
Punjab University
Journal of Mathematics (ISSN 1016-2526)
Vol.47(2)(2015) pp. 77-82
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Abstract. The aim of this paper is to determine the monogenity of imaginary,
and real biquadratic fieldsK over the fieldQ of rational numbers and the relative
monogenity ofK over its quadratic subfieldk. To characterize such phenomena it
is necessary to determine an integral basis of the fieldK and to evaluate the rel-
ative norm of the differentd(ξ) with respect toK/k of an integerξ in K. Here
d(ξ) is defined by

∏
ρ∈G\{ι}(ξ − ξρ), whereξ − ξρ denotes the partial different

of an integerξ in K, andG andι denote the Galois group ofK/Q and the identity
embedding ofK, respectively. For the succinct proof of non-monogenity, we con-
sider a single linear Diophantine equation consisted of the partial differents with
unit coefficients.
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1. INTRODUCTION

In the 1960’s Hasse proposed to characterize an algebraic number fieldK whose ringZK of
integers has a power integral basis or not. Letp be a prime number andζpe be a primitivepeth root
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of unity, which is a root of an irreducible cyclotomic polynomialΦpe(x) = (xpe − 1)/(xpe−1 − 1)
overQ with ζ2 = −1, ζ3 = (−1 +

√−3)/2, ζ4 =
√−1 andζpe = exp(2πi/pe), p = 2, e = 1,

Then for the Eisenstein fieldk3 = Q(ζ3) = Q(
√−3), the Gauß fieldk4 = Q(

√−1) and a
cyclotomic fieldkpe = Q(ζpe

), it is known thatZk3 = Z[1, ζ3], Zk4 = Z[1,
√−1] andZkpe

= Z[1, ζ, · · · , ζpe−1(p−1)−1] with ζ = ζpe as aZ−free module of rankpe−1(p− 1) [15]. Each of
the fields is called monogenic. For an algebraic number fieldK over the rationalsQ, ZK denotes
the ring of integers inK. Let Q ⊂ F ⊂ K be an algebraic number field tower. It is said that a field
K is relatively monogenic in the relative field extensionK/F of degreen or equivalently,ZK has
a power integral basis of rankn overZF if for a suitable integerα ∈ ZK , ZK coincides with the
ZF -moduleZF [α] = ZF ·1+ZF ·α+ · · ·+ZF ·αn−1 of rankn overZF . In the case ofF = Q, we
say thatK is monogenic orZK has a power integral basis [4]. Then to determine the monogenity of
ZK = ZF [α] with a suitable integerα or ZK 6= ZF [β] for any integerβ in F is called Dedekind-
Hasse’s problem. LetdF anddF (α) denote the field discriminant and the discriminant of a number

α in F and the IndexIndF (α) of a numberα is defined by
√
|dF (α)|
|dF | . It is known that Dedekind’s

example of a cubic fieldK = Q(θ) is non-monogenic, whereθ satisfies a cubic irreducible equation;

x3−x2−2x−8 = 0 with the discriminantdK(θ) = {(θ−θσ)(θ−θσ
2
)(θσ−θσ

2
)}2 = 22 ·(−503)

of θ and a non-trivial conjugate mapσ on K [3]. In fact, {1, θ, η} with η = θ(θ − 1)/2 is an
integral basis ofK and it holds thatt(1 θ θ2) = (t(1 0 0) t(0 1 0) t(0 1 2)) ·t (1 θ η) = Aη, where
η =t (1 θ η) andtB denotes the transposed of a matrixB, and hencedK(θ) = (detA)2dK . Here the
field discriminantdK is defined bydet(tη tησ tησ2

)2 andIndK(θ) = |detA| = 2. Then it follows
that the ringZ[1, θ, θ2] is a proper subring ofZK . Moreover for any integerξ = x + yθ + zη, we
know thatIndK(ξ) ≡ 0 (mod2), namelyZK has no power integral basis. In this paper we consider
the problem on a family of imaginary, and real biquadratic fieldsK = Q(

√
DM,

√
DN), where

DMN is a square free integer with1 5 |D|, 1 < N, M as an analogue of a work by Y. Motoda [9].

Theorem 1.1. Let K be a biquadratic fieldQ(
√

DM,
√

DN), whereDMN is square free with
DM ≡ DN ≡ 3,MN ≡ 1 (mod 4) and 1 5 |D|, 1 < N, 1 < M. ThenK has an integral

basisZ[1,
√

DM, 1+
√

MN
2 ,

√
DM+

√
DN

2 ] with the field discriminantdK = 24D2M2N2 andZK

has a relative power integral basisZk[1,
√

DM ] overZk with a quadratic subfieldk = Q(ω) and

ω = 1+
√

MN
2 . But, if 4D ±M ±N 6= 0 holds, thenZK has no power integral basis.

Corollary 1.2. There exist infinitely many non-monogenic biquadratic fields.

Corollary 1.3. Using the same notation as in Theorem 1.1, there exist monogenic biquadratic fields
for D = ±1, M −N = ±4.

Our theorem gives a negative solution to the problem 6 in [11]. An explicit integral basis of any
biquadratic fieldK is shown in K. S. Williams using evaluation modulo powers of 2 without the
process of a relative extensionK/k/Q for a quadratic subfieldk of K [16]. On the family of
imaginary biquadratic fieldsK with D < 0 a complete classification of monogenity has been given
by G. Nyul using the evaluation of the full norm of the differentdK(ξ) for any elementξ ∈ K
[12]. On the contrary, based on the works of M.-N. Gras, F. Tanoè, it is shown that there exist
infinitely many real monogenic biquadratic fields not depending on Dirichlet’s theorem on arithmetic
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progression [9, 4]. We prove our theorem by the consideration of the relative norm with respect to
K/k of partial differentsξ− ξρ of the differentd(ξ) of an integerξ, and a single linear Diophantine
equation consisted of three relative norms of the partial differents with unit coefficients. Hered(ξ)
is defined by

∏
ρ∈G\{ι}(ξ − ξρ) with Galois groupG of K/Q and the identity embeddingι of K

for a family of certain biquadratic fields. Related works are found in [1, 2, 5, 6, 8, 10, 13, 14].

2. INTEGRAL BASES

Let K be a biquadratic fieldQ(
√

DM,
√

DN) with a square freeDMN, 1 5 |D|, 1 < N,

1 < M andDM ≡ DN ≡ 3 (mod4),MN ≡ 1 (mod4). Let k be a quadratic subfieldQ(
√

DM).
Then it holds thatK = k[1, ω] = Q[1,

√
DM, ω, γ0] with ω = 1+

√
MN
2 andγ0 =

√
DMω =√

DM+M
√

DN
2 .

Let k = Q(
√

DM), k1 = Q(
√

MN) and k2 = Q(
√

DN) be the quadratic subfields ofK.
Let G = Gal(K/Q) be the Galois group ofK over Q generated by embeddingsσ and τ . Let
Hk =< σ >, Hk1 =< τ > andHk2 =< στ > be the Galois subgroups corresponding to subfields
k, k1 andk2 of K, respectively. Then it holds that

σ :
√

DM 7→ √
DM ,

√
MN 7→ −√MN ,

√
DN 7→ −√DN ,

τ :
√

DM 7→ −√DM,
√

MN 7→ √
MN,

√
DN 7→ −√DN,

στ :
√

DM 7→ −√DM,
√

MN 7→ −√MN,
√

DN 7→ √
DN.

First we show that an integral basis ofZK is explicitely determined. For an integerξ ∈ ZK there
exist coefficientsa, b, c, d ∈ Q such thatξ = a + b

√
DM + cω + dγ0. If c = d = 0 holds, then

ξ = a + b
√

DM ∈ ZK ∩ k, and hencea, b ∈ Z holds byZK ∩ k = Zk = Z[1,
√

DM ]. Put
ξ1 = ξ − a − b

√
DM with a, b ∈ Z. Thenξ1 = cω + dγ0 ∈ ZK holds. If we choosed = 0, then

c ∈ Z. Putξ2 = ξ1 − cω with c ∈ Z. By ξ2 = d
√

DM+M
√

DN
2 = dM−1

2

√
DN +d

√
DM+

√
DN

2 ,

ξ2 − dM−1
2

√
DN = d

√
DM+

√
DN

2 , which is denoted byξ3 should belong toZK asdM−1
2 ∈ Z.

Putγ =
√

DM+
√

DN
2 . Thus byTK/k(ξ3) = dγ + dγσ = d

√
DM ∈ Zk, d ∈ Z is deduced. Here,

TK/k(·) means the relative trace with respect toK/k. PutZ ′K = Z[1,
√

DM,ω, γ]. Therefore if
ξ ∈ ZK , it holds thatξ ∈ Z ′K , namelyZK j Z ′K .

Conversely for anyξ = s+t
√

DM +uω+vγ ∈ Z ′K with s, t, u, v ∈ Z, we haveTK/k(ξ) = ξ+ξσ

= 2s + 2t
√

DM + u + v
√

DM ∈ Zk andNK/k(ξ) = ξξσ ∈ Zk, namely,4NK/k(ξ) = 2ξ · 2ξσ

= (2s+u+(2t+ v)
√

DM)2 −(u
√

MN + v
√

DN)2 ≡ (u2 + v2DM +2uv
√

DM)−(u2MN +
2uvN

√
DM + v2DN) ≡ 0 (mod 4Zk). Here,NK/k(·) means the relative norm with respect to

K/k. In fact, because ofu2(1−MN)+v2D(−M +N) ≡ 0 (mod4) and2uv(1−N) ≡ 0 (mod4),
we obtainξ ∈ K ∩ Z̃ = ZK . HereZ̃ denotes the ring of integral closure overQ. ThusZ ′K j ZK

holds. Then for a biquadratic fieldK, ZK coincides withZ[1,
√

DM, 1+
√

MN
2 ,

√
DM+

√
DN

2 ]. 2

3. RELATIVE MONOGENITY OF A BIQUADRATIC FIELD OVER A QUADRATIC SUBFIELD

Assume thatZK = Zk1 [1, η] overZk1 for Zk1 = Z[1, ω] andη = a + b
√

DM with a, b ∈ Q.

ThusZK = Z[1, 1+
√

MN
2 ][1, a + b

√
DM ]
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= Z[1, 1+
√

MN
2 , a + b

√
DM, a( 1+

√
MN
2 )+ b(

√
DM+

√
DN

2 )] be a free module of rank 4 overQ.
Then we show thatZK has a relative integral basis overZk1 . Let dK(α, β, γ, δ) be the discriminant
det (tα,t β,t γ,t δ)2 with a column vectorµ = (µ, µσ, µτ , µστ ).
Then bydK(α, β, γ, aβ + bδ) = dK(α, β, γ, bδ), it follows that

dK(1, ω, a + b
√

DM, aω + b
√

DM+
√

DN
2 )

= dK(1, ω, b
√

DM, b
√

DM+
√

DN
2 )

= b2+2dK(1, ω,
√

DM,
√

DM+
√

DN
2 )

= b4dk1(1, ω)(22D
√

MN)2

= b4MN · 24D2MN
= b4 · 24D2M2N2.

Thus forη = a + b
√

DM with a = 0, b = 1, ZK has a relative power integral basis{1, η} over
Zk1 . 2

4. MONOGENITY OF A BIQUADRATIC FIELD

Let K be an imaginary, or real biquadratic fieldQ(
√

DM,
√

DN) with positive square free
relatively prime integers|D| = 1, N > 1,M > 1 andDM ≡ DN ≡ 3,MN ≡ 1 (mod 4). Let
k = Q(

√
DM) andk2 = Q(

√
DN) be quadratic subfields ofK andk1 = Q(

√
MN) be a real

one. LetG(K/Q) be the Galois groupG of K overQ generated by embeddingsσ andτ . Let the
subfieldsk, k1 andk2 of K have corresponding Galois subgroupsHk = < σ >, Hk1 =< τ > and
Hk2 =< στ > in G, respectively. LetX denote the character group corresponding toG(K/Q)
generated byχ andλ, which denote primitive characters of order 2 defined byχ(σ) = −1, χ(τ) = 1
andλ(σ) = λ(τ) = −1. By virtue of Hasse’s conductor-discriminant formula, the field discriminant
dK of K coincides with∏

ψ∈X

fψ = fχ0 · fχ · fλ · fχλ = 1 · 22|DM | · 22|DN | ·MN = 24 ·D2 ·M2 ·N2,

wherefψ denote the conductor corresponding to a characterψ of X with the principal character
χ0 [7, 15]. Assume that the fieldK has a power integral basis for some suitable integerξ =
a + b

√
DM + c 1+

√
MN
2 + d

√
DM+

√
DN

2 in K such that

ZK = Z[ξ] = Z[1, ξ, ξ2, ξ3].

For an algebraic number field towerQ ⊂ F ⊂ L with the Galois groupG = G(L/Q), the field
differentdL is defined as an ideal

(β − βρ; ∀β ∈ ZL,∀ρ ∈ G(L/Q))

of L, and the relative field differentdL/F as an ideal

(γ − γρ; ∀γ ∈ ZL, ∀ρ ∈ G(L/F ))

of L/F. By the assumptionZK = Z[ξ], it holds that

(dK(ξ)) = (NK(dK(ξ))) = (NK(dK)) = (dK),

where(α) means the principal ideal generated by a numberα in K andNF (α), NF (a) are the
norms ofα and ofa with respect toF/Q, respectively. Hence for the biquadratic fieldK, the
differentdK(ξ) of an elementξ ∈ ZK is given by(ξ − ξσ)(ξ − ξτ )(ξ − ξστ ). Thus it holds that
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NK(dK(ξ)) = NK((ξ − ξσ)(ξ − ξτ )(ξ − ξστ )) = Nk(NK/k((ξ − ξσ)(ξ − ξτ )(ξ − ξστ )))
= Nk(((ξ − ξσ)(ξ − ξτ )(ξ − ξστ ))((ξ − ξσ)(ξ − ξτ )(ξ − ξστ ))σ)
= ((ξ − ξσ)(ξ − ξτ )(ξ − ξστ ) ((ξσ − ξ)(ξσ − ξστ )(ξσ − ξτ ))
·((ξ − ξσ)(ξ − ξτ )(ξ − ξστ )) ((ξσ − ξ)(ξσ − ξστ )(ξσ − ξτ ))τ

= ((ξ − ξσ)(ξ − ξσ)τ (ξ − ξτ )(ξ − ξτ )σ(ξ − ξστ )(ξ − ξστ )σ)2

and hence
dK(ξ) = (NK/k1(ξ − ξσ)NK/k(ξ − ξτ )NK/k2(ξ − ξστ ))2.

Here we have(ξ − ξσ)(ξ − ξσ)τ ∈ F<σ,τ> = k ∩ k1 = Q, (ξ − ξτ )(ξ − ξτ )σ ∈ F<σ,τ> =
k ∩ k1 = Q
and(ξ − ξστ ) (ξ − ξστ )σ ∈ F<σ,τ> = k ∩ k2 = Q.
Now, for the candidateξ of power integral basis inZK with

ξ = a + b
√

DM + c
1 +

√
MN

2
+d

√
DM +

√
DN

2
,

we calculate the relative differents from the biquadratic fieldK = Q(
√

DM,
√

DN) to a suitable
quadratic subfield as follows;

dK/k(ξ) = ξ − ξσ = c
√

MN + d
√

DN =
√

N(c
√

M + d
√

D),
dK/k1(ξ) = ξ − ξτ = (2b + d)

√
DM + d

√
DN,

dK/k2(ξ) = ξ − ξστ = (2b + d)
√

DM + c
√

MN.
Then the relative normNK/k1 of the relative differentdK/k1(ξ) is given by

|NK/k(ξ − ξσ)| = |(ξ − ξσ)(ξ − ξσ)τ | = N |(c2M − d2D)| (4.1)

with anyc andd. Next, we have

|NK/k(ξ − ξτ )| = |(ξ − ξτ )(ξ − ξτ )σ | = | − (2b + d)2(DM) + d2DN | ≡ 0 (mod4D) (4.2)

with anyb andd. Finally, it holds that
|NK/k2(ξ − ξστ )| = |(ξ − ξστ )(ξ − ξστ )σ |
= |((2b + d)

√
DM + c

√
MN)((2b + d)

√
DM + c

√
MN)σ | = |(2b + d)2(DM) − c2MN |

= M |(2b + d)2D − c2N | (4.3)

with anyb, c andd. By the assuptionZK = Z[ξ], from equations (4.1), (4.2) and (4.3), each norm
of the partial factorξ − ξσ, ξ − ξτ andξ − ξστ should be equal toN, 4D andM modulo a unit,
respectively. In fact we obtain the identity relation;

0 = (ξ − ξσ)(ξ − ξσ)τ − (ξ − ξτ )(ξ − ξτ )σ + (ξ − ξστ )(ξ − ξστ )σ

and hence

0 = N(c2M − d2D)− 4D−(2b+d)2(M)+d2N
4 + M((2b + d)2D − c2N). (4.4)

From (4.4) since each of the coefficients ofN, 4D, M is a unit inZ we obtain the linear Diophantine
equation;

0 = N ± 4D ±M,

which contradicts to the assumption. Thus we have

|dK(ξ)| > (N · 22D ·M)2 = 24D2M2N2 = dK .

ThereforeIndK(ξ) > 1 holds forIndK(ξ) =
√
|dK(ξ)|
|dK | , which shows thatZK does not have any

power integral basis and henceK is non-monogenic. 2
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Proof of Corollary 1.2. Put N = 8D0t + M0 with a valuablet (1 5 t) for D = D0 > 0,
M = M0 > 0 and
(8D0, M0) = 1. Then there exist infinitely many prime numbersN by Dirichlet’s theorem. 2

Proof of Corollary 1.3. Let D = ±1, N −M = 4D, andb = c = 0, d = 1. Then by (4.1), (4.2)
and (4.3), we obtain that the product is equal to(M · 4(±1) ·N)2 = 24D2M2N2. 2

Remark 4.1. By the next work it will be investigated on monogenity for a complete
classification of the real biqadratic fieldsQ(

√
DM,

√
DN) such that

(i) D ≡ M ≡ N ≡ 1 or 3 (mod4)
(ii) DM ≡ DN ≡ 2 (mod4) andMN ≡ 3 (mod4)
and
(iii) DM ≡ DN ≡ 2 (mod4) andMN ≡ 1 (mod4).
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