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Abstract. In this paper, the right hand side for quantum analogue of
the famous Hermite-Hadamard's inequality feconvex functions is pre-
sented. Some quantum estimates for the right hand side gfédmalogue

of the well known Hermite-Hadamard inequality by using éhsonvexity

of the absolute value of thg-derivatives are obtained. Some inequalities
similar to Hermite-Hadamard for the products of the functions which be-
long to the class of convex andconvex function are proved by using
quantum calculus.
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1. INTRODUCTION

The study of calculus without limits is known as quantum calculug-oalculus. The
famous mathematician Euler initiated the stughgalculus in the eighteenth century by
147
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introducing the parametes in Newton’s work of infinite series. In the nineteenth cen-
tury, many outstanding results such as Jacobi’s triple product identity and the thesry of
hypergeometric functions were obtained. In early twentieth century, Jackson [7] has started
a symmetric study ob-calculus and introduceg-definite integrals. The subject of quan-
tum calculus has numerous applications in various areas of mathematics and physics such
as number theory, combinatorics, orthogonal polynomials, basic hypergeometric functions,
guantum theory, mechanics and in theory of relativity. This subject has received outstand-
ing attention by many researchers and hence it is considered as an incorporative subject
between mathematics and physics. Interested readers are referred to [4, 5, 8] for some
current advances in the theory of quantum calculus and theory of inequalities in quantum
calculus.

Recall that a functiom : [a;, as] € (—o00,00) — (—o0, 00) is a convex function if the
inequality

v+ 1 =p)&) < pp @)+ (1 —p)e )

holds for allv, £ € [y, az] andpu € [0,1].

The following remarkable result is considered a necessary and sufficient condition for a
functiony : [a1, ag] C (—o0,00) — (—00, 00) to be convex offay, asz], wherea; < aq

<)0<Ol1-|-0£2>< 1 /a2<p(y)dV§W~ (1. 1)

2 Qo —

The inequalities that appear in ( 1. 1) are acknowledged in the literature as Hermite-
Hadamard inequalities. Theory of inequalities and theory of convex functions have been
observed to be profoundly dependent on each other and consequently a vast literature on
inequalities has been produced by a number of researchers by using convex functions, see
[1, 2].

In the paper [6], Hudzik and Maligranda have formulated a new clagssofivex func-
tions in the second sense. This class is defined as follows:

Definition 1.1. [6] A functiony : [0, 00) — (—00, 00) is said to be ars-convex function
in the second sense if

(v + (1 —p) &) < pe @)+ (1 - e
holds valid for allv, £ € [0,00), 1 € [0,1], wheres € (0,1] is fixed. The class of all
s-convex functions in the second sense is denotdd by

It has be shown in [6] that all functions in the clasg are non-negative for € (0, 1).
Dragomir and Fitzpatrick [3] proved the following result as a variant of ( 1. 1) for
s-convex functions in the second sense.

Theorem 1.2. [3] Lety : [0,00) — [0, 00) be a function which belongs to the clak$
and letay, as € [0,00), a1 < aq. If ¢ € L (Jaz, az)), the following inequalities hold

1 (ot w(a1)+<p(a2)
251 — =7 1.2
¢< 2 >a2—041/alw s+1 (1.2)

The second inequality in (1. 2) is sharp.

In a very fresh article, Tariboon et al. [15, 16] studied the concept of quantum deriv-
atives and quantum integrals over the intervals of the fprmas], oy, as € (—o0, 0)
and settled a number of quantum analogues of some well-known results sudtdasik-
equality, Hermite-Hadamard inequality and Ostrowski inequality, Cauchy-Bunyakovsky-
Schwarz, Giss, G'r]sséeby“sev and other integral inequalities using classical convexity.
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Most recently, Noor et al. [13, 14] and Zhuang et al. [18] have contributed to the ongoing
research and have developed some integral inequalities which provide quantum estimates
for the right part of the quantum analogue of Hermite-Hadamard inequality through
differentiable convex and-differentiable quasi-convex functions.

Inspired by the recent progress in the field quantum calculus, our aim is to establish a
variant of (1. 2) in quantum calculus. Furthermore, we will also prove some new quantum
estimates by using theconvexity of the absolute value of tigederivatives.

2. BASICS OF¢-CALCULUS

In this part of the manuscript, some basicspetalculus over finite intervals are dis-
cussed.

Let [a1,a2] C (—o0,00) be an interval and < ¢ < 1, ¢-derivative of a function
¢ [ar,az] — (—o0,00) atv € a1, as] is given in the following definition.

Definition 2.1. [15] For a continuous functiom : [o;, as] — (—o0, 00) theng-derivative
of p atv € [ay, ag] is characterized by the expression

o) —p(pr+(1—¢)a)
(1=¢)(v—a)

Sincep : [a1,as] — (—00,0) is a continuous function, thus we hayeD,p (aq) =
lim o, Dy (v). The functiony is said to beg-differentiable onja, as] if o, Dy (v)
)

ar Do (v) = SV F ar. (2.3)

exists for allv € [a1, aa]. Ifay =0in (2. 3), thenyDgy (v) = Dy (v), whereDgp (v
is the familiar¢-derivative ofp defined by the expression

Dy (v) = W,V # 0. (2. 4)

For more details onp-derivative given above by ( 2. 4), we refer the read€gBio

Definition 2.2. [16] For a continuous functiog : [a;, as] — (—o0, 00), a second-order
¢-derivative ona, as] is symbolized a§1D§)g0, as long as,, Dy is ¢-differentiable on
(a1, az], is defined as,, D3¢ = o, Dy (o, Dg) : [o1, 2] — (—00,00). Higher order

¢-derivative on[ay, az] can be defined as, Dy = o, Dy (ang_lgo) s o, ] —

(=00, 00).
The following result is very important to evaluatederivatives.

Lemma 2.3. [15] Leta € (—o0,0) and0 < ¢ < 1, we have

wDalv =) = (125 ) - an .

One can find further properties gfderivatives in [17].

Definition 2.4. [15] Lety : [y, an] — (—00, 00) be a continuous function. The definite
¢-integral onay, «s] is delineated as

v oo

[ o) mdsr =r-a) (-9 de@v+1-ga)  @5)

1 n=0
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forv € [aq, ag]. If ¢ € (g, v), then the definitg-integral on[ay, as] is expressed as
/ ¢ (7) aldqw:/ ¢ (7) aldw—/ (1) ardey

=w—01)(1-¢)) ¢"e(@"v+(1—¢") )
n=0

—(c—a)(1=¢)> ¢"p(¢"c+ (1—¢") o).

n=0
If ¢y = 0in(2.5),then one can get the classigatiefinite integral defined by (s¢g 8])

/ ¢ (7) odgy = Zaﬁwfb” v € [0,00).
0
Definition 2.5. [8] Let« be a real number. Then

_1-9¢

Itis clear thatifn € N, then[n] = 14+ ¢ 4 --- + ¢" L.

The following results hold about definiteintegrals.

Theorem 2.6.[17] Lety : [, as] — (—o0, o0) be a continuous function. Then
(l) 041D¢f QO Otld(b,y 90( )
(2) fc 041D¢50()041d¢7*§0() ()CG(OQ, )

Theorem 2.7. [17] Suppose thap, 1 : [a1, as] — (—o0,00) are continuous functions,
o € (—00,00). Then forv € [aq, aal,

@) fm V) + Y ()] ardey = fm () andey + [ 0 (V) andy;

@ [ aso M) ardey = a [} ¢ (V) ards;

(3) J. ¢ (May Dot (7) ardey = ¢ (N Y NI = J7 % (7 + (1 = ) 1) o, Do (V) dss
ce (oq, v).

The following is a valuable results to evaluate defigitantegrals.

Lemma 2.8. [15] For a € (—o0,00) \ {—1} and0 < ¢ < 1, the following formula holds:
v « 1- ¢ «
/al (v—a1)” aydyy = (1_¢a+1) (v —ap)*™.

3. MAIN RESULTS

The following result provides the right hand side ofpeanalogue of the Hermite-
Hadamard type inequality farconvex functions.

Theorem 3.1. Lety : [0,00) — [0, 00) be a continuous function such thate K2, where
€(0,0),0< ¢ < 1. Ifaj,an € [0,00), a1 < ag and if p is ¢-integrable onja, as],
then the following inequality holds:

—/ P o) mdor <1 (6 8) 0 (a1) + L (6 8) o (an).  (3.6)

Qg — Qg
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where

Li(g,s)=(1—¢)> ¢"(1—¢")",
n=0

Lgs)=(1-8)3 (6°)"

n=0
Proof. A ussage of the-convexityy, gives
(1= a1 +7a2) < (1-7)"¢(a1) +7%¢ (a2)

for all v € [0, 1]. By ¢-integration of the above inequality df\ 1], one gets
1

1 1
/ (1 =7) a1 +ya)ydyy < s@(m)/ (1—7)° odw+s0(az)/ 7* odyy-
0 0 0

Using Definition 2.4, we have

1
| = ader = Z¢” “ns), G
1 ]
/0 7V odgy = (1= 8) S ()" = L (6,5). 3.8)
n=0
and
1
/0 o ((1=7) a1 +yaz) odgy
1
= o l(l— g — Z¢" (1=9")a1+¢"as)
1 @2
= po— /O‘1 © (V) aydyr.
Hence
[T 0) e <165 0 () + B (6,5) 0 (02)
oz — 0y 2 a1V = 11 (@, S) p(aq 2\9,s8)pla2).
This completes the proof. O

Corollary 3.2. If one takess = 1in (3. 6 ), than one has the following inequality

1 @2 P (a1) + ¢ (az)
po— / 0 (V) a dev < 1o . 3.9
Proof. Itis clear, since
16, B3 (16 = e
o0 " 1
L) =0-9)3 ()" =15
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Corollary 3.3. If one takesp — 1~ in (3. 6), than one has the following inequality

Proof. Itis clear, since
a2 a2
Jim /m e (v) aldqsl/:/m ¢ (v) dv,
1 1 1
Jim 1 (6.9 = Jim [(0=9)" 0y = [ (=) dv=
1 1 1
Jim I (9, 5) =¢lij{g/0 v* odw=/0 vdv=og
(I

Remark 3.4. Ininequality ( 3. 9), we recapture the right hand side of the inequality which
is prowed in[16, Theorem 3.2, page Bee alsqd10]), in inequality ( 3. 10 ), we recapture
the right hand side of the inequality (1. 2).

Although the following Lemma has been proved in [13] and [15], we will prove it by
using (3) of Theorem 2.7.

Lemma 3.5. Letp : [B1,032] C (—00,00) — (—o0,00) satisfy theg-differentiability
condition on(fy, B2). If o, Dy is continuous and-integrable onfay, as], a1, a2 €
(61, B2), where0 < ¢ < 1, then

Yo (anaz) (0) = [ () odgy - 2L LD (3.11)

- W/O (1= 1+ ) 7)o, Do (1 —7) a1 +702) 0dg7-

Proof. By making use of the change of variableds— v) a; + yas = v and using (3) of
Theorem 2.7, we have

1
/0 (1= (146)7) o Do (1) a1 +70s) odyy 3.12)

1 a2 U—a
N Qz — Qg ~/oz1 <1_(1+¢) (062—0411>>a1 Dd)w(y) O‘Id¢1/
— 1 vV — o1 @2
o sl

—/:so(¢u+<1—<z>>a1>alD¢ (1—<1+¢)<V_a1 )) ‘”d"b”}

Qo — (1
:_¢<p(a2)+(,0(()41) i 1+¢ /042
Qg — (1 (052 _ 051)2 o

o(pr+(1—-9¢)ar) ardel.

1
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Now by Definition 2.4, we have

/a2 @ (v + (1 —9¢)a1) adyv (3.13)
= (g —a1) (1=¢) Y ¢"p (¢(¢"as+ (1 —¢")ar) + (1 — ¢) )

= (a2 —a1) (1=¢) Y 6" (0" Mz + (1—¢"") )

n=0

:(a2_a1 Z¢n Pz + (1 —¢") )
— (042 - al) (1 ¢) Z(bn (¢na2 + (1 _ ¢n) al) _ (042 - al) (2)_ ¢)@(a2)
n=0
— 1—
(b/al Yo dov (a2 041)(¢ ¢) p(az)
Using (3. 13)in (3. 12), we get
1
| =69, Dup (=) e+ 702) 0 3. 14)
_ 9 (a2) +¢(ar) 1+¢ o - (1—¢?) ¢ ()
— o—— +¢(a2—a1)2 /O[1 SD(V) a1d¢V d)(az—al)
_ 9 () +e(as) 1+¢ o
— 5 (0s—on) Y /m 0 (V) ardyv.
Multiplication on both sides of (3. 14) wnﬁ(aﬁifl produces (3. 11). O

We are now able to present some new estimates for ( 1. 1¢ydalculus by using
s-convexity of functions.

Theorem 3.6. Suppose that for a functiop : [51, 32] — (—o0, 00), the¢-derivative exist
on (B1, B2) with [0, 00) C (61, B2). If o, Dy is continuous and-integrable onfa;, as],
whereay, as € [0,00), a1 < a2, 0 < ¢ < 1 and|,, Dyp|™ € K2, s € (0,1] with
r1 > 1, then

Ty (a1, a2) (¢)]

1—L
— 2 " T1 T\
<P T (6l De 0l + 10,8) o, D 02 )
where
I3 (¢ —24 Z¢n ( o )S
L+¢+ 1+ ¢

Z¢> (1+0)¢" —1) (1 —9¢")°,

(o) =275 S 0010 (155 ) + 00 X0+ 90" - 1))
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Proof. Considering (3. 11), taking the absolute value on both sides and by the application
of the Hodlder’s inequality, gives

-7
1Ty (a1, 02) (¢)] < % (/ 1= (1+ )7l odw) (3. 15)

1

. (/ 1= (14 )71 Jor Do (1 = 7) an + )| odqw> "

Sincel,, Dyl is s-convex,s € (0, 1], we have

1
/0 11— (14 &)1 oy Do (1 — ) e +702)[™ ooy (3. 16)
1
< Ia1D¢<P(a1)I”/O 11— (1) (1—7)" odey

1
4 s Do ()" / 1= (1+6)717" odr.

We also have

1
/O 11— (1+¢) odyy (3. 17)

1

=/Om(1—<1+¢>v> 0d¢7+/1i¢ (1+6)7 — 1) odgy = (1i¢¢)2'

Now we calculate the othefrintegrals involved in ( 3. 16 ) as follows

1
/O 1= (1467 (L—7)" odgy (3. 18)

- /0% 1=1+¢)y) (-7 odqw+/L (1+¢)7 = 1) (1 =7)" odgy

T+

_ /01” (1—(1+6)7) (1—7)" odey

+/0 (14 @)y —1)(1—)° odw—/om«lmm—l)(l—ws odgy

1

T+ 1
:2/ - (1+é)7) 1) od¢7+/ (14 ¢)7 — 1) (1) odyy
0

:1+¢Z¢’n ( 1T¢> z:: (roer=na=otr
I3 (¢, ),
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and
1
/ 11— (1+¢)v|7" odpy (3. 19)
0

= 1
= [T a-as 0N i+ [ (4 97=17" e

T+

=/OT<1—<1+¢> N odiy

1

1+¢

+/0 ((1+¢)v—1)vsodw—/o (1+6)7 — 1)7° odgr

=2/017 (1—=(1+¢)y)7* 0d¢7+/0 (T+¢)y —1)7" odgy

_ 1-¢ = n(1_ n " ’ o = n n ns
—21+¢7§¢ (1-¢ ><1+¢) +(1 ¢>n§¢ (1 +9) 9" 1) 6™
*14 (¢,8)

Applying (3. 16 )-(3.19)in ( 3. 15), we get the required inequality. O

Corollary 3.7. If one takess = 1 in Theorem 3.6, than one has the following inequality

Ty (a1, a2) ()] (3. 20)
¢ (az — o) 26 e ¢ (1+ 392 +2¢%)
D n
¢ (1+4¢ + ¢?) i @
OllD ! )

Proof. Itis clear, since

Is (¢ 2Z¢”1¢"( ¢"> Z¢” (1+¢)¢" —1) (1 —9¢")

n=0
_ ¢ (1+ 3¢ +2¢%)
(1+¢)° (1+¢+¢2)

L (6,1) =2%Z¢"(1 ) (1¢+¢> =0 [(1+6) 6" — 1) "]
n=0

n=0
_ 9(1+49+¢°)
(1+¢)° 1+ ¢+ ¢?)
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Corollary 3.8. If one takesp — 1~ in Theorem 3.6, than one has the following inequality

1 /O‘Qw(u)dy_@(al)Jr@(%)

Qo — 1 2

<l —ar) (1 o
=2 2

Proof. Itis clear, since

(3. 21)

1
1

s 1)% N
+la) (" (@)™ +1¢" (a2)[") ™ .

(s+1)(s+2)

)

1 /"2(p(y)dy_<p(a1)+<p(a2)

i T =
i 1Ty (a1, a2) (9] p— 5

1
lim Ig (¢,S): lim / ‘1—(1+¢)’y| (1—’}/)8 (]d¢’y
p—1— o—1~ Jo
1
— [n-21a-9) ar=
0

1
Jlim 14 (6.9) ¢gr;,/0 1= (1 +)217" odey
+(3)°
|1—27\’y dy =
r1

m
Jim o, Dyg (o)™ = I (o)

71 T1

Jim |, Dop (02)]"™ = |¢ (02)]
(I
Remark 3.9. In inequality ( 3. 20 ), we recapture the inequality provediB, Theorem

3.2, page 6774nd[15, Theorem 4.2, page 78@ee alsd11, 12). In inequality ( 3. 21),
we recapture the inequality proved[®, Theorem 1, page 28]

Theorem 3.10. Suppose that for a functiop : [51, 52] — (—o0, x0), the ¢-derivative
exist on(01, B2) with [0,00) C (01, 52). If o, Dy is continuous ands-integrable on
[1, o], whereas, as € [0,00), aq < g, 0 < ¢ < 1 and|,, Dgp|™" € K2 for some
fixeds € (0, 1] withry,ro > 1, then

1Ty (a1, a2) ()] (3. 22)

< 2082 200 (1, (6)% oy Do (@) 11 (6,9) + o Do ()" T (00 5)

wherer; andr, are Holder conjugates of each other, and

I5 (¢ Z¢>” — ™)+ (1+ ) Zd)" (14 ¢) o™ — 1)" Zw g — 1)

n=0
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Proof. Taking absolute value on both sides of ( 3. 11 ) and usidglét inequality, we
have

e 4
Totaran @ < D22 ([nogaonan)” @2

1
1 2
x ( o D (1 — ) ar + 7ag) " odw) .
0

We now evaluate the integrals involved in ( 3. 23 ), we get

1
/ 1= (11 )" odyr
0

/1Jr
0

1

(3. 24)

‘H
<

(1= @+ 9™ ador+ [ (1+6)7- 17 od
(1= (1+6)0" oder+ [ (1+6)7 =1 wdsy

(A+0)y—=1)" odyy

o
<

T

J
/0

‘S\

n=0

Z¢” — ") (1+0) D> " (1+¢)e" — 1) = ¢" (" — 1)"2]

’\cr—

_|_
5 (¢

\_/
3
I
o

Using (3. 7), (3. 8), and the-convexity of|,, D,|"* for some fixeds € (0, 1], we have
/ lon Do (1 =) a1 + yao)|™ odgy (3. 25)
0

1 1
< Jon Do (a)[" / (1= %) odyy + |y Dotp (a)|™ / 7 odiy
= o Do ()™ It () + o Do (2)]™ Iz (6, 5).

Making use of (3. 24 ) and (3. 25) in ( 3. 23), we get the required result. O

Corollary 3.11. If one takess = 1 in Theorem 3.10, than one has the following inequality
1Ty (a1, a2) (¢)]

< ¢lar —a1)
- 1+¢

Proof. Itis clear, since

(3. 26)

1+¢

o0

LoD =0-0)3 6" 1-¢") =
n=0

+6’
o0 2n_ 1
12(¢71>=<1—¢);(¢>) e
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Corollary 3.12. If one takesp — 1~ in Theorem 3.10, than one has the following in-
equality

1 /QQSO(V)dV_sO(al)Jr%O(%)

Qg — Q1 2

L T T i
o (2 —al) Lo (@ ()™ + ¢ (a2)]"\ ™
- 2 re 4+ 1 s+1 '

Proof. Itis clear, since

(3. 27)

Jim [T, (1, 02) (¢)] =

L[ i e sl

g — (X1 2

)

1
Jim 15 ()= tim [ 1= (4037 ady

1 1
/ |1 —2v[ dv—/ (1—-27)" dv+/ (2y-1)" dy
2
. 1
2(’/‘2—|—1) 2(T2+1) 7"2—}-17
1

1
1
lim I; (¢,s) = lim 1—79)° odyy = 1—7) dvy= ,
Jim 1 (6.9) = Jim [ (0=9)" 0y = [ (0= dr=
1 1 1
lim I (¢,s) = lim S odsy = S dy = ,
%172@7 ) Jm |7 odsy /07 Y=

Jim [, Dy ()" = |¢! (en)|”
Jim_ o, Dygp (a0)|" = [’ (0|
O

Theorem 3.13. Suppose that for a functiop : [51, 82] — (—o0,00), the ¢-derivative
exist on(B1, f2) with [0,00) C (B1,52). If o, Dew is continuous ands-integrable on
[v1, ], whereas, as € [0,00), a1 < a2, 0 < ¢ < 1 and|,, Dgp|™ € K2 for some
fixeds € (0,1] withrq,7r2 > 1, then

1Ty (o1, a2) (9] (3. 28)
< 2002 200 (1,(6) )% (ou Do ()" T (615) + o, Dasp () T (6.5)

+¢(01(2+¢) (I1 (8) )7 (lax Dop (01)[™ Ti0 (6, 5) + lay Dop (a2)[™ T (6, §)7T

3

wherer; andr, are Holder conjugates of each other, and

1+¢Z¢n ")
L@ =0-8)3 6" (L+6)6" — 1) —22 —e,
n=0

1

I (¢, s) = /01 ’ (1—=79)" odg7,
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ﬁ s
19 (¢7 S) = / v 0d¢’77
0

1
ho(6,9)= [ 0=2)" adan

1
11 (¢, 5) :/1 Yodg-

1+¢

Proof. Taking absolute value on both sides of ( 3. 11 ) and usiddét inequality, we
have

otanan) () < 2220 [ (405l Dap (1= 30 i
(3. 29)
= 002 [T (1 (14 0)9) o Do (1= ) +903)] ad
_ 1
Y [ (@9 DD (1 0] o
6(as—ar) [ [T B
< 2= (/ (1-(+9)7)" odM)
" L
X (/ low Dy (1 =) a1 + yao)|™ odw)
0
_ 1 %
+W</&¢((l+¢)7 0d¢7>
1 x
X (/1 lon Do (1 =) a1 + yaz)| odqw)
1+
We now evaluate the integrals involved in ( 3. 29 ), we get
. y )
[T a— e o - 1+¢Z¢ —e =I(6)  (3.30)
and
1
/L (1+6)7 = 1) odgry (3. 31)

1+¢

Z¢” (1+¢)g" —1)" 1+¢Z¢" ¢" = 1) =Ir ().

n=0
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Moreover, sincé,, Dyp|™" € K2, we get

1

1+ "
[ Do (=)@ + 10" odin @.32)
0

= =%
< Jay Dgp (o)™ /0 (1=7)° 0dpy + lay Dy (a2)|™ /0 7 odyy

= Ja, Dy (a1)|™ Is (¢, 8) + |, Do (a2)[™ Iy (9, 5)

and
1
/1 lau Do (1= 7)o + 7)™ odyy (3. 33)
I+¢
1 1
<l Dap (@)™ [ (=) ody + 1o Do @)l [+ oder
3 e
= lay Doy (a)[™ T10 (¢, 8) + lay Doy (a2)|™ 11 (¢, 5) -
Using (3. 30)-(3. 33)in (3. 29), we get the desired result. |

Corollary 3.14. If one takes = 1 in Theorem 3.13, than one has the following inequality

Ty (a1, 02) ()]

< ¢ (s —aq)
ST 1t4

20+ ¢ no 1 g
(1+¢>3 +‘a1D¢>‘P<a2)| (1+¢)3>

=+ O+ 20+ 02\
(1+0¢) 1+ ¢)°

(Is (¢) )7 <|a1D¢<P(a1)

+ 2082 =) 1 g) )% <Q1D¢w<a1>|

+ lay Dgp (a2)|

Proof. Itis clear, since

[ 294 ¢?
I (6,1) = /O (=) odoy = 755,

T 1
19(¢,1):/0 ¢70d¢7=m7

1 _ 2 3
e R
i+o

1 2
I (¢,1) = /L Y odgy = flqu;;g,
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Corollary 3.15. If one takesp — 1~ in Theorem 3.13, than one has the following in-
equality
1 /(12 ¢ (a1) + ¢ (az)

g — (X1
. 1_ 1 s+1 . 1 s+1 1
' ()] I%Hw’ (az)[™ (2)

[e5]

< ¢(01Q+_¢a1) (2(r21+ 1) )72

( s+1 s+1
1
1 s+1 1\s+1 1
¢ (a2 — 1) 1 2 / 1 (%) / 1 (§>
"1 Gmry " ()" =+l () — 55
Proof. Itis clear, since
. 1 o ¢ (a1) + ¢ (a2)
1 T = dy — ——————==
Jim [Ty 00 () = | o [ o0 an tela))
_1 1
lim Ig(¢) = lim | (1= (14)7)"™ od —/2(1_2 Vidy— b
P o—1- g V) 0dey 0 K g 2(rg +1)’
1 1 1
lim T :lim/ 1+é)y—1) od :/ 7™ —1)dy =
Jim I (¢) = lim_ ﬁ(( ¢)y —1)" odgy \ @y=1"dv =505
lim I, b [T (= g T @)
Jm. 8(¢,s)f¢g§{ ; (1=9)"0 wf/O (1-7) e
1 1 1\s+1
lim Io (¢,s) = lim o v odyy = /2 ~idy = 5)
g1 2N p—1- Jo ¢ 0 s+17
1 1 (;)SH
lim I =1 1—~)° gdyy = 1—~)dy = 22
Jim o (¢,5) i ﬁ( 7)° odyy /; (1—7)"dvy PO
1 1 7(1)S+1
lim 7 = li Sodgy= [ A odgy = ——2
Jim_ Iy (¢, 5) lim [ 9" odgy /l v’ odyy o

4. INEQUALITIES FOR PRODUCTS OF TW@-INTEGRABLE FUNCTIONS

Theorem 4.1. Letp, 9 : [0,00) — (—00,00), 1,3 € [0,00),a;1 < ag, be functions
such thatp, v and 1) are ¢-integrable oveffay, as], 0 < ¢ < 1. If ¢ is non-negative and
convex orjay, as], if ¥ is non-negative and € K2 for some fixed € (0, 1], then

—/ P o) W) adar (4. 34)

Qg — 7 a1

1

< () ¢ () / 2 odgy + o (ar) 1 () / (1= )™ odyy

0

1 1
+w(a2)w(a1)/0 y(1—79)° od¢v+¢(a1)¢(az)/o Y (1 =7) ody-
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Proof. By the convexity ofp on[ay, as] ands-convexity ofy, we have

e (yaz+ (1 —7)ar) <yp(az) + (1 =) ¢ ()
and
¥ (yaz + (1 =9)ar) <Y (a2) + (1 =) ¥ ()
for all v € [0, 1]. Sincey andy> are non-negative, we have
¢ (yaz+ (1 —7)a1) ¢ (yaz + (1 —v) 1)
<o (ag) ¥ (o) + 7 (1 —7)" @ (az) P ()
9" (1 =) (1) ¥ (o) + (1 =) o (1) ¥ ().

By ¢-integration on both sides of the above inequality@r], we obtain
1
/ @ (yoz + (L =) ar) ¥ (yoz + (1 = 7) a1) odgy (4. 35)
0

< ¢ (a2) ¥ (a2) / P+ odiy + ¢ (2) 1 (1) / V(1 =7)" odyy

T (an) ¥ (a2) / 7 (1= ) odgy + (1) § (on) / (1= ) odyr.

0
By the definition ofg-integral, we have

1 1 (o3}
[ etaz+@-manvhast1-na) e = —— [ 6010 0) ad
0 aq
(4. 36)
Applying (4. 36 ) in (4. 35), we get the desired inequality. O

Corollary 4.2. If one takess = 1 in Theorem 4.1, than one has the following inequality

a;al/ o) andgv (4. 37)
1 + o3

< loa) (o) g s+ @)Y ) g0y
¢2

TN (0 T )

whereN (a1, a2) = ¢ (a1) ¥ (a2) + ¢ (a2) ¥ (a1).

Proof. Itis clear, since
1 ) 1
Y Od Y= )
/0 R

! 2 . o+ ¢°
0= = i e Ty

1 - 2
70 e = i
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Corollary 4.3. If one takesp — 1~ in Theorem 4.1, than one has the following inequality

a2 M (o, as) N (a1, a2)
/al @(V)w(V)dUS s+ 2 +($+1)(S+2)

where M (a1, a0) = ¢ ()9 (a2) + ¢ (1) (1), N (a1,a2) = ¢ (a1) ) (aa) +
¢ ()9 (1)

Proof. Itis clear, since

J£T2¢(”)¢(V)ald¢y-_

1

Qg — O

(4. 38)

1
Qg —

lim
¢p—1— Qg — (1

/ o (W) (v) dv,

1 1
1
1. s+1 d :/ s+1d — ,
¢>£{1* o Y 0ag”Y A Y Y s+2
1 - 1 - 1
lim 1— )T ydyy = - ay = ,
Jm (1=7)""" odgy /O (1-7) =113
1 1 1
lim 1—7)% odyy = 1—-y)'dy=——" .
Jm | Y (L =7)" odgy /0 v (1 —=7) dy GIDGTY)
1 1 1
lim S(1—7) odgy = S1l—-)dy= — .
Jim [ 5t (1=) ody /Ow D= T T

O

Remark 4.4. In (4. 37), we recapture the inequality provedirb, Theorem 4.3, inequal-
ity (4.6)] (see alsd11]), in ( 4. 38 ), we recapture the inequality proved[$h Theorem

5].
Definition 4.5. [8] (1) For z > 0, the¢-gamma function is defined as

1
i—o _
F¢($)=L/, VT E, Y ody,
0

whereEg is one of the following)-analogues of the exponential function

=S o™ _ 14 1+ ¢ (1-¢)7)
PN =1

= A" 1 1
G-

T (=(=0)n; ILe(-di(1-0)7)

(2) For z,y > 0, the¢-beta function is defined as

n

! 1
AB¢($,y):=]€ YA =)L odg,s
where
o (T=omy
1— y—1 — ¢
=o)s” =0 gm)F

Some properties af-beta andp-gamma functions are given in the following theorem.
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Theorem 4.6. [8] (a) 'y, (x) can equivalently be expressed as

(1)
el =gy
In particular one has
I'y(1+2z)=[z]Ty(x), forallz >0,Ty (1) = 1.

(b) The p-gamma andp-beta functions are related to each other by the following two
equations

o) = e,
= LD

Remark 4.7. It is not difficult to observe that
1=y <1—-¢7)!<Q-07)}
for0<~y<1,y>0and0< ¢ < 1.

Theorem 4.8. Lety, ¢ : [0,00) — (—00,00), a1, a2 € [0,00), 01 < az, be functions
such thatp, ) and i) are g-integrable ovefaq, as], 0 < ¢ < 1. If ¢, 1) are non-negative,
¢ € K2 andy € K2 for some fixed, s, € (0,1], then

—/ P o) W) adar (4. 39)

ar — a1 o,
< @ (a2) ¥ (a2) ﬁlizﬂ + () (ar) By (1,51 +s2+1)

+N(C¥1,0Z2)B¢ (81 +1,82 +1),

whereBy, (¢, 8), a, 8 > 0 is theg-beta function andV (a1, a2) are defined in Corollary
4.3.

Proof. Sinceyp is s;-convex andy is sy-convex functions, we have

¢ (yaz + (1 =) a1) <7 (ag) + (1 =9)" ¢ (a1)
and
¥ (yag + (1 =) a1) <7°29 (ag) + (1 =) 4 (aq)
for all v € [0, 1]. The non-negativity o andy gives
@ (yoz + (1 =) ar) ¢ (yaz + (1 =) ax)
<R p (a2) ¥ (a2) + 97 (1= 7)" @ (a2) ¥ ()
+77 (1= ¢(a) ¥ (a2) + (1 =7)" (1=7)" ¢ (1) ¥ (o).
By ¢-integration on both sides of the above inequality over the intgfval, we get

1
/0 o (v + (1 — ) an) & (vo + (1 — ) ar)y dy (4. 40)
1 1
< ¢ (a2) ¥ () /O P iy + o (a2) ¥ () /0 (L= 7)™ odyy

1 1
T (o) ¥ (a2) / 75 (1= )" odygy + ¢ (01) ¥ (1) / (1= 7)™ odyr.
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By the definition ofg-integral, we have

téww%+uewmnwww+u—waan= ! /Mwwwwom%u

Qg — 01 Jq,

We also observe that
! S1+S2 d _ 1- ¢
A P

1 1
/(1—v)81+52 0d¢’)’§/ (1= ¢7)5 "™ 0dgy = By (1,51 + s+ 1),
0 0

1 1
/ (1 =) odgy < / V(1= d7)5 odgy = By (s1+ 1,82+ 1),
0 0

and
1 3 1 >
/ 72 (1 =) odgy < / Y2 (1= d7)5 odgy = By (s2+ 1,51 +1)
0 0
:B¢(81 +1782+1).
Utilizing the above observations, we get from (4. 40 ), the required result. O

Corollary 4.9. If one takesp) — 1~ in Theorem 4.8, than one has the following inequality

]. “2 M(ahag)
dv < ———————=-+ N B 1 1 4. 41
[ @) a2 SO N (n00) Blsa L +1). (4.41)

whereM (aq, a2) and N (a1, ay) are defined in Corollary 4.3.

1

Proof. Itis clear, since

. L e
¢@?%_HL41¢@Muwaﬂwm:%_a141¢@MNWdu
1 1 1
. ! +s52 ' s1ts2 1

1 1
¢li1111 (1 — )% odgy = / Y (1—79)2dy=B(ss+ 1,5 +1),
—1=Jo 0

1 1
Piics fwrwfw%v:/vwa—wﬁm:B@fuﬁuﬂy
—17Jo 0

Remark 4.10. In ( 4. 41), we recapture the inequality proved® Theorem 6]
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