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Abstract. In this paper, we introduce and study certain subclasses of ana-
lytic functions involving Salagean operator. For these classes, the Fekete-
Szeg̈o type coefficient inequalities associated with thek-th root transfor-

mation
[
f(zk)

] 1
k are derived. A similar problems are investigated forz

f(z)

whenf(z) belonging to these classes.
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1. INTRODUCTION

Let ℘ denote the class of functionsf(z) of the form:

f(z) = z +
∑

j≥2

ajz
j (1. 1)

which are analytic in the open unit discU = {z : z ∈ C, |z| < 1}, Further, letS denote
the class of functions which are univalent inU . Let Λ be the class of analytic functions
p, normalized byp(0) = 0, satisfying the condition|p(z)| < 1. If f andg are analytic
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functions inU, we say thatf is subordinate tog, written f(z) ≺ g(z), if there exists a
Schwarz functionp ∈ Λ such thatf(z) = g(p(z)). For a functionf(z) in ℘, we define

D0f(z) = f(z), D1f(z) = Df(z) = zf ′(z),

Dnf(z) = D(Dn−1f(z) (n ∈ N = {1, 2, 3, ...}) .

Note that
Dnf(z) = z +

∑

j≥2

jnajz
j , (n ∈ N0 = N ∪ {0}) . (1. 2)

The differential operatorDn defined by ( 1. 2 ) was introduced by Sălăgean [17] and
investigated recently by (for example) Ramachandran et al. [13]. In fact, several general
families of operators such as those named as the Dziok-Srivastava operator [5, 6, 7], the
Srivastava-Attiya operator [21] and the Srivastava-Wright operator [20] have been widely
and extensively used in Geometric Function Theory in recent years. Letψ(z) be an analytic
function withψ(0) = 1, ψ′(0) > 0 andRe ψ(z) > 0 (z ∈ U) which maps the unit discU
onto a starlike region with respect to1 and is symmetric with respect to the real axis. Let
S∗(ψ) be the class of functionsf(z) ∈ S for which

zf ′(z)
f(z)

≺ ψ(z), (z ∈ U)

andC(ψ) be the class of functionsf(z) ∈ S for which

1 +
zf ′′(z)
f ′(z)

≺ ψ(z), (z ∈ U).

The classesS∗(ψ) andC(ψ) were introduced and studied by Ma and Minda [11]. They
obtained the Fekete-Szegö inequality for functions in the classS∗(ψ) and also for functions
in the classC(ψ). For a brief history of the Fekete-Szegö problem for class of starlike,
convex, and close-to-convex functions, see the recent paper by Srivastava et al. [22]. It is
well known that then−th coefficient of a univalent functionf ∈ ℘ is bounded byn. In
1933, Fekete and Szego [8] proved a noticeable result that the estimate

∣∣a3 − ηa2
2

∣∣ ≤ 1 + 2 exp
(
− 2η

1− η

)
,

holds for f ∈ S and for 0 ≤ η ≤ 1. This inequality is sharp for eachη . Recently
many authors have considered the Fekete-Szegö problem for typical classes of univalent
functions (see, for instance [2], [3], [12], [14], [15], [16], [18], [19], [22], [23], [24]) .
Here, we consider the following classes of functions,

Rn(b, ψ) :=
{

f ∈ ℘ : 1 +
1
b

[Dn+1f(z)
z

− 1
]
≺ ψ(z)

}
,

S∗n(γ, ψ) :=
{

f ∈ ℘ : (1− γ)
Dn+1f(z)
Dnf(z)

+ γ
Dn+2f(z)
Dnf(z)

≺ ψ(z)
}

,

Ln(γ, ψ) :=

{
f ∈ ℘ :

(Dn+1f(z)
Dnf(z)

)γ (Dn+2f(z)
Dn+1f(z)

)1−γ

≺ ψ(z)

}
,

Mn(γ, ψ) :=
{

f ∈ ℘ : (1− γ)
(Dn+1f(z)
Dnf(z)

)
+ γ

(Dn+2f(z)
Dn+1f(z)

)
≺ ψ(z)

}
,

whereb is non-zero complex number andγ ≥ 0. By giving specific values to the parame-
tersn, γ andψ in the classesRn(b, ψ), S∗n(γ, ψ), Ln(γ, ψ) andMn(γ, ψ), we obtain the
following subclasses studied by earlier authors:
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Remark 1.1.

(i) R0(b, ψ) = Rb(ψ)(see Ali et al. [2]);
(ii) S∗0 (γ, ψ) = S∗(γ, ψ)(see Ali et al. [2]);
(iii) S∗0 (0, 1+Az

1+Bz ) =: S∗(A,B)(−1 ≤ A < B ≤ 1) (see Janowski [9]);
(iv) L0(γ, ψ) = L(γ, ψ)(see Ali et al. [2]);
(v) L0(0, 1+Az

1+Bz ) =: C(A, B)(−1 ≤ A < B ≤ 1) (see Janowski [9]);

(vi) L0(1, 1+Az
1+Bz ) =: S∗(A,B)(−1 ≤ A < B ≤ 1) (see Janowski [9]);

(vii)L0(0, ψ) =: C(ψ) andL0(1, ψ) =: S∗(ψ) (see Ma-Minda [11]);
(viii) L0(γ, ψ) =: Mγ,β(ψ)(β = 1− γ and0 ≤ γ ≤ 1) (see Ravichadran et. al. [15]);
(ix) M0(γ, ψ) = M(γ, ψ)(see Ali et al. [2]);
(x) M0(0, 1+Az

1+Bz ) =: S∗(A,B)(−1 ≤ A < B ≤ 1) (see Janowski [9]);

(xi) M0(1, 1+Az
1+Bz ) =: C(A,B)(−1 ≤ A < B ≤ 1) (see Janowski [9]).

For a functionf(z) ∈ S defined by ( 1. 1 ), thek−th root transform is given by:

F (z) =
[
f(zk)

] 1
k = z +

∑

j≥1

bkj+1z
kj+1. (1. 3)

Remark 1.2. Setk = 1, the above expression reduce to the function f it self.

In the present paper, we derive the Fekete-Szegö inequality for the classesRn(b, ψ),
S∗n(γ, ψ), Ln(γ, ψ) andMn(γ, ψ) which we define a bove. In order to derive our main
results, we have to recall here the following lemmas.

Lemma 1.3. [1] Letp ∈ Λ and

p(z) = c1z + c2z
2 + ... (z ∈ U), (1. 4)

then,

∣∣c2 − tc2
1

∣∣ ≤



−t if t ≤ −1
1 if − 1 ≤ t ≤ 1
t if t ≥ 1.

Whent < −1 or t > 1, the equality holds if and only ifp(z) is z or one of its rotations.
If −1 < t < 1, then the equality holds if and only ifp(z) is z2 or one of its rotations. If
t = −1, the equality holds if and only ifp(z) = z λ+z

1+λz (0 ≤ λ ≤ 1) or one of its rotations.

If t = 1, the equality holds if and only ifp(z) = −z λ+z
1+λz (0 ≤ λ ≤ 1) or one of its

rotations.

Lemma 1.4. [10] (see also[16]) Letp ∈ Λ, then, for any complex numbert,
∣∣c2 − tc2

1

∣∣ ≤ max {1; |t|} ,

and the result is sharp for the functions given byp(z) = z2 or p(z) = z.

2. FEKETE-SZEGÖ PROBLEM

Theorem 2.1. Letf(z) be given by ( 1. 1 ). Assume that

ψ(z) = 1 + A1z + A2z
2 + A3z

3 + ... . (2. 5)



68 Hanan Darwish, Abdel Moneim Lashin and Suliman Soileh

If f ∈ S∗n(ψ), andF is thek−th root transformation off defined by ( 1. 3 ), then for any
complex numberη

∣∣b2k+1 − ηb2
k+1

∣∣ ≤





[k(22n−3n)+3n]A2
1

22n+1.3nk2

(
1− 2.3nη

k(22n−3n)+3n

)
+ A2

3n.2k if η ≤ ρ1,

A1
3n.2k if ρ1 ≤ η ≤ ρ2,

− [k(22n−3n)+3n]A2
1

22n+1.3nk2

(
1− 2.3nη

k(22n−3n)+3n

)
− A2

3n.2k if η ≥ ρ1

where

ρ1 :=
22n−1

3n

[
k

A1

(
A2

A1
− 1

)
+ k(1− 3n4−n) + 3n4−n

]
,

ρ2 :=
22n−1

3n

[
k

A1

(
A2

A1
+ 1

)
+ k(1− 3n4−n) + 3n4−n

]
.

and
∣∣b2k+1 − ηb2

k+1

∣∣ ≤ A1

3n.2k
max

{
1;

∣∣∣∣
[k(22n−3n)+3n]A1

22nk

(
1− 2.3nη

k(22n−3n)+3n

)
+

A2

A1

∣∣∣∣
}

.

Proof. If f ∈ S∗n(ψ), there exists a functionp(z) ∈ Λ given by ( 1. 4 ) such that

Dn+1f(z)
Dnf(z)

= ψ(p(z)). (2. 6)

Since

Dn+1f(z)
Dnf(z)

= 1 + 2na2z + (2.3na3 − 22na2
2)z

2 +
(
3.4na4 − 3.6na2a3−23na3

2

)
z3 + ...,

and
ψ(p(z)) = 1 + A1c1z +

(
A1c2 + A2c

2
1

)
z2 + ... .

From ( 2. 6 ), we obtain
2na2 = A1c1 (2. 7)

and

3na3 =
1
2

[
A1c2 +

(
A2 + A2

1

)
c2
1

]
. (2. 8)

Forf ∈ A given by ( 1. 1 ), it is easy to show that

[
f(zk)

] 1
k = z +

1
k

a2z
k+1 +

(
1
k

a3 − 1
2

(k − 1)
k2

a2
2

)
z2k+1 + ... . (2. 9)

By using ( 1. 3 ) and ( 2. 9 ), we have

bk+1 =
1
k

a2, (2. 10)

also

b2k+1 =
1
k

a3 − 1
2

(k − 1)
k2

a2
2. (2. 11)

Using ( 2. 7 ) and ( 2. 8 ) in ( 2. 10 ) and ( 2. 11 ), we obtain

bk+1 =
A1c1

2nk

and

b2k+1 =
1

3n2k

[
A1c2 + A2c

2
1 +

k(22n − 3n) + 3n

22nk
A2

1c
2
1

]
,
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and hence,

b2k+1 − ηb2
k+1 =

A1

3n.2k

{
c2 −

[
− [k(22n−3n)+3n]A1

22nk

(
1− 2.3nη

k(22n−3n)+3n

)
− A2

A1

]
c2
1

}
.

The first part is obtained by applying Lemma 1.3.

If − [k(22n−3n)+3n]A1

22nk

(
1− 2.3nη

k(22n−3n)+3n

)
− A2

A1
≤ −1, then,

η ≤ 22n−1

3n

[
k

A1

(
A2

A1
− 1

)
+ k(1− 3n4−n) + 3n4−n

]
i.e., η ≤ ρ1,

and Lemma 1.3 gives:

∣∣b2k+1 − ηb2
k+1

∣∣ ≤
[
k(22n − 3n) + 3n

]
A2

1

22n+1.3nk2

(
1− 2.3nη

k(22n − 3n) + 3n

)
+

A2

3n.2k
.

For−1 ≤ − [k(22n−3n)+3n]A1

22nk

(
1− 2.3nη

k(22n−3n)+3n

)
− A2

A1
≤ 1, we have,

22n−1

3n

[
k

A1

(
A2

A1
− 1

)
+ k(1− 3n4−n) + 3n4−n

]
≤ η

≤ 22n−1

3n

[
k

A1

(
A2

A1
+ 1

)
+ k(1− 3n4−n) + 3n4−n

]

and Lemma 1.3 yields:
∣∣b2k+1 − ηb2

k+1

∣∣ ≤ B1

3n.2k
.

For− [k(22n−3n)+3n]A1

22nk

(
1− 2.3nη

k(22n−3n)+3n

)
− A2

A1
≥ 1, we have,

η ≥ 22n−1

3n

[
k

A1

(
A2

A1
+ 1

)
+ k(1− 3n4−n) + 3n4−n

]
i.e., η ≥ ρ2.

Applying Lemma 1.3, we have

∣∣b2k+1 − ηb2
k+1

∣∣ ≤ −
[
k(22n − 3n) + 3n

]
A2

1

22n+1.3nk2

(
1− 2.3nη

k(22n − 3n) + 3n

)
− A2

3n.2k
.

The second part follows by applying Lemma 1.4

∣∣b2k+1 − ηb2
k+1

∣∣ =
A1

3n2k

∣∣∣∣c2 −
[
− [k(22n−3n)+3n]A1

22n.k

(
1− 2.3nη

k(22n−3n)+3n

)
− A2

A1

]
c2
1

∣∣∣∣

≤ A1

3n2k
max

{
1;

∣∣∣∣
[k(22n−3n)+3n]A1

22nk

(
1− 2.3nη

k(22n−3n)+3n

)
+

A2

A1

∣∣∣∣
}

.

¤

Theorem 2.2. Let f(z) be given by ( 1. 1 ). Assume thatb is non zero complex number
andψ(z) is given by ( 2. 5 ). Iff ∈ Rn(b, ψ), andF is given by ( 1. 3 ), then for any
complex numberη

∣∣b2k+1 − ηb2
k+1

∣∣ ≤ |b|A1

3n+1k
max

{
1;

∣∣∣∣
3n+1bA1

22n+3

(
1− 1− 2η

k

)
− A2

A1

∣∣∣∣
}

.
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Proof. Let f ∈ Rn(b, ψ), there exists a functionp(z) ∈ Λ defined by ( 1. 4 ) such that

1 +
1
b

[
Dn+1f(z)

z
− 1

]
= ψ(p(z)). (2. 12)

Since

1 +
1
b

[
Dn+1f(z)

z
− 1

]
= 1 +

2n+1

b
a2z +

3n+1

b
a3z

2 +
4n+1

b
a4z

3 + ...,

and

ψ(p(z)) = 1 + A1c1z +
(
A1c2 + A2c

2
1

)
z2 + ...,

by using ( 2. 12 ), we have

a2 =
bA1c1

2n+1
(2. 13)

and

a3 =
b

3n+1

[
A1c2 + A2c

2
1

]
. (2. 14)

Using ( 2. 13 ) and ( 2. 14 ) in ( 2. 10 ) and ( 2. 11 ), it follows:

bk+1 =
bA1c1

2n+1k
,

and

b2k+1 =
bA1c2

k.3n+1
+

bA2c
2
1

k.3n+1
− b2A2

1c
2
1

22n+3k
+

b2A2
1c

2
1

22n+3k2
,

and hence

b2k+1 − ηb2
k+1 =

bA1

3n+1.k

{
c2 −

[
3n+1bA1

22n+3

(
1− 1− 2η

k

)
− A2

A1

]
c2
1

}
(2. 15)

Applying Lemma 1.4 yields:

∣∣b2k+1 − ηb2
k+1

∣∣ =
|b|A1

3n+1.k

∣∣∣∣c2 −
[
3n+1bA1

22n+3

(
1− 1− 2η

k

)
− A2

A1

]
c2
1

∣∣∣∣

≤ |b|A1

3n+1k
max

{
1;

∣∣∣∣
3n+1bA1

22n+3

(
1− 1− 2η

k

)
− A2

A1

∣∣∣∣
}

.

¤

Remark 2.3. Letk = 1, n = 0 and

ψ(z) = (1 + Bz) / (1 + Az) (−1 ≤ A ≤ B ≤ 1) ,

in Theorem 2.2, we obtain the result in[4], Theorem 4, p. 894.

Puttingb = 1, in Theorem 2.2, equation ( 2. 15 ) becomes:

b2k+1 − ηb2
k+1 =

A1

3n+1.k

{
c2 −

[
3n+1A

22n+3

(
1− 1− 2η

k

)
− A2

A1

]
c2
1

}
.

Remark 2.4. If we setb = 1, in Theorem 2.2, we obtain the following Corollary.
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Corollary 2.5. If f ∈ ℘ satisfiesD
n+1f
z ≺ ψ(z), then,

∣∣b2k+1 − ηb2
k+1

∣∣ ≤





− A2
1

22n+3k

(
1− 1−2η

k

)
+ A2

3n+1k if η ≤ ρ1,

A1
3n+1k if ρ1 ≤ η ≤ ρ2,

A2
1

22n+3k

(
1− 1−2η

k

)− A2
3n+1k if η ≥ ρ1

where

ρ1 =
22n+2kA2

3n+1A2
1

− 22n+2k

3n+1A1
− k

2
+

1
2

andρ2 =
22n+2kA2

3n+1A2
1

+
22n+2k

3n+1A1
− k

2
+

1
2
.

Theorem 2.6. Let f(z) be given by ( 1. 1 ). Assume thatγ ≥ 0 andψ(z) is given by ( 2.
5 ). If f ∈ S∗n(γ, ψ), andF is given by ( 1. 3 ), then for any complex numberη

∣∣b2k+1 − ηb2
k+1

∣∣ ≤





− A1
3n2k(1+3γ)υ, if η ≤ ρ1,

A1
3n2k(1+3γ) if ρ1 ≤ η ≤ ρ2,

A1
3n2k(1+3γ)υ, if η ≥ ρ1

where

ρ1 :=
k(1 + 2γ)222n−1

3nA1(1 + 3γ)

[
A1

(1 + 2γ)
+

A2

A1
− 3nA1(k − 1)(1 + 3γ)

22nk(1 + 2γ)2
− 1

]
,

ρ2 :=
k(1 + 2γ)222n−1

3nA1(1 + 3γ)

[
A1

(1 + 2γ)
+

A2

A1
− 3nA1(k − 1)(1 + 3γ)

22nk(1 + 2γ)2
+ 1

]
,

υ :=
A1

(1 + 2γ)

[
3n(k − 1)(1 + 3γ)

22nk(1 + 2γ)
+

3nη(1 + 3γ)
22n−1k(1 + 2γ)

− 1
]
− A2

A1
.

and ∣∣b2k+1 − ηb2
k+1

∣∣ ≤ A1

3n2k(1 + 3γ)
max {1; |υ|} .

Proof. If f belongs toS∗n(γ, ψ), there exists a functionp(z) ∈ Λ given by ( 1. 4 ) such
that

(1− γ)
Dn+1f(z)
Dnf(z)

+ γ
Dn+2f(z)
Dnf(z)

= ψ(p(z)).

Since
Dn+1f(z)
Dnf(z)

= 1 + 2na2z + (3n.2a3 − 22na2
2)z

2 + ... (2. 16)

and
Dn+2f(z)
Dnf(z)

= 1 + 3.2na2z + (8.3na3 − 3.22na2
2)z

2 + ..., (2. 17)

then equations ( 2. 16 ) and ( 2. 17 ) yield:

(1− γ)
Dn+1f(z)
Dnf(z)

+ γ
Dn+2f(z)
Dnf(z)

= 1 + (1 + 2γ)2na2z (2. 18)

+
[
2(1 + 3γ)3na3 − (1 + 2γ)22na2

2

]
z2 + ...

Since
ψ(p(z)) = 1 + A1c1z +

(
A1c2 + A2c

2
1

)
z2 + ...,
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It follows from ( 2. 18 ) that

a2 =
A1c1

(1 + 2γ)2n
(2. 19)

and

a3 =
1

2(1 + 2γ)3n

[
A1c2 + A2c

2
1 +

A2
1c

2
1

(1 + 2γ)

]
. (2. 20)

Using ( 2. 19 ) and ( 2. 20 ) in ( 2. 10 ) and ( 2. 11 ), we get

bk+1 =
A1c1

k(1 + 2γ)2n
,

and

b2k+1 =
1

3n2k(1 + 3γ)

[
A1c2 + A2c

2
1 +

A2
1c

2
1

(1 + 2γ)

]
− A2

1c
2
1 (k − 1)

2n+1k2(1 + 2γ)2
,

and hence, ∣∣b2k+1 − ηb2
k+1

∣∣ =
A1

3n.2k(1 + 3γ)
{
c2 − υc2

1

}
,

where

υ :=
A1

(1 + 2γ)

[
3n(k − 1)(1 + 3γ)

22nk(1 + 2γ)
+

3nη(1 + 3γ)
22n−1k(1 + 2γ)

− 1
]
− A2

A1
.

Now an application of Lemma 1.3 gives the first part of the result. Ifη ≤ ρ1, then by
applying Lemma 1.3, we have

∣∣b2k+1 − ηb2
k+1

∣∣ ≤ − A1

3n.2k(1 + 3γ)
υ.

Forρ1 ≤ η ≤ ρ2, then by applying Lemma 1.3, we get
∣∣b2k+1 − ηb2

k+1

∣∣ ≤ A1

3n.2k(1 + 3γ)
.

Next, if µ ≥ ρ2, by applying Lemma 1.3, we write
∣∣b2k+1 − ηb2

k+1

∣∣ ≤ A1

3n.2k(1 + 3γ)
υ.

Now by applying Lemma 1.4, we get the second part of the result. ¤
Remark 2.7. Whenγ = 0 the above Theorem 2.6 reduces to Theorem 2.1.

Theorem 2.8. Let f(z) be given by ( 1. 1 ). Assume thatξ = (1 − γ), γ ≥ 0 andψ(z) is
given by ( 2. 5 ). Iff ∈ Ln(γ, ψ), andF is given by ( 1. 3 ), then for any complex number
η

∣∣b2k+1 − ηb2
k+1

∣∣ ≤





− A1
2.3nk(γ+3ξ)υ, if η ≤ ρ1,

A1
2.3nk(γ+3ξ) if ρ1 ≤ η ≤ ρ2,

A1
2.3nk(γ+3ξ)υ, if η ≥ ρ2

(2. 21)

where

ρ1 := k
3n21−2n(γ+3ξ)

[
(γ+2ξ)2

A1

(
A2
A1
− 1

)
− (γ+2ξ)2−3(γ+4ξ)

2 − 3n(k−1)(γ+3ξ)
22nk

]
,

ρ2 := k
3n21−2n(γ+3ξ)

[
(γ+2ξ)2

A1

(
A2
A1

+ 1
)
− (γ+2ξ)2−3(γ+4ξ)

2 − 3n(k−1)(γ+3ξ)
22nk

]
,
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υ :=
A1

(γ + 2ξ)2
[

(γ+2ξ)2−3(γ+4ξ)
2 + 3n(k−1)(γ+3ξ)

22nk + η3n21−2n(γ+3ξ)
k

]
− A2

A1
.

and ∣∣b2k+1 − ηb2
k+1

∣∣ ≤ A1

2.3nk(γ + 3ξ)
max {1; |υ|} .

Proof. If f ∈ Ln(γ, ψ), there exists a functionp(z) ∈ Λ given by ( 1. 4 ) such that
(Dn+1f(z)
Dnf(z)

)γ (Dn+2f(z)
Dn+1f(z)

)ξ

= ψ(p(z)). (2. 22)

Since
Dn+1f(z)
Dnf(z)

= 1 + 2na2z + (3n.2a3 − 22na2
2)z

2 + ...

and therefore,
(Dn+1f(z)
Dnf(z)

)γ

= 1 + γ2na2z +
[
2γ3na3 +

γ2 − 3γ

2
22na2

2)
]

z2 + ... (2. 23)

Similarly,
(Dn+2f(z)
Dn+1f(z)

)
= 1 + 2n+1a2z + (3n+1.2a3 − 22n+2a2

2)z
2 + ...

and therefore,
(Dn+2f(z)
Dn+1f(z)

)ξ

= 1 + 2n+1ξa2z +
[
2ξ.3n+1a3 +

(
ξ2 − 3ξ

)
22n+1a2

2

]
z2 + ... (2. 24)

Thus, from ( 2. 23 ) and ( 2. 24 ),
(
Dn+1f(z)
Dnf(z)

)γ (
Dn+2f(z)
Dn+1f(z)

)ξ

= 1 + 2n (γ + 2ξ) a2z

+
[
2.3n (γ + 3ξ) a3 + 22n [(γ+2ξ)2−3(γ+4ξ)]

2 a2
2

]
z2 + ... .

Since
ψ(p(z)) = 1 + A1c1z +

(
A1c2 + A2c

2
1

)
z2 + ... .

From ( 2. 22 ), we get

a2 =
A1c1

(γ + 2ξ)2n
(2. 25)

and

a3 =
A1c2 + A2c

2
1

2 (γ + 3ξ) 3n
−

[
(γ + 2ξ)2 − 3 (γ + 4ξ)

]
A2

1c
2
1

4.3n(γ + 2ξ)2 (γ + 3ξ)
(2. 26)

Using ( 2. 25 ) and ( 2. 26 ) in ( 2. 10 ) and ( 2. 11 ), we get

bk+1 =
A1c1

k.2n(γ + 2ξ)
,

and

b2k+1 =
A1c2 + A2c

2
1

3n2k (γ + 3ξ)
−

[
(γ + 2ξ)2 − 3 (γ + 4ξ)

]
A2

1c
2
1

4k3n(γ + 2ξ)2 (γ + 3ξ)
− A2

1c
2
1 (k − 1)

22n+1k2(γ + 2ξ)2
,

and hence, ∣∣b2k+1 − ηb2
k+1

∣∣ =
A1

2k.3n (γ + 3ξ)
{
c2 − υc2

1

}
.
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where,

υ =
A1

(γ + 2ξ)2

[
(γ + 2ξ)2 − 3(γ + 4ξ)

2

+
3n(k − 1)(γ + 3ξ)

22nk
+

η.3n21−2n(γ + 3ξ)
k

]
− A2

A1
.

Our results follow now by an application of Lemmas 1.3 and 1.4. ¤
Remark 2.9. If we setk = 1 andn = 0, then inequality ( 2. 21 ) is the result obtained in
[15], Theorem 2.1, p.3.

Theorem 2.10. Letf(z) be given by ( 1. 1 ). Assume thatγ ≥ 0 andψ(z) is given by ( 2.
5 ). If f belongs toMn(α,ψ), andF is given by ( 1. 3 ), then for any complex numberη

∣∣b2k+1 − ηb2
k+1

∣∣ ≤





−ςυ, if η ≤ ρ1,

ς if ρ1 ≤ η ≤ ρ2,

ςυ, if η ≥ ρ2

where

ρ1 :=
k

21−2n.3n(1 + 2γ)

[
(1 + γ)2

A1

(
A2

A1
− 1

)
+ (1 + 3γ)− 3n(k − 1)(1 + 2γ)

22nk

]
,

ρ2 :=
k

21−2n.3n(1 + 2γ)

[
(1 + γ)2

A1

(
A2

A1
+ 1

)
+ (1 + 3γ)− 3n(k − 1)(1 + 2γ)

22nk

]
,

υ := A1
(1+γ)2

[
3n(k−1)(1+2γ)

22nk + 21−2n.3nη
k (1 + 2γ)− (1 + 3γ)

]
−A2

A1
. andς = A1

2.3nk(1+2γ)

and ∣∣b2k+1 − ηb2
k+1

∣∣ ≤ A1

2.3nk(1 + 2γ)
max {1; |υ|} .

Proof. If f ∈ Mn(γ, ψ), there exists a functionp(z) ∈ Λ given by ( 1. 4 ) such that

(1− γ)
Dn+1f(z)
Dnf(z)

+ γ

(Dn+2f(z)
Dn+1f(z)

)
= ψ(p(z)). (2. 27)

Since

(1− γ)
Dn+1f(z)
Dnf(z)

= 1− γ + (1− γ)2na2z + (1− γ)
[
3n.2a3 − 22na2

2

]
z2 + ... (2. 28)

and

γ

(Dn+2f(z)
Dn+1f(z)

)
= γ + γ2n+1a2z +

[
2γ

(
3n+1a3 − 22n+1a2

2

)]
z2 + ... . (2. 29)

Then from equations ( 2. 28 ) and ( 2. 29 ), it folows:

(1− γ)
Dn+1f(z)
Dnf(z)

+ γ

(Dn+2f(z)
Dn+1f(z)

)
= 1 + 2n(1 + γ)a2z

+
[
2.3n(1 + 2γ)a3 − 22n(1 + 3γ)a2

2

]
z2 + ...

Since
ψ(p(z)) = 1 + A1c1z +

(
A1c2 + A2c

2
1

)
z2 + ... .

From ( 2. 27 ), we get

a2 =
A1c1

(1 + γ)2n
(2. 30)
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and

a3 =
1

2 (1 + 2γ) 3n

[
A1c2 + A2c

2
1 +

(1 + 3γ)A2
1c

2
1

(1 + γ)2

]
. (2. 31)

By using ( 2. 30 ) and ( 2. 31 ) in ( 2. 10 ) and ( 2. 11 ), it folows:

bk+1 =
A1c1

k(1 + γ)2n
,

and

b2k+1 =
1

2.3nk (1 + 2γ)

[
A1c2 + A2c

2
1 +

(1 + 3γ)A2
1c

2
1

(1 + γ)2

]

−3n (k − 1) (1 + 2γ)
22nk

A2
1c

2
1

(1 + γ)2
,

and hence, ∣∣b2k+1 − ηb2
k+1

∣∣ =
A1

2.3nk (1 + 2γ)
{
c2 − υc2

1

}
.

where,

υ =
A1

(1 + γ)2

[
3n(k − 1)(1 + 2γ)

22nk
+

21−2n3nη

k
(1 + 2γ)− (1 + 3γ)

]
− A2

A1
.

From Lemma 1.3 and Lemma 1.4, the results are obtained. Ifη ≤ ρ1, by applying Lemma
1.3, we have ∣∣b2k+1 − ηb2

k+1

∣∣ ≤ −ςυ.

Similarly, if ρ1 ≤ η ≤ ρ2, then by applying Lemma 1.3, we get∣∣b2k+1 − ηb2
k+1

∣∣ ≤ ς.

Next, if η ≥ ρ2, by applying Lemma 1.3, we write∣∣b2k+1 − ηb2
k+1

∣∣ ≤ ςυ.

¤

Remark 2.11. Puttingk = 1, γ = 1 andn = 0, in Theorem 2.10, we obtain the result in
[11], Theorem 3, p. 164.

3. FEKETE-SZEGÖ PROBLEM FORz/f

In this section, the Fekete-Szegö type coefficient inequalities associated with the rational
functionΨ of the form

Ψ(z) = z/f(z) = 1 +
∑

j≥1

djz
j , (3. 32)

wheref belongs to the classesS∗n(ψ), Rn(b, ψ), S∗n(γ, ψ), Ln(γ, ψ) andMn(γ, ψ) are
derived.

Theorem 3.1. Let f(z) be given by ( 1. 1 ). Assume thatψ(z) is given by ( 2. 5 ). If
f ∈ S∗n(ψ), andΨ is given by ( 3. 32 ), then for any complex numberη

∣∣d2 − ηd2
1

∣∣ ≤





[
1

22n (1− η)− 1
2.3n

]
A2

1 − A2
2.3n , if η ≤ ρ1,

− A1
2.3n , if ρ1 ≤ η ≤ ρ2,

[− 1
22n (1− η) + 1

2.3n

]
A2

1 + A2
2.3n , if η ≥ ρ2
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where

ρ1 :=
(

1− 22n−1

3n

)
+

22n−1

3nA1
− 22n−1A2

3nA2
1

, ρ2 :=
(

1− 22n−1

3n

)
− 22n−1

3nA1
− 22n−1A2

3nA2
1

.

and ∣∣d2 − ηd2
1

∣∣ ≤ A1

2.3n
max

{
1;

∣∣∣∣
[

3n

22n−1
(1− η)− 1

]
A1 − A2

A1

∣∣∣∣
}

.

Proof. It is easy to see that

z/f(z) = 1− a2z +
(
a2
2 − a3

)
z2 + ... . (3. 33)

From ( 3. 32 ) and ( 3. 33 ), we have

d1 = −a2 (3. 34)

and
d2 = a2

2 − a3 (3. 35)

Using ( 2. 7 ) and ( 2. 8 ) in ( 3. 34 ) and ( 3. 35 ), we obtain

d1 =
−A1c1

2n

and

d2 =
A2

1c
2
1

22n
− 1

2.3n

[
A1c2 +

(
A2 + A2

1

)
c2
1

]
,

and hence,

d2 − ηd2
1 = − A1

2.3n

{
c2 −

[(
3n

22n−1
(1− η)− 1

)
A1 − A2

A1

]
c2
1

}
.

By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get the
second result:

∣∣d2 − ηd2
1

∣∣ =
A1

2.3n

∣∣∣∣c2 −
[(

3n

22n−1
(1− η)− 1

)
A1 − A2

A1

]
c2
1

∣∣∣∣
∣∣d2 − ηd2

1

∣∣ ≤ A1

2.3n
max

{
1;

∣∣∣∣
(

3n

22n−1
(1− η)− 1

)
A1 − A2

A1

∣∣∣∣
}

.

¤

Theorem 3.2. Let f(z) be given by ( 1. 1 ). Assume thatψ(z) is given by ( 2. 5 ). If
f ∈ Rn(b, ψ), andΨ is given by ( 3. 32 ), then for any complex numberη

∣∣d2 − ηd2
1

∣∣ ≤ |b|A1

3n+1
max

{
1;

∣∣∣∣
3n+1

22n+2
(1− η) bA1 − A2

A1

∣∣∣∣
}

.

Proof. Using ( 2. 13 ) and ( 2. 14 ) in ( 3. 34 ) and ( 3. 35 ), we have

d1 =
−bA1c1

2n+1

and

d2 =
1

22n+2
b2A2

1c
2
1 −

b

3n+1

(
A1c2 + A2c

2
1

)
,

and hence,

d2 − ηd2
1 = − bA1

3n+1

{
c2 −

[
3n+1

22n+2
(1− η) bA1 − A2

A1

]
c2
1

}
.
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Lemma 1.4 gives:

∣∣d2 − ηd2
1

∣∣ =
|b|A1

3n+1

∣∣∣∣c2 −
[

3n+1

22n+2
(1− η) bA1 − A2

A1

]
c2
1

∣∣∣∣ .

∣∣d2 − ηd2
1

∣∣ ≤ |b|A1

3n+1
max

{
1;

∣∣∣∣
3n+1

22n+2
(1− η) bA1 − A2

A1

∣∣∣∣
}

.

For functions with non-negative derivative. ¤

Remark 3.3. Puttingb = 1, in Theorem 3.2, we get the following corollary.

Corollary 3.4. Letf(z) be given by ( 1. 1 ). If D
n+1f(z)

z ≺ ψ(z), then

∣∣d2 − ηd2
1

∣∣ ≤





1
22n+2 (1− η)A2

1 − A2
3n+1 , if η ≤ ρ1,

A1
3n+1 , if ρ1 ≤ η ≤ ρ2,

− 1
22n+2 (1− η)A2

1 + A2
3n+1 , if η ≥ ρ2

where,

ρ1 = 1 +
22n+2

3n+1A1
− 22n+2A2

3n+1A2
1

and ρ2 = 1− 22n+2

3n+1A1
− 22n+2A2

3n+1A2
1

Theorem 3.5. Let f(z) be given by ( 1. 1 ). Assume thatγ ≥ 0 andψ(z) is given by ( 2.
5 ). If f ∈ S∗n(γ, ψ) andΨ is given by ( 3. 32 ), then for any complex numberη

∣∣d2 − ηd2
1

∣∣ ≤





ςυ, if η ≤ ρ1,

ς, if ρ1 ≤ η ≤ ρ2,

−ςυ, if η ≥ ρ2

where

ρ1 :=
22n−1 (1 + 2γ)2

3nA1(1 + 3γ)
− 22n−1A2 (1 + 2γ)2

3n(1 + 3γ)A2
1

− 22n−1 (1 + 2γ)
3n(1 + 3γ)

+ 1,

ρ2 := −22n−1 (1 + 2γ)2

3nA1(1 + 3γ)
− 22n−1A2 (1 + 2γ)2

3n(1 + 3γ)A2
1

− 22n−1 (1 + 2γ)
3n(1 + 3γ)

+ 1,

υ :=
3nA1(1 + 3γ)

22n−1 (1 + 2γ)2
− 3nη(1 + 3γ)A1

22n−1 (1 + 2γ)2
− A1

(1 + 2γ)
− A2

A1
, ς := − A1

2.3n (1 + 3γ)
and ∣∣d2 − ηd2

1

∣∣ ≤ A1

2.3n (1 + 3γ)
max {1; |υ|} .

Proof. The equations ( 2. 19 ), ( 2. 20 ), ( 3. 34 ) and ( 3. 35 ), yield:

d1 =
−A1c1

2n (1 + 2γ)
,

and

d2 =
A2

1c
2
1

22n (1 + 2γ)2
− 1

3n2 (1 + 3γ)

(
A1c2 + A2c

2
1 +

A2
1c

2
1

(1 + 2γ)

)
,

and hence,

d2 − ηd2
1 = − A1

3n2(1+3γ)

{
c2 −

[
3nA1(1+3γ)

22n−1(1+2γ)2
− 3nη(1+3γ)A1

22n−1(1+2γ)2
− A1

(1+2γ) − A2
A1

]
c2
1

}
.
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By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get the
second result:

∣∣d2 − ηd2
1

∣∣ = A1
3n.2(1+3γ)

∣∣∣c2 −
[

3nA1(1+3γ)

22n−1(1+2γ)2
− 3nη(1+3γ)A1

22n−1(1+2γ)2
− A1

(1+2γ) − A2
A1

]
c2
1

∣∣∣

≤ A1

3n.2 (1 + 3γ)
max {1; |υ|} .

¤

Theorem 3.6. Letf(z) be given by ( 1. 1 ). Assume thatξ = (1− γ) , γ ≥ 0 andψ(z) is
given by ( 2. 5 ). Iff ∈ Ln(γ, ψ), andΨ is given by ( 3. 32 ), then for any complex number
η

∣∣d2 − ηd2
1

∣∣ ≤





A1
3n2(γ+3ξ)υ, if η ≤ ρ1,

A1
3n2(γ+3ξ) , if ρ1 ≤ η ≤ ρ2,

− A1
3n2(γ+3ξ)υ, if η ≥ ρ2

where

ρ1 := 1− 22n−1 (γ + 2ξ)2 A2

3n(γ + 3ξ)A2
1

+
22n−2

[
(γ + 2ξ)2 − 3 (γ + 4ξ)

]

3n(γ + 3ξ)
+

22n−1 (γ + 2ξ)2

3n(γ + 3ξ)A1
,

ρ2 := 1− 22n−1 (γ + 2ξ)2 A2

3n(γ + 3ξ)A2
1

+
22n−2

[
(γ + 2ξ)2 − 3 (γ + 4ξ)

]

3n(γ + 3ξ)
− 22n−1 (γ + 2ξ)2

3n(γ + 3ξ)A1
,

υ :=

[
(γ + 2ξ)2 − 3 (γ + 4ξ)

]
A1

2(γ + 2ξ)2
+

3n(1− η)(γ + 3ξ)A1

22n−1(γ + 2ξ)2
− A2

A1
,

and ∣∣d2 − ηd2
1

∣∣ ≤ A1

3n.2(γ + 3ξ)
max {1; |υ|} .

Proof. Using ( 2. 25 ) and ( 2. 26 ) in ( 3. 34 ) and ( 3. 35 ), we obtain

d1 =
−A1c1

2n (γ + 2ξ)
,

and

d2 =
A2

1c
2
1

22n (γ + 2ξ)2
− A1c2 + A2c

2
1

3n.2(γ + 3ξ)
+

[
(γ + 2ξ)2 − 3 (γ + 4ξ)

]
A2

1c
2
1

3n.4(γ + 3ξ) (γ + 2ξ)2
,

and hence,

d2 − µd2
1 = − A1

3n.2 (γ + 3ξ)
{
c2 − υc2

1

}
.

Where,

υ :=

[
(γ + 2ξ)2 − 3 (γ + 4ξ)

]
A1

2(γ + 2ξ)2
+

3n(1− µ)(γ + 3ξ)A1

22n−1(γ + 2ξ)2
− A2

A1
.

By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get The
second result: ∣∣d2 − ηd2

1

∣∣ =
A1

2.3n (γ + 3ξ)

∣∣c2 − υc2
1

∣∣
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≤ A1

2.3n (γ + 3ξ)
max {1; |υ|} .

¤

Theorem 3.7. Letf(z) be given by ( 1. 1 ). Assume thatγ ≥ 0 andψ(z) is given by ( 2.
5 ). If f belongs toMn(γ, ψ) andΨ is given by ( 3. 32 ), then for any complex numberη

∣∣d2 − ηd2
1

∣∣ ≤





A1
2.3n(1+2γ)υ, if η ≤ ρ1,

A1
2.3n(1+2γ) , if ρ1 ≤ η ≤ ρ2,

− A1
2.3n(1+2γ)υ, if η ≥ ρ2

where

ρ1 := 1− 22n−1 (1 + γ)2 A2

3n(1 + 2γ)A2
1

− 22n−1(1 + 3γ)
3n(1 + 2γ)

+
22n−1 (1 + γ)2

3n(1 + 2γ)A1
,

ρ2 := 1− 22n−1 (1 + γ)2 A2

3n(1 + 2γ)A2
1

− 22n−1(1 + 3γ)
3n(1 + 2γ)

− 22n−1 (1 + γ)2

3n(1 + 2γ)A1
,

υ :=

[
3n(1 + 2γ)− 22n−1(1 + 3γ)

]
A1

22n−1 (1 + γ)2
− 3nηB1(1 + 2γ)

22n−1 (1 + γ)2
− A2

A1
.

and ∣∣d2 − ηd2
1

∣∣ ≤ A1

2.3n(1 + 2α)
max {1; |υ|} .

Proof. Using ( 2. 30 ) and ( 2. 31 ) in ( 3. 34 ) and ( 3. 35 ), we have

d1 =
−A1c1

2n (1 + γ)
,

and

d2 =
A2

1c
2
1

22n (1 + γ)2
− 1

2.3n(1 + 2γ)

[
A1c2 + A2c

2
1 +

(1 + 3γ)A2
1c

2
1

(1 + γ)2

]
,

and hence,

d2 − ηd2
1 = − A1

2.3n(1 + 2γ)
{
c2 − υc2

1

}
,

where,

υ :=

[
3n(1 + 2γ)− 22n−1(1 + 3γ)

]
A1

22n−1 (1 + γ)2
− 3nηA1(1 + 2γ)

22n−1 (1 + γ)2
− A2

A1
.

By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get the
second result: ∣∣d2 − ηd2

1

∣∣ =
A1

2.3n(1 + 2γ)

∣∣c2 − ρc2
1

∣∣

≤ A1

2.3n(1 + 2γ)
max {1; |ρ|} .

¤

Remark 3.8. For n = 0, we get the result obtained by Ali et al.[2].
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