—3)e; +(2n —5)ep_o
i=4
+(Bn—T)ep—1 + (4n —9)e,. (3. 16)
Thus
ti(x) = ageg+ (ao(n —3)+ ai(n—2))e; + az(n — 1)es + agnes
n—2
+ Z ai(n+i—3)e; + (g + an_1)(3n — 7)en—1
i=4

+ (as+a,)(dn+9)e,.

Hence
ti(x).y = [Boao+ Polag(n —3) + ar(n —2))]ez + Bo az(n — 1)es
n—2
+ Z Goai(n+1i—3)eir1 + B1(ag + ag(n —3) + a1(n — 2))e,—1
i=2
+ [Baz(n—1)+ Bo(az + an—1)(3n — 7)]en, (3.17)
and thus
ti(y) = Poeo+ [Bo(n—3)+ Fi(n—2)]er+ Fa2(n—1)ez + fznes
n—2
+ Z Bin+i—3)e; + [Ba(n —3) + Bn_1(2n — 4)]en—1
i=d

+ [283(n —3) 4+ Bn(2n — 3)]en.
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Therefore

n—3

z.t1(y) = Po(ao + 1) ea + Y Bocieirs + (Boon—1
i—2

+ (oo + a1)(Bo(n —3) + fi(n —2))en—1 + apon—1

+ ax(Bo(n —3) + Bi(n —2) e (3. 18)

By adding(17) to (18), we obtain(16). This implies that; is a derivation. Now, we
should show that is also a derivationts(z) = age,, andta(y) = Boen. Similarly,
we havety(z).y = 0, z.t2(y) = 0 andtz(z.y) = 0 and thus, is a derivation. Now,

since

1 n

z_: di(x) = Zaidk(eqp),
k=1

1i=1

3
|

>
Il

thus
n—1 n—1 n—2 n—3
Z de(z) = (o0 + o) Z €k+1 T Q2 Z Ck+2 T a3 Z €k+3
k=1 k=1 k=1 k=1
2
+...tap—2 Z €k4n—2 + an—_1€n.
k=1
Then
n—1 n—2
(S di@)y] = folao +a1) Y enra
k=1 k=1
n—3 n—i—1
+ Bod i Y exrn—a+ (Boan—a+ Bi(ao + a1))8,19)
=2 k=1
In addition
n—1 n—1
Z de(y) = (Bo+51) Z Ek+1
k=1 k=1
n—2 n—3 2
+ B2 Y eri2t+Bs Y eryst ot B2 ehin2t Puien.
k=1 k=1 k=1

And we have

[x, ni dk(y)} —0. (3. 20)
k=1
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Also
n—1 n—2
Y di(zy) = Polao+ar) Y eria
k=1 k=1
n—3 n—i—1
+ Ho Z Q; Z Chtitl
=2 k=1
+  (Boon—z + Bi(ag + 1)) en. (3.21)
By adding(19) to (20), we get(21). Thusdy is a derivation. This completes the
proof of the proposition. a

The following Maple code can be used to get the most formula proved in our paper.

restart:

n:=8:
eiej:=proc(ii::nonnegint,jj::nonnegint)
global n;

local i:=ii, j:=jj,

v:=Vector[row](n+1);

#'v[n+1] for eO

if i=n+1 then i:=0 fi;

if j=n+1 then j:=0 fi;

if i=0 and j=1 then v[n-1]:=1

elif i=0 and j=0 then v[2]:=1

elif i=1 and j=1 then v[n-1]:=1

elif i=2 and j=1 then v[n]:=1

elif i<n and j=0 then v[i+1]:=1 fi;

eval(v) end:

eiej(2,0)=eiej(2,n+1), eiej(l,1), eiej(2,1);

‘&x' = (v,w) —> add(add( v[ikw[j]=*eiej(i,]),
i=1..n+1),j=1..n+1);e[0]:=Vector[row](n+X,n+1=1}):
#|1 define the basis to make computation

for i to n do e[i]:=Vector[row](n+1{i=1})

od: v2e:=v—> v[n+1]x‘%e‘[0]+ add(v[i]x'%e‘[i],i=1..n);
#display using inert %e[i], optional "

tl:=v — v[n+1]x(e[0]+(n=-3)xe[1]) + v[1l]*x(n—-2)xe[1l]+
add (v[i]+«((n+i—=3)xe[i]+(i —1)x(n—3)xe[n-3+i]),i=2..3)+
add (v[i]x(n+i—3)xe[i],i=4..n);

x:=add (alpha[k¥e[k],k=0..n):

y:=add (beta[kke[k],k=0..n):

v2e(x); value('%');

tl1(x);#' Compute the value of tl1 on x'

v2e (‘% ");

t1(x) & v;
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v2e (‘% ");

tl(y);

v2e (‘% ");

X & y;

v2e (‘% ");

X & t1(y);

v2e(‘'%');

t1(x & y)— t1(x)&x y—x & tl(y);
simplify (v2e (‘% "));
tl(x & y); v2e('%');
t1(X)&x y+x & tl(y);
v2e (‘% ");
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