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Abstract. In this paper, we prove the existence of a super edge magic
total (SEMT) labeling on some particular subclasses of the disjoint union
of subdivided stars.
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1. INTRODUCTION

A labeling of a graph is a mapping that maps graph elements (vertices and edges) to
numbers (usually non-negative integers). If domain of the mapping is union of the set of
vertices and the set of edges, then such a labeling is known as a total labeling. In 1960, on
the motivation of the concept of magic square in number theory, Sedlacek [22, 23] raised
the problem to apply thenagic ideason graphsand introduced the notion ofraagic la-
beling Stewart (1966) [26] extended this study and proved that ann magic square
in number theory corresponds to a super magic labeling of complete bipartite igraph
In 1970’s Kotzig and Rosa [15, 16] defined the terrmagic valuatiorfor graphs. Later
on, Ringel and Llado (1996) [20] introduced the same concept and called edge magic to-
tal (EMT) labeling. Recently, Enomoto et al. (1998) [4], defined super edge magic total
(SEMT) labeling and proposed the following conjecture:
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Conjecture 1.1.Every tree admits a SEMT labeling

In the support of this conjecture, many authors have considered SEMT labeling for differ-
ent particular classes of trees. Lee and Shah [17] verified this conjecture by a computer
search for trees with at most 17 vertices. The results related to a SEMT labeling can be
found for w-trees [8], extended w-trees [9], generalized extended w-trees [10], stars [18],
subdivided stars [12, 13, 14, 19, 21, 29, 30], path-like trees [2], caterpillars [15, 16, 27],
subdivided caterpillars [11], disjoint union of stars and books [6], wheels, fans and friend-
ship graphs [25], paths and cycles [24] and complete bipartite graphs [1]. For detail studies
of a SEMT labeling reader can see [3, 5, 6, 7].

Lu [29, 30] defined the subdivided st&Kn,,n2, n3) and proved that it is a SEMT graph

if n; andny are odd withng = no + 1 or ng = ny + 2. Ngurah et al. [19] showed that

T(ny,n2,n3) is also a SEMT graph ifis = ny + 3 or ng = ny + 4. Salman et al. [21]

found a SEMT labeling of subdivided stafgn,n,n, ...,n), wheren € {2,3}. Recently,
~—_———

r—times
Javaid et al. [12, 13, 14] investigated SEMT labeling on different subclasses of subdivided
starsT'(nq, no, ...,n,), wheren;, > 1,1 < i < r, andr > 3. In this paper, we investi-
gate the results related a SEMT labeling on disjoint union of subdivided stars under certain
conditions.

2. NOTATIONS AND PRELIMINARIES

In this section, we define some basic notations and terminologies which are frequently
used in the main results. In Definition 2.1 and Definition 2.2, the concept of an edge magic
total labeling and a super edge magic total labeling is defined. Moreover, the concept of a
subdivided star and its disjoint unions is defined in Definition 2.3 and Definition 2.4.

All graphs in this paper are finite, undirected and simple. For a ofaph(G) and E(G)
denote the vertex-set and the edge-set suchithaV’ (G)| ande = |E(G)| are order and
size of the grapld, respectively. For more basic terminologies, we refer [28].

Definition 2.1. A bijection A : V(G) U E(G) — {1,2,...,v + e} is called an edge-magic
total (EMT) labeling of a(v, e)-graphG if there exists an integral constamtsuch that
Az) + May) + AM(y) = aforall zy € E(G), whereq is called a magic constant.

Definition 2.2. If X is an EMT labeling such that the smallest labels are assigned to the
vertices, then it is known as a super edge-magic total (SEMT) labeling and the @raph
having such a labeling is called a SEMT graph.

Definition 2.3. The subdivided stdf’ (n1, na, ..., n,.) is a tree obtained by inserting — 1
vertices to each of théh edge of the staK’ ,, wherel < ¢ < r, n; > landr > 3. The
vertex-set and edge-set are defined’d6/) = {c} U {xﬁ 1<i<r; 1<l <ni}
andE(G) = {cz! | 1 <i<rju{alizl™ |1 <i<r; 1<I; <n; — 1}, respectively.
Moreover, foralln; = 1, 7' (1,1, ..., 1) = K ,..

——

r—times
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Definition 2.4. Suppose thafy (n}, ni, ni, ....nk), Ta(n?, nd,n3,....n2),...,
Ty (nl,ns,nk, ....nI) areh non-isomorphic subdivided stars, theres U_, T (nd, nj, 3,
..... nl) is a disjoint union of: non-isomorphic subdivided stars with vertex-set and edge-
set defined as
VG) ==z 1<i<r1<i <nl,1<j<h}
U{e¢j;1 <j<h}and

B(G) = {aWieDi Ty <i<r1<td <nd —1,1<5 < h}
U{cjxl(j)l 1<i<r1<j<h}

The following lemma provides a necessary and sufficient condition for a graph to be a
SEMT graph.

Lemma 2.1[5] A graph G with v vertices ance edges is a super edge-magic total if
and only if there exists a bijective function: V(G) — {1,2,---,v} such that the set

S = {A(z) + Ay)|lzy € E(G)} consists ofe consecutive integers. In such a case,
extends to a super edge-magic total labeling=ofvith magic constant = v + e + s,
wheres = min(S) and

S={AM2) +AW)lzy € E(G)} ={c— (v+1),c = (v+2),-- ;¢ = (v+e)}.

3. MAIN RESULTS

In this section, we present the main results on SEMT labeling for the disjoint union of sub-
divided stars under certain conditions. The results of SEMT labeling on the union of two
disjoint copies of subdivided stars are presented in Theorem 3.1 and Theorem 3.2. More-
over, Theorem 3.3 and Theorem 3.4 study the existence of SEMT labeling for the union of
three disjoint copies of subdivided stars.

Theorem 3.1.Forany odch > 3,andr > 5, G = Ty (ni,nd, ni,...,nt)UTe(n?,n3,n3, ...,
n2,n? ;) admits a SEMT labeling if

)\(nj)_ _ n, for 1<i<4,
V) 24 (n—1)+1, for 5<i<r—1+j,

where,j = 1, 2.

Proof: Considers = 37, [3>72/ " nl] + 2, ande = 327, [3/2, 77 n]]. Define the

vertex-labelingh : V(G) — {1,2,3, .....v} as given below:

Ae;) = n, for j=1,
D=V Bn+3)+3 _{2m3(mn—1)+2}, for j=2

Wheni? is even,1 <1/ < n?:
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Forj =1,

I

2

n_ i

Au) = A

n+ 2

ll

n — 3,

for

(O

u=uazy ",
for u= xgl)lé,
for u= xél)lé,
for u= acil)l‘i,

and M@y =20+ S 9m=5(n—1)— L where5 <i<r.
Forj =2,anda; = (Tn+3)+ >/ _ {2 3(n—1) + 2},

l2

al"_?lv
+n— %
« n —
Au) = ' ;
OZ1+TL+ 2
ay +2n— 3

2
2
2

3

2
l4
)

for
for
for
for

U= xf)li,

= xf)lz,
U= xéQ)lz,
u = xf)l“,

andA(zEj)lg) = (a1 +2n) + Zin=5 2m=5(p —1) — g where5 < i <.

Forj=2andi =r +1,

M) = (4n+1) + Z {om=4(n — 1)

m=>5

Whent/ is odd,1 < 1 < n!:

Forj=1ands; = (5n+1)+ > _.{2™7%(3n — 3) + 1},

I;+1
2 ?

01+ 5—

(b1 +n+2)—
(Br+n+1)+
(BL+2n+3) —

AMu) =

andA(z") = (B + 20+ 3) + S _ (275 (n—1) +1} — i

< <.

I3+1
2

I3+1

2 i

)

Ii+1

2 )

Forj=2andas = (2n—1)+ > 2" %(n—1),

Qg +
(g +mn+2)
(g +n+1)+
(g +2n+3) —

Au) =

72 .
andA\(z") = (ap +2n+3) + 3 _ {25 (n— 1)+ 1} — &

< <.

5+1
2

13+1

2 b

13+1

2 )

13+1

2 )

bl

Whenlff is 0dd,3 < lg < nz,] =9%2andi =r + 1:

Ma?") = (@ +2n - 1)+ 3 2" P 1) + 1+

m=>5

1
+1}+ 2=
} 2
1)i3
for u:xg)l,
1)13
for u:xé)2,
1)i3
for u:xé)S,
(1l
for w=ux,"",
1
L where
2)12
for u:xg)l,
2 2
for u:xé)L",
2)12
for u:mg)3,
(2)i3
for w=ua,"",
2
L+l where
-1
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Whenl! = 1,j =2andi = r + 1:

)i
Az = By

By the above labeling scheme, the edge-sum set forms a sequence of consecutive integers
S ={p1+2,31+3,..., 31 + e}, therefore by Lemma 2.2, can be extended to a SEMT
labeling and we obtain the magic constant v +e+ s =2v+ 3 + 1.

Theorem 3.2. For any evem > 4, andr > 5, G = Ty(ni,nd — 2,n} — 2,...nl)U
To(ni,n3 —2,n3 — 2,....n2,n?, | — 2) admits a SEMT labeling if

And) = n, for 1<i<4,
S 2074 (n), for 5<i<r—1+4j,

3

where,j = 1, 2.

Proof: Consider = (10n—8)+> .. _. 2™ 4(3n),e = (10n—10)+>." _. 2m~*(3n),

m=>5 m=>5

anday = (Tn—5)+>_" _.2™3(n). DefineX : V(G) — {1,2,3, .....v} as given below:

- n, for j=1,
/\(CJ)_{al—i—’IL for j=2.

Wheni/ is even,1 <17 < n?:

Forj =1,

for w=uaz;"",
n—2, for u=uxy 2,
n—i—%, for u=ua4""3,
2n—%, for w=uxz;"",

I
2
2

Au) =

and )\(xij)l%) =2n+ 2;25 2m=5(n) — %, whereb <i <.
Forj =2,

2 2l2
al—i-%, for u:xg)l,
2

2 2

a1 +n—2  for -

)\(U) = l227 %Q)l?’
ar+n+ 3, for u=ux3"7,

2 2 2

a1+2n—%, for u:xf1 )14,

e : 12
/\(xgj)lf) = (a1 +2n)+ > 2" %(n) - é, where,5 < i <r,

m=>5

and A(mij)lf) = (g +2n—2)+ 2;25 2m=5(n) + %, wherei =r + 1.

Wheni/ is odd,1 < I/ < n?:

Forj=1,andB; = (5n—3) + Y., _.2™7(3n),
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B+ for w= Vb,

Mu) = (B +n)— ﬁ%l, for u= x(Ql)l%,
Br+n—1)+52 for w=a{)h,
(Br+2n—1)— ligl, for w= xil)l‘l‘,

and Az") = (B +2n— 1)+ 320 . 27 5(n) — L wheres <i <.
Forj =2, andas = (2n— 1)+ > _. 2™ 5(n),

1 2

Qs + 11;1, for mgz)ll,

2 2

AMu) = (a2 +n) = 5, for u=af"?,
- 2 2

(g +n—1)+ 13;1, for u= x§2)13,

_q) - L+t _ 2n

(g +2n —1) 5—, for w=uax,"",

Ny _ ¢ m—5 B+l ;
and A(z;"") = (e +2n—1)+> -2"°(n) — “5—, where5 <i <.

Whenlf is 0dd,3 < Zg < nz,] =2,andi =r + 1:
A"y = (a1 +2n - 1) + Z yn-5(m) + 4L
' 2

m=>5

Whenl! = 1,5 =2, andi = r + 1: A(x,ﬁj)lg) = 1.

By the above labeling scheme, the edge-sum set forms a sequence of consecutive integers
S ={B+2,6 +3,...,51 + e}, therefore by Lemma 2.1 can be extended to a SEMT
labeling and we obtain the magic constant v + e + s = 2v + 81 + 1.

Theorem 3.3. For any evem > 4, andr > 5, G = Ty(n},nd,2nl — 2,nl...nl) U
To(n3,n3 —2,2n3 —2,n3....n2) U T3(n3, n3 —2,2n3 — 2,n3....n3 — 2) admits a SEMT
labeling if
= m s 2R (), for 1<i<2,5=1,2,
i @n+2)+ 3" 2" 4(n—3), for 1<i<2j=3,
and
i [ 2740Bn+j—17), for 3<i<rj=1,3,
i = 2-4(p), for 3<i<rj=2.

Proof: Considerv = (29n — 13) + Y7 . 2m~5(382=88) ‘ande = (29n — 16) +
S5 2mT5(582=88)  Define the vertex-labeling : V(G) — {1,2,3,....v} as given

below:

2n, for j5=1,
Mej)) =< @ln—=7)+3, .2 %(21n—34), for j=2,
(24n —6) + Y1 _.2m75(24n — 40), for j=3.

Whenj = 1, andn = (354) + 577, _; 2" %(354);
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Forli =1, A(xgl)l%) =n+1,

Fori}lisodd,3 <ii <n} -1,

ny n r m—5(n— -1
A(xg)l):%él+2m=52 5(74)7 12 .
When/ is odd,1 < I/ < nl —1:

Forj =1, anda; = (32=2) 4 Y7 om—5(3n=52)

1

oy — lé;ﬂ, for u= a:él)lz

1 1

Au) = (ar =)+ 52 for w=2a{"
1 1

(1 +5n—7) =2 for w=a{"

andA (") = (aq + 50— 7) + 32, 2775(5n — 6) — L where
5<i<r.

Forj = 2,andgB; = (%) + 2;25 2m—5(13n2—24),

(6n—3)+> . 2™ 5(6n —10) + Z%T“, for u= £U§2)lf

Bl _ @5

Mu) = Sy remm
(B —1)+ ZG‘T—H, for u= :cgz)ls

2 2

Bi+n—1)— l4T+1’ for u= :vf)l‘*

and)\(zgj)l?) =Bi+n—-1)+ 2;25 2m=5(n) — lfjl , whereb <4 <r.

Forj = 3andy; = (122=8) 4 Y7 om-5(lin=24)

1341 )3

v+ 8 for w= 2®

(r14+2n+2)+ 3 _2™m75(2n — 6) lggl, for w= a:g?’)lg
(m+2n+1)+> _2m5(2n—6) + @T—H, for w= xés)lg
(11 +Tn—3)+ Y05 2" 520 —6) — 4L, for u=a{

2 Y

andA (") = (3 + 70— 3) + X _ 275 (5n — 4) + 320, 2m3(2n — 6) — L
whereb <i<r —1andr > 6.

When/ isodd,3 <1/ <n! —1,j = 3,andi =
()lf n— r m—>5 n— lz+1
A"ty = (83=20) L 5o 2 » (Bnotdy 4 L2
. N7 J
Whenlf =1,75=3andi=r: )\(xgj)li) — (%) + Z:n=5 2m75(29n2—44) _ l’;l-
When!! iseven,l <l <nl:Forj=1,
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(15n —3) + " _(15n — 24) — 5 for u=u (1”1

Au) = (n+4)+> 2" 5(n 4)—%27 for u-xgl)l ,
- 1

(n+4)+zm252m -4+, for u= “”1,

(6n—2)+z;:52m75(n74)7%, for u—xfll)l,

andA(z") = (6n — 2) + 7, _. 27~4(3n — 5) — &, wheres < i < 7.
Forj =2, andB, = (42%-14) + Y77 2m—5(42n-68)

2 2
(41n;18) 3 2m75(41n2764) + 5 for u= x§2)ll

_ i3 _ @0
M) = Bo— %, for w=ux;""2,

B Bo+ 1, for u=uz (2)12,
(ﬁQ-ﬁ-n)—%ﬂ for u—xf)l,

andA(a:(.j)l?) = (B2 + i _gm=5(p) — L& wh <i<
i 2t n) 35 (n) — %, where5 <4 <r.

Forj =3,andy, = (22n — 8) + >, _. 2™ >(22n — 34),

3

Y2 + % for w 3353)1;

Au) = (2+2n+2)+ > _2m75(2n —6) — %2 for u a:§3”2,
- %

(2 +2n+2)+ 3 527 7°(2n —6) + 23 for u= 33:(’,3)12,

(ya +7n—2) + Zm=5 om=5(9n —6) — &, for u=a"

and A(z") = (75 + Tn — 2) + 320, 9m5(5n — 4) + 30 2m5(2n — 6) — &,
whereb g 1 <r—1.

Forj=3andi =7 =5 Az") = (3 + Tn— 4) + 3, _ 27520 - 6) + 4.

Forj =3 andi =r > 6,

Az = (g + T —4) + YL om S (5 — 4) + X _ 2m5(2n — 6) + 4.
By the above labeling scheme, the edge-sum set forms a sequence of consecutive integers
S={n+3,n+4,..,mn+ e}, then by Lemma 2.1} can be extended to a SEMT labeling
and we obtain the magic constantE v + e+ s = 2v +n + 2.

Theorem 3.4.For any evem > 4, andr > 5, G = Ty(ni,nd —2,2n} — 2 n4 ..... nl)uU
Ty(n?,n3 —2,2n3 —2,n3..... nf,n? —2)U T3(n$,n3, 2n3 — 2 ni ..... n3,nd y,n

?4—2)
admits a SEMT labeling if

| n+2+zr+l gm=5(n=2 2y for 1<i<2,j=1,
= oo )+ —3) for 1<i<2,j—2
(20— 4+ S0P =) for 1<i<2,j—3

and
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K2

j 2i=4(p) for 3<i<r—1+j4j=13
n, = - . L.
2073(n) for 3<i<r—1+44j=2

Proof: Considerv = (18n — 17) + .7, 2m=5(18n — 16), ande = (18n — 20) +

m=>5

22;15 2m=5(18n — 16). Define) : V(G) — {1,2,3,.....v} as given below:

(277, 24)+Zr+1 om— 5(27n 26)7 for ]:17
Me) =4 (16n— 14) + SrF am=3(16n — 16), for j =2,
(2n —4 )+ZT+1 2m=5(2n —4), for j=3.

When!/ is odd,1 < I < n/:

Forj = landa; = (4n —5) + .0 25 (4n — 4),

1
oy + li;{ for u= xgl)ll,
Ny = d (o H ) E ST o (ng2) - B for u=ay ),
(u) B r+1 om—5/n—2 1341 (1)l
(1 +5) + 20,2272 ("g7) + 25—, for u=uy
1 1
(aq + 3") + ZTH 2m=5(222) — l4;17 for u= x(l)l
and Aa?") = (ar + &) + Y omes(ng2) 4y om5(n) — B where
< <.
Forj =2,andB; = (Tn — 7) + 3", 2m=5(Tn — 8),
2
(5n — 6) + ZTH 2m=5(5n — 5) + ﬁ;l, for u= a:§2)l1,
2 2
\ pBr— 25—, for u= m(22)l2,
(u) = 1341 (2)13
(B —1) +=5—, for w=ux3""2,

2
Brit+2m—1) =5 for w=aP"

andA(z") = (B + 20— 1)+ Y 2m=5(2n) — L where5 < i < 1.

2
Forj =2,u= acgz)li,andi =r41,

- 1

NP R RS v O R A
2
(17n —15) + S0 2m=3(17n — 16) + 552, for 3 <12 <n? — 1.

Forj = 3,71 = (11n—11)+3" L 2m=5(11n—12), andy = (9n—9)+>." ", 2m5(9n—

n+ l?gﬂ, for ufx(lg)ll =1,
(n72)+2:;152m 5(n72)711;1 for uw==x (3)l13§l‘f§n5ffl,
3 3
Au) = y1 — ZZT—H’ for u= xéB)lB,
(1 —1)+ 15%1, for w= xgg)l ,

3
(71+n—1)—l‘317, for w=a(P",
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and (@) = (1, +n— 1) + S 275 (n) — FT“ wheres < i < r + 2.
Wheni/ is even,1 < I/ < n?:
Forj =1, andas = (13n — 13) + Y2771 2m=5(13n — 12),

_
for w=um 1
for u= xél)lz

b
+2
72
2 1
1l
53 for w=a\s
[
27

Q2
(a +n+2)+zr+1 gm— 5( ; )
(a2 + 52) + T 25 (252) +
(0 + 3n52) 4 ST, am5(n52)

m=>5

Au) =
3

1 1
for uw= xfl )

1t

and)\( (])l ):(a2+3n2+2)+z’r’+1 gm-— o(n 2)+Z'L 2m,5(n)75'

m=>5 m=>5
where5 <i<r.
Forj =2, andf, = (16n — 14) + S0 2m=5(16n — 16)

(14n — 13) + >0 2m=5(4n — 13) + % for u=az
(z)l2

_ L —
Au) = B2 3 for w= x?z)ﬂ
(B2) + 73 for w=ux; ’
(B2 + 2n) — 54 for Pl

(B2 +2n) + Zm 52M7%(2n) — 2 , for u= xl(?)li

Au) = L=,
(Br+2n—2)+ Zm 52m70(2n) + 4, for u= xl(?)l"'
1=r+1.

Forj=3,andy, = (2n —4)+ >/ _.2™75(2n — 4)

(10n — 9) + 7L 9m=5(10n — 10) — & for w :cf’”z

l

- et o e
Yo + %z, for w ;3”2

(yo+n)—4, for u=2al

andA (") = (g +n) + 31 . 2m75(n) — &, where5 < i <r+2.

By the above labeling scheme, the edge-sum set forms a sequence of consecutive integers
S ={n+3,n+4,..n+ e}, therefore by Lemma 2.1\ can be extended to a SEMT
labeling and we obtain the magic constant v + ¢ + s = 2v +n + 2.

4. CONCLUSION

In this paper, we proved the existence of the SEMT labeling for the disjoint unions of
the subdivided stars with at most three copies. However, the problem is open to study the
existence of the SEMT labeling for the disjoint unions of the subdivided stars with arbitrary
number of copies.
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