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Abstract. In the present paper, the notion @f, ¢t)-convex functions is
used to proved some new results on inequalities-ftames differntiable
convex functions, which are much same as famous Hermite Hadamard’s
integral inequality for convex functions, by applying these inequalities we
have constructed inequalities for special means for two positive numbers.
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1. INTRODUCTION AND MAIN RESULTS
A function g is called convex, if is defined by: 3 C R — R and
g(zu+ (1 = 2)v) < zg(u) + (1 — 2)g(v),

holds for everyu,v € J andz € [0,1].
Then the following double inequality

q
o(237) < = [ otwan < 20710, @1
2 q—pJp 2

holds for convex functions and titled as the Hermite Hadamard Inequdlifif]. (see [5]).
Both the inequalities in ( 1. 1) if holds in reversed direction thénconcave. Inequalities
(1. 1) are famous in mathematical literature due to their variety of applications and rich
geometrical significance.

For several results which gives generalization, improvement and extension of inequali-
ties (1. 1), we refer the interested reader to [2, 7, 6].
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To give estimations to the difference between the middle and the rightmost terms in
(1.1), Dragomir and Agarwal [2], established these inequalities for differentiable functions.

THEOREM 1.1 [4]
Letg : J € R — R be a differentiable mapping a§°, andp, ¢ € J with p < ¢ and
g’ € L'[p, q] then:

2 Cq-p 0
THEOREM1.2. [1] Letg : 3° C R — R be a differentiable mapping, and ¢ € J° with
p < g and|g¢’(u)| is convex orip, ¢] then:

‘g(p);rg(q) B qip/pqg(“)d“

gp) +9(a) 1 /”g(u)du‘ < % (1-22)¢ (zp+ (1 —2)q)dz. (1. 2)

(a—p) (9P + 19" (@) (1. 3)

<
- 8

THEOREM1.3. [9] Letg : J C R — R be a differentiable mapping ojf. If ‘g"r is a
convex function offp, ¢], for somer > 1, withp, ¢ € J andp < ¢, then the following

inequality holds:
o (lew| @[\
< q . p (‘ 5 ' ’ (1. 4)

T ’ s

aop [l9 @) +lg @\’
<L ( 5 )

DerINITION 1. [1] A functiong : [0,¢] — R, ¢ > 0, forenamed as-convex, if
glzu+ t(1 = 2)v) < zg(u) + t(1 — 2)g(v)
holds,Vu,v € [0, ¢], wherez € [0,1] and¢ € (0, 1]. If the function—g is ¢-convex then
the functiory is called¢-concave.

The class of alt-convex functions defined ¢i ¢| is denoted by, (q), for which
g(0) <0.

Obviously, if we taket = 1 definition 1 take back the concept of standard convex
functions on[0, ¢|, and for the value = 0 it gives the concept of star shaped functions.

‘g(p;_q)—qip/pqg(u)du

THEOREM 1.4. [1] Letg : 3 € R — R be at-convex function, where € (0, 1] for
g € L([p,q]) and0 < p < g < oo, then:
1 q

— [ g(u)du < min{
q—p P

(1. 6)

g(p) +tg($) g(%) +t9(q)}
2 ’ 2 '

2. (o,t)-CONVEX FUNCTIONS

DEFINITION 2. [6] The functiory defined ag : [0, q] — R, whereg > 0, is called as
(0,t)-convex, for(o, t) € [0, 1]?, if we have the inequality
g(zu+t(1— 2)v) < 27g(u) + (1 — 2%)g(v)
wherez € [0,1], andu, v € [0, g].
The class of allo, t)-convex functions defined ¢ ¢] are denoted by<? (¢), for which
9(0) <0.
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We can easily obtain the following classes of functions: increasingnvex, convexg-
convex functionsg-starshaped and starshaped, respectivelyofan € {(1,0), (1,¢),(1,1),
(0,1),(0,0),(a,0)}.
It is obvious that in the clask (¢) are the only convex functions: [0, q] — R for which
g(0) < 0, i.e K{(q) is a proper subclass of the class of all convex functions defined on
[0, q].
For several recent results on inequalities(fart)-convex and-convex functions, we refer
the interested readers to [4, 7, 8] and [1].
The main purpose of the present paper is to establish new Hermite-Hadamard type inequal-
ities for functions whoseth derivatives in absolute value are convex. We believe that the
results presented in this paper are better than those established in [2] and hence better than
those given in [3]. Applications of our results to special means are given in Section 4.

3. MAIN RESULTS

The following Lemma is essential in establishing our main results in this section:

LEMMA 3.1 [5] Supposey € R — R be function such thag(") exists ory° for r € N
andg(™ € L[p, q], wherep, ¢ € 3° with p < ¢, we have resulting inequality of the form:

gp) +gle) 1 | /qg(u)du B rz—:l k [1 + (*1)’6} (q *p)kg(k) <p+q)

2 (g—p Pt 2k+1(k 4+ 1)! 2

_(q_p)r/l r—1 (r) 1-2 142
= Sy 0(1 2) T r—1+4+2)g 5 p+ 5 q ) dz

—1) _ r 1 1
+W/O (1= 2" (r—1+2)g <r>< 2zq+—;p) dz, (3.7)

where an empty sum is understood to be nil.

THEOREM 3.1 Suppose : J € Ry — R be a function withy(") exists onj° for some
r € Nand letp,q € 3°with0 < p < ¢ < coando, t € (0,1]. If g € L([p, ¢]) and
|g(™|™ is (o, t)-convex orip, 4] for n > 1, then we have the inequality as:

g(p) +9(q) 1 4
‘ 2 (¢-p) / gludu

(a—p)" +
*Z 2k+1 kll) g(k) <p2q)’
(¢g—p)" (_r 1_% rmAor-o ™ (p)|" " (4
= grrzeig (r—i—l) {{(a—l—r)(a—i—r—&-l) <|g( @) —t’g( ) (%)
29t | ] 27T |y (PN |™
T+1‘( <) } +[r+1‘g()(t)

t =t (o - el (2)])] } @9

)

-
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Proof. From Lemma 3.1, the Power mean’s inequality dmgt)-convexity of |¢(")|™ on
[p, 4], we get

g(p) +glg) 1 /qg(u)du

2 (¢—p)
—k[+ D (a—p)* 4 (Pt+a
_; 2K (k + 1) g(k)( 2 )‘

1—L

< (g;f;); (/01(1—2)’”—1(r—1+z)dz> "

x {(/01(1—z)r—1(r—1+z) [(1gz>a‘g(“(p)
+t <1 - <122)0) ’g”) (%) n] dz)n

+ </01(1 — ) =1+ 2) Klzz>g ‘g(”(q)

+t <1— <1;Z>U> ’g(r) (%) n] dz)}l}‘ (3.9)

n

n

Since
1 r’+or—o
/O (1fz)0+7"*1(7’* 1+Z)d2’: (g+r)(a+r+1) (3 10)
and
1 T
/0 (1—2)"" r—1+2)dz = T (3. 11)

Hence, the inequality ( 3. 8 ) follows by using (3. 10)and (3. 11)in (3. 9). Which is
required. O

COROLLARY 3.1 In Theorem 3.1, if we take = 1, then ( 3. 8) becomes the inequality:

9(p) +9(q) 1 I
e R A

_T_l k[l‘F(_l)k} (q—p)* ® (P4 |
2 ( I ( )

2R (k + 1) 2
(q—p)T 29y 7"2 +or—o ’ (r) q ’ ‘ (r) p ’
< t - 4 z
= 2rtotlyl r+1 (oc+r)(c+r+1) [g (t) tle (t)]

bt o] i @]} 612
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COROLLARY 3.2 If 0 =t = 1in Corollary 3.1, then:

9g(p)+glg) 1 )/qg(u)du

2 (g—p
Tzl k [1 ( 1)’? (q _P)k p+q
P 2k+1(k 4+ 1)! g(k) ( 2 )

= 27:(161(; i);)! 9”@ +

g (p)H . (3.13)

COROLLARY 3.3. If r = 1in Theorem 3.1, then ( 3. 8) reduces to the inequality:

‘g(p) -QFQ(Q) B (qip) /pqg(u)du . (;1%—+g;) (;)1—n
Alermien 0 or ()= @]

+ {(0-1-1)1(04-2) (19@"=t|g (B)]") +27 |y’ (f)”} (3. 14)

COROLLARY 3.4. If 0 =t = 1in Corollary 3.3, then:

‘9(?)‘1‘9@)_ 1 /"g(u)du

n
) +2° 1

(q—p)
8

2 (¢—p) =

1 1
1, 5,, un|™ 1, 5,,, «n|™
- "4 - = "4 — . (3.15
x{[Gg oI+ 2] +[pear+ 2eer] . e
COROLLARY 3.5. If r =1,n =1, in Theorem 3.1, then ( 3. 8 ) reduces to the inequality:

9(p) +9(q) 1 I
R A

A e (

HCERCED)

(q—p)

S 20+2

v (DIl (D)

(19 () + |g'<q>|>} . (3.16)

—_

COROLLARY 3.6. If r = 2in Theorem 3.1, then ( 3. 8 ) becomes:

‘g<p> tgl) 1 /pqg(u) du’ _la—p) (2)

2 (¢ —p) 2ntt \3

o " n " n o+1 " nln
Al tror - (O + 5 (@)

3
ot (wr =i (0)]) + Z o ()] } @)

-
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COROLLARY 3.7. If n = 1in Corollary 3.6, then
9(p) +9(q) 1 /q (¢ —p)?
— w)du| < ———
‘ 2 (a—p) Jp glu)du) < Zorry
20+1 4+o0 P
t _ 1 i
X{ < 3 (a+2)(a+3))(9 (t)’“L

n (4
7' (3))
(4+0) " "
+m(lg )+ g (q)l)}. (3. 18)
and letp,q € J

THEOREM3.2. Supposg : J C Ry — R be a function, and(") exists orj° for r € N
Jowith0 < p < ¢ < coando,t € (0,1]. If g € L([p, 4]) and |g(")|" is
(o,t)-convex orip, ¢] for n > 1, then we have

B Ti k [1 + (_1)’6} (¢ _p)kg(k) (I)‘F(I)‘
k+1 |
= 2k+1(k 4 1)! 2
1
( - ) n—1 == n=1 a1\ 1= %
S 9T \2n 1 (= -

(r-p¥=) T
{[nr—l—o—n—i—l('g(r)(p t’g(’")< ) )
*m\g (%)

nl|n 20¢ ANG
2" (L
} +{nrn+1‘g (t)
1
1 N
— (g™ "—t‘(” b ‘ . (3.19
+rn—|—<7—n—i-1(|g (@)l 9 (t) ) ( )
Proof. From Lemma 3.1, the &lder inequality and o, t)-convexity of |g(") | on [p, 4]
we have

g(p) +9(q) 1 ?
‘ 2 (¢-p) /p glu)du

[+ (=1 (¢ —p)* p+q
Sl g (e1)
< (q—p)

W </Ol(r ~1 Jrz)”/("l)dz)l_i {(/01(1 _ oyt [(1 = Z)” 0 ()"
w(1-(457) ) or] dz)i
+ (/01(1 — 2 b Kl;z)g 97 ()" + (1 - (1 5 Z>0> Ig“)(p)”} dz) i}

3. 20)
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Since
' foengy) (=1 (2=) (=)'
_ n/(n—1 — 7?:11 _ _ 2::11 "
(/0 (r—1+42) du) (2111) (r (r—1) ) )
(3. 21)
' (r-1)+ 1
11— gy = — .22
/0( 2 dz m—-—n+o+1 3.22)
and
' (r-1) 1
1—2)"r= = .2
/0 (1-2) dz o——] (3. 23)
Using (3. 21),(3.22)and (3. 23)in (3. 20), we got result. O

COROLLARY 3.8 If » = 1in Theorem 3.2, then ( 3. 19 ) reduces to:

‘g(p)Jrg(q) 1 /pqg(u)du

2 (¢—p).

X{ [Ig’(p)” —tlg (4)]" Yy

g'(%)

c+1

COROLLARY 3.9. If 0 =1,t = 1incorollary 3.8, then ( 3. 19 ) becomes:

‘g(p)Jrg(q) 1 /pqg(u)du

cla-p) (n-1 -
— 1
22+ \2n-—1

3=

500+ 5 @] '

3=

+yar+vwr]. e

COROLLARY 3.10 If r = 2in Theorem 3.2, then (3. 19 ) becomes:

Pl = ] (n— 1 )1—i

2 (g—p - 24+7 m—1

Al o= () = 2510 @]

n+1
o (ar = () + 25l ()] } .20

THEOREM3.3. Letg : J € Ry — R be a function, and(" exists orj° for r € N, and
letp,g € 3°with0 < p < ¢ < oo ando,t € (0,1]. If g € L([p, 4]) and [¢()|" is

‘g(p)Jrg(q)_ 1 )/pqg(u)du
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(o,t)-convex orip, 4] for n. > 1, then we get:

9(p) +glg) 1 )/qg(u)du

2 (q—p
— k14 (=1)*] (¢ —p)* p+gq
7}; 2R+ (& + 1) g(k)( 2 )|

1
(q_p)'r‘ n—1 o 1 cr+n+1 1
< —
= 2rtlpl \rp—1 25" s r’1+0’1+n
n n+1 _ 1)n+1
(") n_t‘m(€)> (= ‘@>g
X (Ig (») 95 + ] 9" (5

I
+[210 rottlg C;1+o—,1+n) (Ig(”( ‘ ( )

(0 o ()] ’1‘} @

Blu;l, s) = / 2711 = 2)" 2,0 <u<1,1>0,5 > 0. (3. 28)
0

)
)

where

is the incomplete beta function.

Proof. From Lemma 3.1, the &lder inequality and o, t)-convexity of |¢(™ | on [p, HE
we obtain

9(p) +9(q) 1 ?
‘ 2 (¢-p) / glu)du

B[+ (D"
_Z [ 2k+1(E
k=1

1
/ (1- Z)n(r—l)/(n—l) "

0

H(- ()

—

e (03)
_%{{A7r_1+zw[<l2z)ﬁ¢”@w1
"} dz] +[/Ol(r1+z)”[(1;2>alg(”(q)ln
+t (1— (1;z>g> ’g(r) (%) "} dzr}. (3. 29)

1

1 % i\ l%
(/ (1— Z)n(rl)/(nl)dz> - ( n—1 ) (3. 30)
0 rn—1

! 1
/ (r—142)"(1 —2)%dz = ro™*13 <; l+o,14 n> . (3.31)
0 T

Hence, the inequality ( 3. 27 ) follows by using(3. 30) and (3. 31) in (3. 29). Which is
required. |

cla-p)r <

r+lpl

3= N— +
—

Since

and
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COROLLARY 3.11 If r =1in Theorem 3.3, by ( 3. 27 ) we get:

g(p) +9(q) 1 !
‘ 2 (q—p)/p glu)du) <

(q—p)
22

1

« {[2105(1;1+a,1+n) (\QI(PN" —tlg (%) ") * n—tl—l g <%> ny

+ [2105(1 1+o1+n) (1@ ~t|g () n) + -ty (%) n}} 3. 32)

n+1
COROLLARY 3.12 If r = 2in Theorem 3.3, by ( 3. 27 ) we have:

‘g(p);g(q) - (qip) /pqg(u)du < (g §4p)2 <27;_11>1—i,
X {[2105 (Ig”(p)l" —t|g" (%)‘") g (%) n:| o

+ {21[,6 (Ig”(Q)\" —t|g" (g)‘n) g’ (I;)) nr} 333

where
6 2“+"+1ﬁ(21+01+n)
and
2n+1 -1
n+1

THEOREM3.4. g:J C Ry — R be a function, such that") exists or§° for » € N, and
letp,g € 3°with0 < p < ¢ < oo ando,t € (0,1]. If g € L([p, 4]) and [¢()|" is
(o,t)-convex orip, 4] for n. > 1, then we have:

O / o
S (210))
ST, b))
x {[UH (8@ =g (7)) +2 ) (3) ]

[ar G o () e (]} .90

Blu;l,s) = / 2711 = 2)" M dz,0<u<1,1> 0,5 > 0.
0

-

where

is the incomplete beta function.
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Proof. From Lemma 3.1, the &lder inequality and o, t)-convexity of |¢(™ | on [p, 1],
we obtain

2 (¢—p)

k[ + (=D (g —p)* p+q
_kzl 2k+1(k 4 1)! ne (2)

9(p)+glg) 1 /qg(u)du

1—1

< (g;f’l (/01(1 N Z)n/<n_1)dz) "
- {(/01 Kl 3 Z>U 19" ()" + ¢ (1 - (1 - Z>J> 60 (%) ] dz)i
A1) e (- () e @] #) ] @

Since

rnfn—1 1 ™ m—1 2n—1
e

1
1 \=D/(n=1) ({4 \W/(n=D) g, — 75T = ). (3.
/0( z) (r—14=) dz=r R e (3. 36)

Using (3. 36) in ( 3. 35), we got required result. O

COROLLARY 3.13 If » = 1in Theorem (3.4), since for= 1, we have

om—1 on —1 ! 2n—1 n—1
11, —/—=) = 1 = 1—2)n1 gy = . (3.37
ﬁ(,,n_1> ﬁ(,n_l) [a-a¥e - 2= @

so (3. 34) becomes:

X {L ! 1 (|9'(P)\n*t g (%)D Lily (%) n]i
g (IE?) ) +tlg (;:)”n} -

-




Some Hermite-Hadamard Type Inequalitiesfefimes Differentiable(, ¢)- Convex Functions 75

COROLLARY 3.14. If r = 2in Theorem 3.4, then ( 3. 34 ) reduces to:

‘Q(P)‘FQ(Q)_ 1 /qg(u)du

2 (¢ —p)
?UW@—PV[ (1 %r—12n_1>}bi

- 24+5 9

2"n—-1"n-1

X {Lil (=l (4)]") =l (]
() + el (9] } 639

4. APPLICATION TO SOME SPECIAL MEANS

+ [1 (Ig”(q)I" —t

a+1

Let reminiscence inequalities for any two reals which are positive.€ R. We take
(1) The Harmonic mean

2
H=Hp.q) = 2L
p+q
(2) The Arithmetic mean
p+q
A=Apg) =1
(3) The Identric mean
D, p=4q
I=I1(p,q)= _
(p,q) { 1nqq7plnp’ p#q.
(4) The Logarithmic mean
L= ) D, . P =4q
= b, q) = 1 a\ a—p
< (27) , PFq.
(5) Thep—Logarithmic mean
I L(p.q) b, ) p=gq
P = D p,q) = m+1_ m+17] m
[W] , p#gandm #0,—1.

Herep,q € Ry, p < ¢, m € Nandm > 1 is taken all over.
THEOREMA4.1
‘A(pm+1 qm+1)

I g < e D)

1

1 1 " 1 1 "

ZA(p™mn. g™ — . mn ZA(p™mn. g™ —amn . 4. 40

X{L,) ™", d"™) + 54 } +{3 (™" d™") + P } } (4. 40)

Proof. For the functiong(u) = u™™, u € R, m € N, then we haveg” (u)| = m(m +

1)u™~1 is a convex function ofiR .. Applying Corollary 3.4, we obtain a required result.
O
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THEOREMA4.2

A(P®,¢)
H™ (p.q) = L7 (p.a)| < (4. 41)
| | 3G (p,q) [H(p,q))”
Proof. For the functiong(u) = %, u € R, then we haveg”(u)| = 2 is a convex

function onR .. Applying Corollary 3.7 with = ¢t = 1, we obtain a required result. (J

THEOREMA4.3.

m m m m m +1 —-p)* 2 m— m—
[A@™ g™ — L (0™ g | < mim + Llg - p) {3(A(p La™h)

< 9

(4. 42)
Proof. For the functiong(u) = v™*1, uw € Ry, m € N, then we haveg” (u)| = m(m +
1)u™~1 is a convex function ofR . Applying Corollary 3.5 witha = ¢ = 1. We obtain
required result. O
THEOREM4.4.

2
_ _ q—p) [2 3

Proof. For the functiong(u) = 1, u € R,, then we havdg”(u)| = 25 is a convex
function onR,.. Applyinga = ¢ = 1in Corollary 3.7. we obtain a required result. O
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