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Abstract. In this paper, we introduce and study certain subclasses of ana-
Iytic functions involving Salagean operator. For these classes, the Fekete-
Szeg type coefficient inequalities associated with thth root transfor-

1
mation | f(z")] * are derived. A similar problems are investigated g5
when f(z) belonging to these classes.
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1. INTRODUCTION

Let p denote the class of functiorf§z) of the form:

fz) =2+ a2 1. 1)
J>2
which are analytic in the open unit dis€ = {z : z € C, |z| < 1}, Further, letS denote
the class of functions which are univalentlih Let A be the class of analytic functions
p, normalized byp(0) = 0, satisfying the conditiorip(z)| < 1. If f andg are analytic
65
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functions inU, we say thatf is subordinate tg@, written f(z) < g(z), if there exists a
Schwarz functiorp € A such thatf(z) = g(p(z)). For a functionf(z) in p, we define
Df(2) = f(2), D' f(2) = Df(2) = 2f'(2),

D"f(2) =D(D" 'f(z) (ne N=1{1,2,3,..}).
Note that

D" f(2) zz—l—z:j”ajzj7 (n€ Ny =NU{0}). 1.2

J>2

The differential operatoD™ defined by ( 1. 2 ) was introduced byal8gean [17] and
investigated recently by (for example) Ramachandran et al. [13]. In fact, several general
families of operators such as those named as the Dziok-Srivastava operator [5, 6, 7], the
Srivastava-Attiya operator [21] and the Srivastava-Wright operator [20] have been widely
and extensively used in Geometric Function Theory in recent years:(k¢be an analytic
function with(0) = 1, ¢'(0) > 0 andRe ¢(z) > 0 (z € U) which maps the unit dist/
onto a starlike region with respect tcand is symmetric with respect to the real axis. Let
S*(1) be the class of functiong(z) € S for which

2f'(2)
oy <@, el

andC(1)) be the class of functiong(z) € S for which

zf"(2)
70 <¢Y(z), (z€U).

The classes$™(v) and C() were introduced and studied by Ma and Minda [IThey
obtained the Fekete-Sz@mequality for functions in the class® () and also for functions

in the classC(v). For a brief history of the Fekete-Saegroblem for class of starlike,
convex, and close-to-convex functions, see the recent paper by Srivastava et al. [22]. Itis
well known that then—th coefficient of a univalent functiolfi € e is bounded byn. In

1933, Fekete and Szego [8] proved a noticeable result that the estimate

|a3 — 77a§| <1+2exp (—277> ,
L—n
holds for f € S and for0 < n < 1. This inequality is sharp for each . Recently
many authors have considered the Fekete-&pegblem for typical classes of univalent
functions (see, for instance [2], [3], [12], [14], [15], [16], [18], [19], [22], [23], [24]) .
Here, we consider the following classes of functions,

1+

R0)i= {1 e oty |28 ] <o),
n+1 2 n—+2 P
$100) = {7 e (1= B 1/ B Ly}

D f(z) Dt f(z)

M) = {reos =) (Bt 0 (Berid) < wial

whereb is non-zero complex number ard> 0. By giving specific values to the parame-
tersn, v and in the classes,, (b, 1), S;: (v, ), Ln (v, %) and M, (v, ), we obtain the
following subclasses studied by earlier authors:

L) o { feo (pwlf(z))” (Dn+2f(z))” ) W)},
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Remark 1.1.

() Ro(b,v) = Ryp(¢0)(see Ali et al. [2]);

(i)) S5 (%) = S* (7, ¥)(see Ali et al. [2]);

(i) Sg (o, iigj) =: 5*(4,B)(—1 < A < B < 1) (see Janowski [9]);

(iv) Lo(7, ) = L(v,v)(see Ali et al. [2]);

(V) Lo(0, 125%) =: C(A4, B)(—1 < A < B < 1) (see Janowski [9]);

(vi) Lo(1, }igi) =: S*(A,B)(—1 < A < B <1) (see Janowski [9]);
(vii) Lo(0,) =: C(v) andLo(1,¢) =: S*(¢)) (see Ma-Minda [11]);
(viil) Lo(y,v) =: My g(¥)(8 =1 —~yand0 < v < 1) (see Ravichadran et. al. [15]);

(iX) Mo(v,v) = M(v,v)(see Ali et al. [2]);

() Mo(0, 1£5%) =: 5*(A, B)(—1 < A < B < 1) (see Janowski [9]);

(xi) Mo(1, {£52) =: C(A, B)(—1 < A < B < 1) (see Janowski [9]).
For a functionf(z) € S defined by ( 1. 1), thé—th root transform is given by:
F(z)=[f(M)]*F =2+ b2t (1. 3)
j=1

Remark 1.2. Setk = 1, the above expression reduce to the function f it self.

In the present paper, we derive the Fekete-82agquality for the classeR,, (b, ),
Sk(v,v), Ln(vy,v) and M, (v, ) which we define a bove. In order to derive our main
results, we have to recall here the following lemmas.

Lemma 1.3. [1] Letp € A and

p(z) =ciz+ 2?2 +... (z€U), 1. 4)
then,
—t ift<—1
o —tef| <¢ 1 if —1<t<1
t ift>1.

Whent < —1 or t > 1, the equality holds if and only j#(z) is z or one of its rotations.
If —1 <t < 1, then the equality holds if and only;if{z) is 22 or one of its rotations. If

t = —1, the equality holds if and only {(z) = zl*jfz (0 < XA < 1) orone of its rotations.

If ¢ = 1, the equality holds if and only if(z) = —Zﬁ:&i (0 < A < 1) orone of its
rotations.

Lemma 1.4. [10] (see alsd16]) Letp € A, then, for any complex number
o — tcﬂ < max{1; |t|},

and the result is sharp for the functions givenlgy) = 2% or p(z) = z.

2. FEKETE-SZEGO PROBLEM

Theorem 2.1. Let f(z) be given by ( 1. 1.) Assume that
Y(2) =1+ Ayz+ Agz? 4 Az2® + ... (2. 5)
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If f € S’ (v),and F is thek—th root transformation off defined by ( 1. 3), then for any
complex number

k(22" —3")+3"] A3 23" Ay
[ 22n+1‘3”k2] (1 - k(22”73“ﬂ)+3n) +gesp 10 <pi,
|borsr = b | <9 5ok if p1 <n < pa,
[k(2°"—3™)+3"]| A7 2.3" Ay
- 22nt1 gnj2 (1 - k(22n,37:])+3n> T~ 3n.9k if N2 p1
where .
2°m~ k Ay
= — (-1 k(1 —-3"47" 3n4T
p1 37 [A1<A1 >+( )+ ]
22n—1 k A2
= — (=41 k(1 —3"47" 3n47 .
P2 3 [A1<A1+)+( )+ ]
and
A { [k(22" —3™)+3"] A 2.3" Az
b —nb2 | < max { 1 = (1— T n)-i‘* .
[barr1 =i | < 5iop PE: rEm e ) T g
Proof. If f € SX(v), there exists a functiop(z) € A given by (1. 4) such that
D" f(2)
———— =(p(2)). (2. 6)
D = V()
Since
Dn+1
an{if) =1+ 2"z + (2.3"ag — 2°"a3)2” + (3.4"as — 3.6"aga3_2%"a3) 2° + ...,
and

V(p(2)) =14 Ajerz + (Area + Aacl) 22 + ...
From (2. 6), we obtain

2“&2 = A161 (2 7)
and )
3"a3 = 5 [Alcg + <A2 + A%) C%] . (2. 8)
For f € Agivenby (1. 1), itis easy to show that
L 1 1 1(k—-1
[f(zk)] =z Eagzkﬂ + <ka3 - 5( 12 )ag) 2R (2.9)
By using (1. 3)and (2. 9), we have
1
bpy1 = 202 (2. 10)
also .
1 1(k—1
bok+1 = 703~ 5( 2 )ai- (2.11)
Using (2. 7)and (2.8)in(2.10) and (2. 11), we obtain
o A161
b1 = o]
and

k(22n _ 3n) + 3n
2271/]{;

3n2k

b2k+1 = A102 + AQC% + A%C% y
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and hence,

Ay k(22" —3™)+3"]A 9.37 Ay
bak41 — by = 30 % {02 - [—[ ik = (1 - ,C(Q%,_3J’)+3n> ~ A, ci ¢
The first part is obtained by applying Lemma 1.3.

[k(2"—3")+3"] A, 2.3"n A
If — 221 (1 - k(22n_3n)+3n) - TT < -1, then,

3n |4, \ 4,

and Lemma 1.3 gives:

2277,71 k A
n< [ <2 - 1> + k(1 —3"47") + 3”4”] ie., n<pr,

(k22" —3") +3"] AT ( 2.3"n N Ay
k(22n

bokt1 — by | < :
Dok = bisa | < 22n-+1 3n k2 —3n)+3n) " 32k

For—1< —

22n ] - E(22n—37)+3"

22n—1 k A
i [A (,42 - 1) + k(1 —3"47") + 3”4—”] <n
1 1

22n71 k A2
< — | —=+1 k(1 —3"47")+ 347"
< {AI(A1+>+( )+ }

and Lemma 1.3 yields:

k 2277,_3n +3"]A n
[+ ) ]1(1 2371 )—ﬁ—jgl,wehave,

B
2 1
|bok 41 — nbii| < 3 ok

For —

[k(2%"—3")+3"] A (1 2.3"n

— _ A
22n [ k(22n_3n)+3n) Al Z 1a we have1

3n A \ A
Applying Lemma 1.3, we have

[k(227 — 37) 4 3"] A2 L 2.3 Ay
22n+1_3nk.2 k(22n _ 3n) + 3n

22n—1 k‘ A
n > [ (2 + 1) + k(1 —3"47") + 3”4—"} ie., n > po.

|b2k+1 - 77bi+1| < -

C3n2k
The second part follows by applying Lemma 1.4

Ay [ [k(2°"—3")+3"] Ay 2.3" A2] 2
boks1 — Mbji | = e — |- e 1 — pmt— ) — == | €
|ba-y1 = b4 | 3nok |2 227k ( k(22" —37)13 ) A, |1

k(22" —3")+3"] A, 2.37 As }

< max < 1; [ = (1— Lo n)—i—— .

39k { 221k k(227 —37)+3 Ay
O

Theorem 2.2. Let f(z) be given by ( 1. 1.) Assume thak is non zero complex number
and(z) is given by (2. 5). Iff € R,(b,v), and F is given by ( 1. 3), then for any
complex numben

[b] Ay
|bort1 — by | < qni1g, AX 1;

3n+1bA1 1-— 2?7 AQ
22n+3 Tk
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Proof. Let f € R, (b,v), there exists a functiop(z) € A defined by (1. 4) such that

1 [P
1+ 3 - 1] = (p(2)). (2.12)
Since
1+ % Dn:f(Z) —1{ =1+ 2”b+1 asz + 3”b+1 a322 + 47:1 asz> + s
and

Y(p(2)) =14 Arerz + (Aiez + Azc) 22 + .,
by using (2. 12 ), we have

bAic
a2 = oy (2. 13)
and
b
az = W [A]_CQ + AQC%] . (2 14)
Using (2. 13)and (2. 14)in (2. 10) and (2. 11), it follows:
bA161
Pt e
and
b _ bAjco bAyc? _ b2A2c2  b2A23
2k+1 = Lgndl T pgntl | 92nt3f | 92nt3j2’
and hence

bA 3nt1pA 1-2 A
2 _ 1 1 n 2| 2
bok+1 — nbjyq = gntl {cz - [ 92n+3 <1 i ) — AJ ‘31} (2. 15)

Applying Lemma 1.4 yields:

2 1 b A 3nt1pA, 1—2n Al 5
‘b2k+1_nbk+1‘ = 3urig |27 { 52n 13 1- 3 4 c
‘b| Al . 3n+1bA1 1-— 27] AQ
< Inii) max ¢ 1; “ants - ) A—l .

Remark 2.3. Letk =1, n =0 and
Y(iz)=(1+Bz)/(14+A42) (-1<A<B<1),
in Theorem 2.2, we obtain the result[#], Theorem 4, p. 894.

Puttingb = 1, in Theorem 2.2, equation ( 2. 15) becomes:
A 3ntlA 1-2 A
2 1 U 2| 9
b2k+1_nbk+1_M{c2_ [22n+3 (1— 3 > —Al] 01}-

Remark 2.4. If we seth = 1, in Theorem 2.2, we obtain the following Corollary.
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Corollary 2.5. If f € o satisfies2L < y(2), then,

A? — .
— gzt (1= 7572 + gy {0 < pu,
|bors1 = nbiy| <9 5 if p1 <n < po,
A2 _ .
22n<&3k (1 - ! ]fn) - Bnﬁ%k If n Z P1
where
22n+2kA2 22n+2k k 1 22n+2kA2 22n+2k k 1
= — ——+ -andpy = — =+
P1 3”+1A% 3n+1A1 2 + 2 P2 3n+1A% 3n+1A1 2 + 2

Theorem 2.6. Let f(z) be given by (1. 1.) Assume that > 0 andt(z) is given by ( 2.
5). If f € Sk(v,4), and F is given by ( 1. 3), then for any complex numper

A .
—sararay . fn<p1,

b1 — by | < W if p1 <7 < po,
W’Ua ifn > p1
where
k(1 4 2v)222n—1 Ay Ay 3"A1(k—1)1+3y)
PL= T30 A (1 + 37) {(1+27) AT T R )2 _1}’
k(1+27)222-1 [ A, Ay 3"Ay(k—1)(1+39)
P2 T30 A (1 1 3) {(sz) AT 220k (1 + 2v)2 +1}’
A [3”(k —D(1+3y) | 3"1+3y) 1] Ay
(14+27) | 227k(1+2) 22n=1k(1 + 27) Ay
and

A
2 1 .
|bok+1 — nbii | < mmax{L v}
Proof. If f belongs toS: (v, ), there exists a functiop(z) € A given by (1. 4) such

that
DHf(z) | D"Pf(2)

Since .
W =1+42"%ay2 + (3".2a3 — 2%"a3)2* + ... (2. 16)
and "
W =1+432%y2 + (8.3"az — 3.2%"a2)2% + ..., (2.17)
then equations (2. 16 ) and ( 2. 17) yield:
(1—7) D) D) =1+ (1+2v)2"azz (2. 18)

+
D f(z) D f(2)
+ [2(1437)3"as — (1 +27)2*"a3] 2° + ...
Since
Y(p(z)) =14+ A1c1z + (Alcg + Agc%) 22+ ..,
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It follows from ( 2. 18 ) that

o A101
and 2.2
S — 2, Al
asz = 2(1 n 27)3n |:A162 + AQCl + (1 n 2’7):| . (2 20)

Using (2. 19)and (2.20)in (2. 10)and (2. 11), we get
I Ay
M R+ 29)27

and
1 A2¢? A%c2 (k-1
bopy1 = m |:A102 + A2C§ + a _; 217):| — 2”+ik12((1 i 23/)23
and hence,
|bok+1 — b1 | = S — {e2 —vei}
3m.2k(1 4+ 3v) ’
where

A 3" (k —1)(1+ 37) 3" +3y) s Ay
(1 4+2y) | 227k(1 +27) 22n—1k(1 + 27) Ay
Now an application of Lemma 1.3 gives the first part of the resulty K p;, then by
applying Lemma 1.3, we have

Ay
b — nb? <———0.
[barsr = mbiia| < 3n2k(1 + 37)
Forp; < n < po, then by applying Lemma 1.3, we get

Ay
bogst — b2, < —1
[barsr = mbiesa | < 37.2k(1 + 37)

Next, if © > po, by applying Lemma 1.3, we write

Ay
b — nb? <——0.
[barsr = mbiia| < 37.2k(1 + 37)
Now by applying Lemma 1.4, we get the second part of the result. O

Remark 2.7. Wheny = 0 the above Theorem 2.6 reduces to Theorem 2.1.

Theorem 2.8. Let f(z) be given by (1. 1.)Assume thag = (1 —v),y > 0 andy(z) is
given by (2.5). lff € L,(v,%), and F is given by ( 1. 3), then for any complex number

Ui

A .
— sz fn<pn,

A .
s3iasg Y 102 P2
where
— k (v+28)? _ 1) = +20?-3(y+48) _ 8" (k—1)(y+3€)
p1 = 37121—2n(,\{+3€) Al p) 22n; )

As
Ay

o k (r+26)? ( A (y+26)°—3(y+4€) _ 3" (k=1)(v+3€)
p2 ‘= 3n21—2n,(7+35) |: A, (Tf + 1) - P} - 22n; :| )
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—_ 4 [(wzs)%a(wzxs) 43N0 | 032439 | Ay
Grapl t :
and
2 Ay
oot = it | < gy max {1 Jol}-

Proof. If f € L,,(v,v), there exists a functiop(z) € A given by (1. 4) such that

'D”*lf(z) v D”+2f(z) € B
Since »
W =1+ 2"azz + (3".2a5 — 2°"a3)z* + ...
and therefore,
n Y .
<m> =1+72%2z + [273%3 + ”22?”2%5)} 24+ (2.23)
Similarly,
(g:i%;) =1+2""asz + (3" .2a5 — 2°""%a3)2" + ...
and therefore,
n 13
(W) =1+2""¢asz + [26.3"ag + (€% — 3¢) 2*"Ta3] 2% + ... (2. 24)

Thus, from (2. 23 )and (2. 24),

DL e T (D2 )\ n
() () =1+ 0

n [2.3" (v +3¢) az + QQ"Wag] 24

Since
Y(p(2)) =14 Ajerz + (Area + Asc) 22 + ...

From (2. 22), we get
A101

- 2.25
R O T35 (2.29)
and
Ajes + Axc? [(’Y +26)? -3 (y+ 45)] Aict
as = - — 3 (2. 26)
2(v+36)3 4.3 (7y +28)% (v + 36)
Using (2.25)and (2. 26)in(2.10)and (2. 11), we get
b o A101
k+1 = 7]“5-2"(7‘*‘ 2)
and
b _ Aiey + Aped (v +26)% = 3 (v +4¢)] A3c? AR (k1)
BEUT 3n2k (y+3€)  AR3(y+ 202 (v +36) 22 FIR2(y + 26)2
and hence,
Ay

‘b2k+1 - nbi+1’ = m {CQ — ’UC%} .
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where,
_ A (v +26)* = 3(y + 4
S (v +29)? 2
L= D 43 032 (430 A
22nf k A
Our results follow now by an application of Lemmas 1.3 and 1.4. O

Remark 2.9. If we setk = 1 andn = 0, then inequality ( 2. 21 ) is the result obtained in
[15], Theorem 2.1, p.3.

Theorem 2.10. Let f(z) be given by ( 1. 1.)Assume thay > 0 and(z) is given by ( 2.
5). If f belongs taM,,(a, ¥), and F' is given by ( 1. 3 ), then for any complex numger

—Qu, |f n S P1,
|b2k+1 - lei+1| < S if p1 <1< poa,

su, ifn>ps

where
k (1+7)? (A 37 (k —1)(1+27)
= — -1 1 —
P1 21—2n.3n<1 + 27) [ Al Al + ( + 37) 22"k‘
k (1+1)* (A 3n(k — 1)(1 + 27)
= — +1 14 3vy) —
P2 217271.377,(1 + 27) |: Al Al + + ( + ’Y) 22nk
n 1—-2n 3 A
o A 3" (k—1)(1427) 2 .3m 2 Ay
R swwen [ s+ (1 +2y) — (1+ 37)} A and¢ = TF RO
and

Ay
Vol ———
M| < 2.37%(1 + 27)

Proof. If f € M, (v,%), there exists a functiop(z) € A given by (1. 4) such that

|boks1 — max {1; |v|}.

- B o (ZEEE) o, @.27)
Since
(1— y)m =1—7+(1—=7)2"azz+ (1 —7) [3".2a5 — 2*"a3] 2* + ... (2. 28)
and
(g:iﬁi;) =y +72"  agz + [29 (3" las — 22" Tad)] 2+ . (2.29)

Then from equations (2. 28 ) and ( 2. 29), it folows:

D f(2) D2 f(2)
0=+ (5

+[2.3"(1 + 27)az — 2*"(1 + 3v)a3] 2% + ...

) =14+2"(1+7v)asz

Since
V(p(2)) =14 Arerz + (Area + Aacl) 22 + ...
From (2. 27), we get
A161

T (2. 30)

[
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and
1 (1 +37)Afct
3=—— |A Agcd 4 — 11 2.31
T FMraye [T e 23D
By using (2.30)and (2.31)in(2.10)and (2. 11), it folows:
b N Alcl
k+1 — k(l +’}/)2n,
and
1 (1+3y)A%ct
= |A Agc? 4“1
bkl = S gE iy |12 T AT 1+
3 (k—1)(1+2y) ARt
2k 1+
and hence,
ass s = gy gy o2 = et
where,
Ay [3M(k—1)1+2y) 217237y Ay
= 14+2y)—(1 - =

From Lemma 1.3 and Lemma 1.4, the results are obtained<lf, by applying Lemma
1.3, we have

|bok 41 — nbiyq| < —sv.
Similarly, if py < n < po, then by applying Lemma 1.3, we get
|bok+1 — nbio| <<
Next, if n > po, by applying Lemma 1.3, we write
|b2k41 — Mbjyq| < cv.
O

Remark 2.11. Puttingk = 1, v = 1 andn = 0, in Theorem 2.10, we obtain the result in
[11], Theorem 3, p. 164.

3. FEKETE-SZEGO PROBLEM FORz/ f

In this section, the Fekete-Szetype coefficient inequalities associated with the rational
function ¥ of the form

U(2) =z/f(2) =1+ d;z’, (3. 32)

j>1

where f belongs to the classes;; (v), R (b,v), Sy (v,%), Ln(7,%) and M, (v, ) are
derived.

Theorem 3.1. Let f(z) be given by (1. 1.) Assume that)(z) is given by (2. 5). If
f € Sx(v),and ¥ is given by ( 3. 32), then for any complex numher

(32 (1 =) — 53] AT — 2.32n’ ifn < pi,

|dy —ndi| < —53 if p1 <1 < po,

LAY+ A ifg >
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where

_(; 227171 N 22n71 22n71A2 _(; 22n71 227171 22n71A2
pP1 = 3n 3’nA1 3TLA% » P2i= 3n 3’!LA1 3TLA% :
and

’dg —ndﬂ < ;;lmax{l;

3" As

i

Proof. Itis easy to see that

z/f(z) =1—azz+ (a3 —az) 2* + ... (3.33)
From (3. 32) and ( 3. 33), we have
dy = —as (3. 34)
and
dy = a3 — a3 (3. 35)
Using (2. 7)and (2.8)in (3. 34) and (3. 35), we obtain
dl _ —A101
2n
and
Alc1 1
dy = 92n o 2 3n [Alcz + (A2 + A2) cl]
and hence,

A 3" As
2 1 2
da = ndi = =555 {02_[(2%1“_") )Al AJ }

By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get the
second result:

A 3" A
2 1 2] 2
’dg—nd1|_2.3n 02_[(22'n1<1_77)_1)141_41:| €1
A 3" A
2 1 . 2
|d2_’l']d1‘<23nllax{1,’(22”1(1—7’7) )Al_]l}

O

Theorem 3.2. Let f(z) be given by (1. 1.) Assume that)(z) is given by (2. 5). If
f € Ru(b,v), and ¥ is given by (3. 32), then for any complex number

o |b] A4 | 3t As
’d —ndi| < 1 max{l, 22n+2( )bAl_/Tl .
Proof. Using (2. 13)and (2. 14)in (3. 34) and ( 3. 35), we have
—bA101
dl = 2n+1
and
1
d2 = WlﬂA%C% 3n antl (AlCQ + AQCl)
and hence,

2

bA 3l A
2 1 2
dg —ndy = T {02— {22”” (1—=n)bA1 — z‘h]
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Lemma 1.4 gives:

21 b Ay gntl Ayl
‘d2 - ndl‘ ~ 3n+l €2~ |:22n+2 (1—n)bA; — A, -
9 |b] Ay | 3t As
|dy — nd?| < g1 ax {1, JonT3 (1—-m)bA; — o[
For functions with non-negative derivative. O

Remark 3.3. Puttingb = 1, in Theorem 3.2, we get the following corollary.
Corollary 3.4. Let f(z) be given by (1. L)f Ll f(z < (z), then
221}+2 ( ) A2 3n+1 ) if n < p1,

|d2—77d%| S %7 |f01§77§[)27
- 22&+2 ( ) A2 3n+1 , if n 2> p2
where,
22n+2 22n+2A 22n+2 22n+2A
P1 = 1+ 2 and P2 = 1-— 2

3ntlg, 3nt+142 3ntlg, 3nt+142

Theorem 3.5. Let f(z) be given by (1. 1.) Assume thay > 0 and¢(z) is given by ( 2.
5). If f € Sk(v,v) and ¥ is given by ( 3. 32), then for any complex number

sv, ifn<p,

‘dz—ndﬂ <19 o, if p1 <n < po,
—svu, ifn>py
where
2Tl (14297 22714, (1429) 221 (1429) o
PUZ 30 A (11 3y) 31+ 39)A2 3"(1+3y)
(14 2y)? 2214, (14 29)7 22771 (14 2y) T
P2 T A (1 3y) 3n(1+37)A7 3m(1+37) ’
_3"A+3y)  3(adnA A A Ay
22n-1(1429)°  22n-1(1424)° (1+2y) A 237 (1+37)
and
’d T]d2’ Aimax{l' |v]}.
= 237 (14 3y) ’
Proof. The equations (2. 19), (2. 20), (3. 34) and ( 3. 35), yield:
—A101
dy = o,
YT (14 29)
and T N
1 c
do = 101 _ <A + A 2+11>’
T (1292 32(113y) 7T T Ty
and hence,

do— nd? — — A, o — 3"A;(143y)  3"n(14+3v)Ar Ay Ay
2~ 101 = —3n3(1+3y) |2 22n—1(142v)2  22n-1(1+427)%  (14+2y) A ’
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By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get the
second result:

—nd2| = Ay _ [ 30AA43y) 3439 AL A As| 2
|d2 Tid1| — 3n.2(1+37) ‘62 [22n71(1+27)2 22n—1(142+)2 (1+27) A, |G

<1 ; .
S 32013 max {1; |v|}
O
Theorem 3.6. Let f(z) be given by (1. 1.)Assume thag = (1 — ), v > 0 andv(z) is
givenby (2.5). lff € L, (v, ), and¥ is given by ( 3. 32), then for any complex number
n
oY T <

|ds —ndi| <4 st e <0<

Al H
—FaEg Y Tn=p
where
921 (o 4 262 A, 2T [(v +26)° =3 (y+ 45)} 922n=1 (y 4 2¢)?
3n(y + 36) A7 3n(y + 3¢) 3n(y +38)Ar

P1 =1

=1 (y 4 26)2 4, 2277 [(7 +26)* =3 (v + 45)} 2271 (y 4 2¢)°
p2 = 1-— + -

3n(y + 3§) A7 3 (v +3¢) 3n(y+3§) A1
(0420730 449] 4 g 04, 4,
v = - =
2(y +26)? 22n=1(y 4 26)? Ay’
and
|dy — nd3| < $max{1; lv]}.
— 3n.2(y + 3¢)
Proof. Using (2. 25)and (2. 26)in (3. 34) and ( 3. 35), we obtain
—A101
= ————=
Ly )
and
B2 Mt e |0F207-3(+49) A3
27 o (y 4 26)7 3m2(y + 3¢ 3nA4(y 4 3€) (v + 26)°
and hence,
dy — pd? = N S {ea —vei}.
b3n2(y+39) '
Where,

. [(v +26)2 —3(y+ 45)} Ay . 31—y +30) A Ay
' 2(y +2¢6)? 22n=1(y 4 26)? A
By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get The
second result:

A
!dg—nd%’ ! ) ’cz—vc%’

T 230 (v + 3¢
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A1
<———m 1; .
< 53y T3 e A )
d

Theorem 3.7. Let f(z) be given by (1. 1.) Assume that > 0 and(z) is given by ( 2.
5). If f belongs taM,, (v, ) and ¥ is given by ( 3. 32), then for any complex number

A .
337 (1729) Vs ifn < p1,

A .
|2 —ndi| < sty e <<,
Aq .
—sEarz Y 12 p2
where
. 1 22n—1 (1 +,y)2 A2 B 2271—1(1 + 3,7) 22n—1 (1 +,y)2
' 3n(1+2y)A3 (1 +2y) | 301+ 29)AL
1 92n—1 (1 + 7)2 Ay 2277,71(1 + 37) 92n—1 (1 + 7)2
p2 1= 37(1 + Q’Y)Af 37(1 4 27) 3n(1+2y)A;
B2y 22 (3] AL 3Bi(142y) Ay
2201 (14 7)° 92-1(1 4 A
and
|d 77d2’ Aimax{l' |v]}.
= 2.37(1 + 20) ’
Proof. Using (2. 30)and (2. 31)in (3. 34)and (3. 35), we have
—Alcl
d = ———,
P2 (149)
and
At 1 1 A
gy = A1 - Avca + Asc? + M
22n (1 +4)%  2.37(1+2y) (11 )
and hence,
— nd? 2
dy —ndy = T2+ 2y) 1+2 {ez — e},
where,

B+ 2y) 2143 A 3MA(1+27) Ay

2201 (1 4 ~)? 22n-1(1 +9)7° A

By applying Lemma 1.3, we have the first part of the result and by Lemma 1.4, we get the
second result:

Ay

[d> = ndi] = 5 3n(1 + 27)

|2 = pei|
1

< ——— 1; .

< sy e ol

Remark 3.8. For n = 0, we get the result obtained by Ali et §2].
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