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Abstract. A magma that also satisfies the left invertive law,
(ab) ¢ = (cb) a is called an AG-groupoid. Generally, an AG-groupoid
is a non-associative structure lying midway between a groupoid
and a commutative semigroup. We consider the notion of anti-
commutativity in AG-groupoids and investigate some of their prop-
erties. A new subclass of AG-groupoids as rectangular AG-groupoid
is introduced and investigated. A variety of examples and counter
examples are produced using the latest computational techniques
of GAP, Mace4 and Prover9.
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1. INTRODUCTION AND PRELIMINARIES

An AG-groupoid S is the most interesting non-associative algebraic structure in
which the left invertive law, (ab) ¢ = (¢b) a holds. It lies midway between a groupoid
and a commutative semigroup. Some new subclasses of AG-groupoids have been
discovered recently in [1, 9] and interesting future work has been mentioned in
these subclasses. Anti-commutative AG-groupoid is one of these newly discovered
subclasses of AG-groupoids. An AG-groupoid S in which the identity ab = ba =
a = b holds for all a,b € S [9] is called anti-commutative AG-groupoid. In this
99
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paper, we will investigate anti-commutativity in AG-groupoids. We will also find
some relationships between anti-commutative AG-groupoids and other subclasses
of AG-groupoids such as quasi-cancellative, right distributive and left distributive
AG-groupoids. Throughout this article, S will represent an AG-groupoid otherwise
stated else. S is called right quasi-cancellative if the condition, 22 = zy& y? =
yx implies z = y Va,y € S holds. Similarly, S is said to be a left quasi-cancellative
if it satisfies the condition 22 = yx & y? = zy implies z = y for all z,y € S. S is
said to be quasi-cancellative if it is both right and left quasi-cancellative [10]. We
will use the notation ”-” to avoid the frequent use of parenthesis in our calculations
while proving results, e.g. (ab - ¢) d will be the same as ((ab) ¢) d.

AG-groupoid is a well worked area of research, various articles are recently pub-
lished on different concepts in the last few years. Modulo matrix AG-groupoids
are recently constructed in[2, [3]. The concept of ideals and LA-rings in theory of
AG-groupoids is introduced by Q. Mushtaq [6l, [7]. Fuzzification of various concepts
in AG-groupoids has also been done by various researchers recently. AG-groupoids
have a variety of applications in flocks theory, finite mathematics, geometry and
other algebras. In this article, we define a new subclass of AG-groupoids as a rec-
tangular AG-groupoid. The existence of this AG-groupoid is proved by various non
associative examples. In the following we give a table of definitions that arise in
various papers like, [1, 8, 9] and is used in the rest of this article.

AG-groupoid | Defining identity | AG-groupoid Defining identity
AG** a (bc) = b(ac) unipotent a® =b*

Tt ab = cd = ba = dc | AG-3-band (aa)a =a

T2 ab = c¢d = ac = bd | right distributive | (ab) c = (ac) (bc)
17 ab = ac = ba = ca | left distributive | a (bc) = (ab) (ac)
T3 ba = ca = ab = ac | paramedial ab-cd =db- ca
T3 both T} and T} Jordan a (bb.c) = bb - ac
right-Bol a(be-b) = (ab-c)b | medial ab-cd =ac-bd

TABLE 1. AG-groupoids with their identities

1.1. Relation between anti-commutative- and T'-AG-groupoids.
Anti-commutative AG-groupoids and T"'-AG-groupoids are two different subclasses
of -AG-groupoids as shown in the following examples.

Example 1. Let S ={1,2,3,4}. Then
(i) (S,-) is an anti-commutative AG-groupoid of order 4 which is not a T*-AG-

groupoid.
(i) (S,*) is T'-AG-groupoid of order 4 which is not an anti-commutative AG-
groupoid.
-0 1 2 3 *x[1 2 3 4
0/0 2 3 1 11 1 1 1
113 1 0 2 21 1 11
211 3 20 3/1 1 3 3
3/2 01 3 411 1 3 3
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Now, in the following theorem we investigate relationship of an anti-commutative
T1-AG-groupoid with quasi-cancellative, unipotent, AG-3-band and 72-AG-groupoid.

Theorem 1. Let S be an anti-commutative T'-AG-groupoid, then the following
hold;

(i) S is quasi-cancellative
(i) S is unipotent
(ii) S is AG-3-band

(iv) S is T?-AG-groupoid.

Proof. Let S be an anti-commutative T'-AG-groupoid and z,y € S.
(i) Let

= ay (1.1)
=zr = xay
=zr = yr byT!
=22 = (1.2)
=zy = yz by (1.1) & (1.2)
=x = vy by anti-commutativity
Similarly let,
y' =y (1.3)
=Yy = yx
=yy = xy by T property
=2 = ay (1.4)
=yr = zy byl3&1l4

Thus by anti-commutativity we have = = y. Hence S is left quasi-cancellative.
Similarly, it is easy to prove that S is right quasi-cancellative and hence is
quasi-cancellative.

(ii) Now we show that every anti-commutative T*-AG-groupoid is unipotent. Let
a,b € S. Then by medial law, anti-commutativity and definition of T'-AG-
groupoid we have,

a®? = aa-bb=ab-ab
= b%2a®> = ab-ab=aa-bb=a?b?
Thus a2 = b2

Hence Va,b € S,a? = b?, thus S is unipotent.
(iii) Let S be an anti-commutative T -AG-groupoid and a € S. Then
(aa-a)a = aa-aa by left invertive law (1.5)
a(aa-a) = aa-aa by T* (1.6)
(aa-a)a = a(aa-a) by (1.5) & (1.6)

Thus by anti-commutativity we have (aa)a = a,Va € S. Hence S is AG-3-
band.
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(iv) Let S be an anti-commutative 7' —AG-groupoid and a,b,c,d € S. Assume
that ab = cd we prove that ac = bd. Using the assumption, definition of
T1-AG-groupoid, medial law and anti-commutativity since,

ac-bd = ab-cd
= cd-ab=ca-db by assumption & medial law (1.7)

=bd-ac = db-ca by T (1.8)
=ba-dc = dc-ba by medial law

=ba = dc by anti-commutativity (1.9)
=bd-ac = dc-ba by (1.1) & medial law
=ac-bd = ba-dc by T!
=ac-bd = dc-ba Dby (1.8)
= ac-bd = db-ca by medial law (1.10)

bd-ac = ac-bd by (1.7) & (1.9)

Equvalently, by anti-commutativity ac = bd. Hence S is T?-AG-groupoid.

Therefore the theorem is proved.

2. Relation of distributive AG-groupoids with anti-commutative
AG-groupoids

Here we establish some relationships of left and right distributive (LD and RD) AG-
groupoids with anti-commutative AG-groupoids. In general, there is no direct rela-
tion between LD- and RD-AG-groupoids and the anti-commutative AG-groupoids,
but the combination of anti-commutativity with any one of these properties leads
to another subclass of AG-groupoid as given in the following theorem.

Theorem 2. For anti-commutative AG-groupoid S, the following are equivalent:
(i) S is a left distributive AG-groupoid

(i) S is a right distributive AG-groupoid

(i) S is a distributive AG-groupoid.

Proof. (1) (i) = (ii). Let S be an anti-commutative left distributive AG-groupoid
and a, b, c € S. Now, by medial and left invertive laws, left distributive property
and anti-commutativity we have,

(ab-c)(ac-bc) = (ab-c)(ab-cc) = (ab-abd)(c- cc)
= (ab-ab)(cc-cc) = ((cc- cc)ad) (ad)
= ((ab-cc)ce) (ab) = (((ab- c) (ab- c)) cc) (ab)
= ((ab-c)c(ab-c)c)(ab) = ((ab- c) (cc)) (ab)
= (ab-cc)(ab-c) = (ab-cc)(ab-c) = (ac-bc) (ab-c)
Thus by anti-commutativity we have (ab-c) = (ac- bc).

(2) (i1) = (i). Let S be an anti-commutative right distributive AG-groupoid and
a,b,c € S. Using medial law, right distributive property, left invertive law and
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anti-commutativity we get,
(ab-ac)(a-bc) = (aa-be)(a-be) = (aa-a)(be-be) = (aa- aa) (be- be)
= ((bc-bc)aa)aa = ((aa - be) be) aa
(aa - be)a) (be-a) = ((aa - be) (be)) a
a-be) (aa-be) = (a-be) (ab - ac)
ab - ac) (a-be) = (a-be) (ab - ac)
Thus a-bc = ab-ac.
(3) (i7) = (i4i) By (ii) and (2).
(4) (éii) = (i). Obvious.
Hence the theorem is proved.

(
(
(
(

O

Although, anti-commutative AG-groupoid and left distributive AG-groupoids are
not T3-AG-groupoids, however here we establish a relation among the three classes.
This relationship is given in the following theorem.

Theorem 3. Let S be an anti-commutative left distributive AG-groupoid. Then
any of the following hold:

(i) S is T®-AG-groupoid

(i) S is quasi-cancellative AG-groupoid

(iii) S is AG-3-band.

Proof. (i) Let S be an anti-commutative left distributive AG-groupoid and a, b, ¢ €
S. We have to prove that S is right-T2-AG-groupoid for this let ab = ac. Now
using the medial and left invertive laws and the assumption we have,

be - aa) = (be- a) (be - a) = (be - be) (aa)

aa - be) (be) = ((aa - b) (aa - ¢)) (be)

aa - aa) be) (bc) = ((aa - aa) be) (be)

((ad) (aa - ¢)) (be)

— ((ac) (aa - €)) (be)

— ((aa - aa) (cc)) (be)

cc-aa (aa) ( ¢) = ((ca - ca) (aa)) (be)
. = (ca - aa) (bc)

ba-ca = (
= (

= (

=

= (

= (

=

=

(

be - aa) ca) = (ba - ca) (ca) = (ba - ca) (ca)
= (ca-ca)(ba) = (ca-b)(ca-a)=ca-ba
Thus by anti-commutativity ba = ca.
(ii) Now, we have to prove that S is left-T3-AG-groupoid, for this let ba = ca.
Using the assumption, medial law and left invertive law we get,
ab-ac = aa-bc=(aa-b)(aa-c) = (aa-aa)be
= (bc-aa)aa = (ba-ca)aa = ((ba-c)(ba-a))aa
((ba-¢)(ca-a))aa = ((ca-b)(ca-a))aa
= (ca-ba)aa = (ca-a)(ba-a)
(

)
aa-c)(aa-b) =aa-cb=ac-ab
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(iii)

Thus ab = ac. Hence S is T3-AG-groupoid.

Let S be an anti-commutative left distributive AG-groupoid and z,y € S. Let

22 = zy and using the assumption, left invertive law and medial law we get,

zy-yr = zx-yr=(rz-y)(zz-2)=(2Y-Y) (22 - )
= (yy-zz)zx = (yz - yx)zx
= (yx-z)(yx-z) =yx xx =yr- oY
Thus zy = yx by anti-commutativityand equivalently x = y.

Similarly, let y? = y2 and using the assumption, left invertive and medial laws
and anti-commutativity we get,

vy-yr = wy-yy=(xy-y)(zy-y) = (2y-y) (yy-z)
= (zy-y)(yz ) = (zy - yz) yz
= (yz-yz)ay = (yz-z)(yz-y) =yz - zy
i.e. xy = wyx by anti-commutativity
Thus by anti-commutativity we conclude that z = y.
Next we prove that S is right quasi-cancellative. To do this let 22 = ya and

using the assumption, left distributive property, medial and left invertive laws
and anti commutativity we get,

(zy) (yz) = zy- 22 =(vy-2)(2y 2) = (VY- 2Y)
(z2)(2y))ry = (22 - 2y) 2y = (22 - 7) (22 - ) TY
zy (v - y)) (v2 - x) = (2vy (yo - 7)) (22 - 7)
(z-yz) (y2)) (27 - 2) = (22 - ) 7) (y2 - Y2)
(zz)(z2))((yz)(y7)) = (22 - Y2) (YT - YT)

(yz - yz)yz) zx = ((yz - y) (yz - ) 2

y - yx) ze = (yy - zx) zx = (xx - xx) yy
rr-yx)yy = (vy - 2x) yy = ((yy)(zz))zy

yr - yz)zy = (yz - z) (yz - y) = (yz) (zy)

(
(
(
(
(
(
(
(

Thus zy = yx by anti-commutativityand equivalently x = y. Similarly, let

y?> = zy and using the assumption, medial and left invertive laws and anti-

commutativity we get,

zy-yr = (zy-y)(zy-z)=(2y- 2y)yz = (yy - 2y) yz
= ((yy ) (yy-y)yr = (zy-y) (yy - y)) yz
(zy-y) (@y-y))yr = ((yy - y) (xy - y)) yx
= ((yy-zy) yy) yzr = ((yz - yy) yy) y=
( )y
(

(yy - yy) yx) yxr = ((yy - y) (yy - x)) yx
yy - yz)yr = (yxr - yz)yy = (yr - y) (yr - y) =y - yy
zy-yr = wyx-xzy by assumption of y? = zy

Thus xy = yx by anti-commutativityand equivalently x = y. Hence S is
quasi-cancellative.
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(iv) Let S be an anti-commutative left distributive AG-groupoid and a € S then
using the left invertive law, left distributivity, the medial law and anti-commutativity

we get,
(aa-a)a = aa-aa=(aa-a)(aa-a) = (aa-aa)aa
= (a-aa)aa=al(aa-a)
ie. (aa-a)a = a(aa-a)

Thus by anti-commutativity (aa - a) = a. Hence S is AG-3-band.

The following corollaries are now obvious using Theorem [2.

Corollary 1. Anti-commutative right distributive AG-groupoid is T®-AG-groupoid.
Corollary 2. Anti-commutative right distributive AG-groupoid is quasi-cancellative.

Corollary 3. Anti-commutative right distributive AG-groupoid is AG-3-band.

3. Relation among anti-commutative, Jordan and paramedial
AG-groupoids

In this section, we give the relationship among anti-commutative, Jordan and para-
medial AG-groupoids is discussed. In fact there is no direct relation among the anti-
commutative AG-groupoids, Jordan AG-groupoids and paramedial AG-groupoids.
However, on combining these properties in an AG-groupoid give rise to another
subclass of AG-groupoids. Here we give an important result among these three
subclasses that will leads us to an important result directly in the form of a corol-
lary.

Consider the following examples which show that anti-commutative AG-groupoid
is not paramedial. Similarly, Jordan AG-groupoid is also not a paramedial AG-
groupoid.

Example 2. Let S ={1,2,3,4}.Then

(i) (S,-) is an anti-commutative AG-groupoid that is not a paramedial AG-
groupoid.
(ii) (S,«) is Jordan AG-groupoid that is not a paramedial AG-groupoid.
(iii) (S,0) is Jordan AG-groupoid which is not AG-3-band.

<]1 2 3 4 |1 2 3 4 o|1 2 3 4
12 3 1 4 11111 11 2 3 4
204 1 3 2 201 1 1 3 202 1 4 3
313 2 41 3|14 1 1 303 4 2 1
411 4 2 3 41 1 2 1 414 3 1 2

(i) (i) (iif)
Theorem 4. For an anti-commutative Jordan AG-groupoid S, the following hold:
(i) S is paramedial AG-groupoid
(ii) S is T'-AG-groupoid
(ii) S is AG-3-band.
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Proof. Let S be an anti-commutative Jordan AG-groupoid and a,b,c,d € S.
(i) Now using the medial and left invertive laws, Jordan identity and anti-commutativity
we get,

(ab-cd) (db-ca) = (ab-db)(cd-ca) = (ad-bb) (cc- da)

= ((bb-d)a)(cc-da)= ((db-b)a) (cc-da)

= ((db-b)a)(d(cc-a)) = (ab-db)(d(cc-a))
) (db (cc-a)) = (ab-d) (db(cc-a))

= (db-a)(cc(db-a))=(db-a)(cc(ab-d))

(

(

(
= (ab-d

(

((cc(ab-d))a)db= ((ab(cc-d))a)db
= ((a(cc-d))ab)db= ((cc-ad)ab)db

= ((ca-cd)ab)db= ((ab-cd)ca)db = (db- ca) (ab- cd)

Thus by anti-commutativity, (ab - cd) = (db - ca).

(ii) Let S be an anti-commutative Jordan AG-groupoid and a,b,c,d € S. Let
ab = cd and consider,

ba-dc = ca-db=cd-ab=ab-cd=ab-cd=dc-ba

Thus by anti-commutativity it follows that ba = dec.

(iii) Let S be an anti-commutative Jordan AG-groupoid and a € S then,
(aa-a)a = aa-aa=a(aa-a)

Thus aa - a = a by anti-commutativity.
Hence the theorem is proved. O
3.1. Relation of anti-commutative AG-groupoid with rectangular and
paramedial AG-groupoids. In this subsection we define a new subclass of AG-

groupoids which will be called rectangular AG-groupoid and will find its relation
with anti-commutative and paramedial AG-groupoids.

Definition 1. An AG-groupoid S is called a rectangular AG-groupoid in which the
identity ab - ac = db - dc holds for all a,b,c,d € S.

The identity given in the above definition of rectangular AG-groupoid is present in
the book “Latin squares and their applications” on page no.60[4].

Example 3. Rectangular AG-groupoid of order 4.

<]1 2 3 4
11 2 3 4
202 1 4 3
314 3 1 2
413 4 2 1

Theorem 5. For an anti-commutative paramedial AG-groupoid S, the following
hold.

(i) S is rectangular AG-groupoid
(i) S is unipotent
(iii) S is AG**-groupoid

(iv) S is T -AG-groupoid.
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Proof. (i) Let S be anti-commutative paramedial AG-groupoid and a,b,¢,d € S.

(i)

(iii)

Then by the medial and paramedial laws and anti-commutativity we get,
(ab-ad)(cb-ed) = (aa-bd)(cc-bd) = (aa- cc) (bd - bd)
= (ca-ca)(bd-bd) = (cc-aa)(bd - bd)
= (cc-bd)(aa-bd) = (cb-cd) (ab- ad)

Thus by anti-commutativity ab - ad = ¢b - c¢d. Hence S is rectangular.
Let S be an anti-commutative paramedial AG-groupoid and a,b € S then,

22 = aa-bb=ba-ba=0bb-aa=bd?

ie. a> = b®> by anti-commutativity

a

Thus by anti-commutativity a? = b*. Hence S is unipotent.

Let S be an anti-commutative paramedial AG-groupoid and a,b,c € S. Then
by the paramedial law, medial law, left invertive law and anti-commutativity
we have,

(a-bec)(b-ac) = (ac-bc)ba = (ac-b)(bc-a) = (bc-a)(ac-b)
(be-ac)ab= (b-ac) (a- bec)
Thus by anti-commutativity it follows that a - bc = b - ac. Hence S is AG**-
groupoid.
Let S be an anti-commutative Jordan AG-groupoid and a, b, c,d € S. Assume

ab = cd, now using the paramedial property, medial law, assumption and anti-
commutativity we get,

(ba)(de) = (ca)(db) = (cd)(ab) = (ab)(cd) = (db)(ca) = (dc)(ba).
This implies that (ba)(dc) = (dc)(ba) and thus by anti-commutativity ba = dc.

Hence S is T -AG-groupoid.
O

Using the above theorem with Theorem 4 and 5 one can easily prove the follow-

ing:

Corollary 4. Every anti-commutative paramedial AG-groupoid is quasi-cancellative.

Corollary 5. Every anti-commutative Jordan AG-groupoid is quasi-cancellative.

The following examples show that anti-commutative or paramedial AG-groupoids
are not necessarily AG**-groupoids.

Example 4. Let S ={1,2,3,4} and T = {a,b,c,d}. Then

(i)
(i)

(S,-) is an anti-commutative AG-groupoid which is not AG**-groupoid.
(T,-) is a paramedial AG-groupoid which is not AG**-groupoid.

-1 2 3 4 la b ¢ d
111 3 4 2 ala b b b
214 2 1 3 blb a a a
312 4 3 1 c|lb a a a
413 1 2 4 dlc a a a

(i) (i)
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Corollary 6. Every anti-commutative Jordan AG-groupoid is AG**-groupoid.

Corollary 7. Every anti-commutative Jordan AG-groupoid is unipotent.

3.2. Relation between anti-commutative and AG**-groupoid. This subsec-
tion contains some relations between anti-commutative AG-groupoids and AG**-
groupoids with various other subclasses of AG-groupoids. Although, there is no
relation between anti-commutative AG-groupoid and AG**-groupoid but these sub-
classes give various other AG-groupoids as in the following theorem:

Example 5. we give the following as counter examples.

(i) Anti-commutative AG-groupoid which is not unipotent.
(ii) AG**-groupoids which is not unipotent.

1 2 3 4 |1 2 3 4
112 3 1 4 11 2 3 4
204 1 3 2 212 1 4 3
313 2 41 313 4 21
411 4 2 3 414 3 1 2

(i) (i)
Theorem 6. For an anti-commutative AG**-groupoid S, the following hold:
(i) S is T3-AG-groupoid

(i) S is right-Bol-AG-groupoid
(iii) S is unipotent.

Proof. Let S be an anti-commutative AG**-groupoid and a, b,c,d € S.

(i) To prove that S is T3-AG-groupoid. Assume that ab = ac for T3. Using
medial law, AG** property, left invertive law the paramedial law, the anti-
commutativity and the assumption we get,

ba-ca = bc-aa=a(bc-a)=alac-b)

= ac-ab=aa-cb=ac-ab=ab-ac

= aa-bc=ca-ba.
This gives further by the anti-commutativity of S we get, ba - ca = ca -
ba and thus ba = ca. Hence S is T2 AG-groupoid.
Let us assume that ba = ca for T3. Now using the medial law, AG** property
and left invertive law we get,

ab-ac = aa-bc=b(aa-c)=0b(ca-a).
Again using the AG** property, assumption, medial law, paramedial law and
anti-commutativity we get,
ab-ac = b(ca-a)=ca-ba=ba-ca
= bc-aa = ac- ab.

Thus ab - ac = ac - ab and hence by anti-commutativity we conclude that
ab = ac.
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(ii) Assume that S is an anti-commutative AG**-groupoid and a,b,c € S. Now,
by AG** property, left invertive law and anti-commutativity we get,

(a(be-b))((ab-c)b) = (bc-ab)((ab-c)b) = (be- ab) (be - ab)
= ((ab-¢)b) (bc-ab) = ((ab-c)b) (a(bc-b))
Thus by anti-commutativity we conclude that a (be - b) = (ab - c) b.

(iii) Let a,b be elements of an anti-commutative AG-groupoid S. Now, using the
definition of AG**, left invertive law and anti-commutativity we get,

a’-b? (aa) (bb) =b(aa-b) =b(ba-a)
= (ba) (ba) = (bb) (aa) = b* - a*

Thus by anti-commutativity it follows that a? = b*Va,b € S. Hence S is
unipotent.

O

4. CONCLUSION

In this article, various relations of anti-commutative AG-groupoids with other
subclasses of AG-groupoids are investigated. A new subclass of AG-groupoids
named as rectangular AG-groupoid is introduced and investigated. Various ex-
amples and counter examples are provided with latest computational techniques of
GAP, Maced and Prover9. The researchers are motivated to find other relations of
these subclasses with other known subclasses and to investigate other properties of
these AG-groupoids.
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