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Abstract. This work determines the entire family of positive integer solu-
tions of the considered Diophantine equation. The solution is described in
terms of(m−1)(m+n−2)

2 or (m−1)(m+n−1)
2 positive parameters depending

on the parity ofn. The solution of a system of Diophantine equations is
also determined with the help of the solution of this Diophantine equation.
All the results of the paper [5] are generalized in this paper.
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1. INTRODUCTION AND PRELIMINARIES

All solutions of a Diophantine equation of the form

ax− by = c,

have been found. But the theory on this equation in the literature can not apply on a
Diophantine equation of the form

x1x2x3 · · ·xm−1 = zn. (1. 1)

So, we achieved the solutions of the equation 1. 1 . In [5], the author worked on the
Diophantine equation 1. 1 form = 3 with n = 2, 3, 4, 5, 6, andm = 4 with n = 2;
furthermore, he also worked on a Diophantine system of2−equations of5−variables. We
extent all those results to the general case that is for allm ≥ 3 andn ≥ 2 and use it to find
the solution of a system ofs-Diophantine equations int variables. The authors have not
been able to find material on the equations of this paper in the literature.
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• An integerb is called divisible by an other integera 6= 0, if there exist some integer
c such that

b = ac.

Symbolically,
a | b.

• Let a and b be given integer, with at least one of them different from zero. A
positive integerd is called the greatest common divisor of the integersa andb.
♦ If d | a andd | b.
♦ Whenever there isc such thatc | a andc | b, thenc ≤ d.
Symbolically,d = gcd(a, b).

• Two integera, b are said to be relatively prime ifgcd(a, b) = 1.
• Whenevergcd(a, b) = d; thengcd(a

d , b
d ) = 1.

The following Theorem can be proved by using the fundamental theorem
of arithmetic. It can also be proved without the use of the fundamental
theorem (see [2]).

THEOREM 1.1. Considerα, β andn to be positive integers. Ifαn | βn,
thenα | β.

THEOREM 1.2. If η, α, β, γ andn are positive integer such that

αβ = ηγn where gcd(α, β) = 1,

then
α = σα′1

n
, β = ςβ′1

n
, η = ςσ, and γ = α′1β

′
1

where,gcd(α′1, β
′
1) = 1 = gcd(σ, ς).

THEOREM 1.3. Letk be a positive integer, and the 3-variables Diophan-
tine equation

xy = kzn.

Then all positive integer solutions can be described by 2-parametric for-
mulas;
x = k1t1

n, y = k2t2
n, z = t1t2 where,gcd(k1, k2) = 1 = gcd(t1, t2).

In reference [2], the reader can find a proof of Theorem 1.2 that makes
use of Theorem 1.1; but not the factorization theorem of positive integer
into prime powers.

2. MAIN RESULT

THEOREM 2.1. The Diophantine equation inm-variables

x1x2x3 · · ·xm−1 = zn

is equivalent to them + 3-variables system of equations

Xm−1Xm−2x1x2 · · ·xm−3 = vZ0
n, (2. 2)

wn−2 = vd2, (2. 3)

whered,Xm−1Xm−2, Z0, w, v are positive integer variables such that
xm−1 = θXm−1, xm−2 = θXm−2, z = wZ0, θ = wd, and
θ = gcd(xm−1, xm−2), w = gcd(z, θ), gcd(Xm−1, Xm−2) = 1 =
gcd(Z0, d).



Solution of the Diophantine Equation 85

Proof. Consider the equation 1. 1 and letθ = gcd(xm−1, xm−2). Then
{

xm−1 = θXm−1;xm−2 = θXm−2, gcd(Xm−1, Xm−2) = 1
}

. (2. 4)

Now, from equations 1. 1 and 2. 4 we obtain,

θ2Xm−1Xm−2x1x2 · · ·xm−3 = zn. (2. 5)

Assume thatw = gcd(z, θ), then
{

z = wZ0; θ = wd, gcd(Z0, d) = 1
}

(2. 6)

and from equations 2. 12 and 2. 5 we further have,
w2d2Xm−1Xm−2x1x2 · · ·xm−1 = Zn

0 wn,
d2Xm−1Xm−2x1 · · ·xm−3 = Zn

0 wn−2. Thus

d2Xm−1Xm−2x3 · · ·xm−3 = Zn
0 wn−2, n ≥ 2 (2. 7)

sincegcd(d, Z0) = 1, it follows that gcd(d2, Zn
0 ) = 1 which together

with equation 2. 5 and Theorem 1.1; implies thatd2 must be a divisor of
wn−2 that is

wn−2 = vd2, for some v ∈ Z (2. 8)

from equations 2. 8 and 2. 7 , we have the desired result. ¤

THEOREM 2.2. All positive solutions of the equation 2. 3 can be de-
scribed by the parametric formulas:

i: If n is odd, then

w =
n−3

2∏
i=0

r2i+1g
2, d =

n−3
2∏

i=0

(r2i+1)ign−2, v =
n−3

2∏
i=0

(r2i+1)n−2i−2.

ii: If n is even, then

w =
n−4

2∏
i=0

r2i+1h, d =
n−4

2∏
i=0

(r2i+1)ih
n−2

2 , v =
n−4

2∏
i=0

(r2i+1)n−2i−2.

Proof. i: Let D0 = gcd(w, d). Then

w = D0.r1 andd = D0.r0 such that gcd(r1, r0) = 1. (2. 9)

So from equations 2. 2 and 2. 3 , we haveDn−2
0 rn−2

1 = vD2r2
0

Dn−4
0 r1

n−2 = vr2
0 (2. 10)

Sincegcd(r1, r0) = 1, so by using Theorem 1.1, we haver2
0|Dn−4

0 . Con-
siderD1 = gcd(D0, r0), then

D0 = D1r3 andr0 = D1r2 such thatgcd(r3, r2) = 1. (2. 11)

ThusD1
n−4r3

n−4rn−2
1 = vD1

2r2
2

D1
n−6r3

n−4rn−2
1 = vr2

2 (2. 12)

wheregcd(r2, r1r3) = 1, and using Theorem1.1, we getr2
2 | D1

n−6.
Continued in this way and assume thatDi = gcd(r2i−2, Di−1). Then

Di−1 = Dir2i+1 and r2i−2 = Dir2i such thatgcd(r2i+1, r2i) = 1, (2. 13)

and we obtainDn−2i
i r2i+1

n−2ir2i−1
n−2i−6 · · · r3

n−2rn−2
1 = vDi

2.r2i
2

Di
n−2i−2r2i+1

n−2ir2i−1
n−4i−6 · · · r3

n−2rn−2
1 = vr2i

2. (2. 14)
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Sincegcd(r2i, r1r3 . . . r2i+1) = 1 and using Theorem 1.1, we haver2i
2 |

Di
n−2i−4 wherei = 0, 1, 2, . . . , n−5

2 . Finally we havern−5
2 | Dn−5

2
as

n is odd so
Dn−5

2
= rn−2rn−5

2, v = rn−2r
3
n−4r

5
n−6 · · · rn−4

3 rn−2
1 Dn−5

2
= rn−2rn−5

2

and
rn−7 = rn−2rn−5

3 substituting backward we get the required result,
whereg = rn−5 andh = rn−6. ¤

REMARK 1. The parameterθ is given as

θ =





n−3
2∏

i=0

(r2i+1)i+1gn, if n is odd;

n−4
2∏

i=0

(r2i+1)i+1h
n
2 , if n is even.

THEOREM 2.3. Consider them-variables Diophantine equation 1. 1 .
i: If n is odd, then all the positive solution of this equation can be de-

scribed in terms of the parametric formulas as:

xj =
n−3

2∏
i=0

(
kj−1
2i+1

)n−2i−2(∏j−1
t=1

(
γj−t

t

) ∏j
t=1

(
γj−t

j

))n−1

γj−t
j ηm−2−j

j

j = 1, 2, . . . , m− 3

xm−2 = (
m−3∏
t=1

(
n−3

2∏
i=0

((kt−1
2i+1l

m−3
2i+1)

i+1
)(km−3

2i+1 )n−2i−2)(γm−2−t
t )n−1)sn

2 gn

xm−1 = (
m−3∏
t=1

(
n−3

2∏
i=0

((kt−1
2i+1l

m−3
2i+1)

i+1
)lm−3

2i+1

n−2i−2
)(ηm−2−t

t )n−1)sn
1 gn

z =
m−3∏
λ=1

n−3
2∏

i=0

(kλ−1
2i+1l2i+1)(

m−3∏
i=1

m−2−i∏
λ=0

ηiγ
λ
i )s1s2g

2

ii: If n is even, then all the positive solution of this equation can be de-
scribed in terms of the parametric formulas as:

xj =
n−4

2∏
i=0

(
kj−1
2i+1

)n−2i−2(∏j−1
t=1

(
γj−t

t

) ∏j
t=1

(
γj−t

j

))n−1

γj−t
j ηm−2−j

j

for all j = 1, 2, . . . , m− 3

xm−2 = (
m−3∏
t=1

(
n−3

2∏
i=0

((kt−1
2i+1l

m−3
2i+1)

i+1
)(km−3

2i+1 )n−2i−2)(γm−2−t
t )n−1)sn

2h
n
2

xm−1 = (
m−3∏
t=1

(
n−4

2∏
i=0

((kt−1
2i+1l

m−3
2i+1)

i+1
)lm−3

2i+1

n−2i−2
)(ηm−2−t

t )n−1)sn
1h

n
2

z =
m−3∏
λ=1

n−3
2∏

i=0

(kλ−1
2i+1l

m−3
2i+1)(

m−3∏
i=1

m−2−i∏
λ=0

ηλ
i γλ

i )s1s2g
2

wherekt
2i+1, l

m−3
2i+1 , bt

ia
t
i, s1, s2, h and g are positive integers such that

1 = gcd(s1, s2), gcd(k2i−1, k
t
2i−1l

m−3
2i−1) = 1 = gcd(γt

iηi, γi) = 1
∀ i = 1, 2, . . . , n−6

2 , t = 1, 2, . . . ,m− 3.

Proof. Sincen ≥ 2, then by Theorem 2.1, the given equation is equiva-
lent to the Diophantine system,v = a0, Xm−1Xm−2x1x2x3 . . . xm−3 =
Zn

0 a0 andwn−2 = vd2.



Solution of the Diophantine Equation 87

Assume thatP1 = gcd(x1, Z0). Thenx1 = P1.X1 andZ0 = P1.Z1,
soXm−1Xm−2X1x2 · · ·xm−3 = Zn

1 Pn−1
1 a0. Again letgcd(Z1, X1) =

1. Then, we haveX1 | a0P
n−1
1 ⇒ X1.a1 = a0P

n−1
1 and by Theorem

1.2,X1 = α1γ
n−1
1 anda1 = β1η

n−1
1 such thatα1β1 = a0 andγ1η1 = P1

wheregcd(α1, β1) = 1 = gcd(γ1, η1).
We haveXm−1Xm−2x2x3....xm−3 = Zn

0 a1. LetPi = gcd(xi, Zi−1).

Thenxi = Pi.Xi andZi−1 = Pi.Zi. ThusXm−1Xm−2Xi

m−3∏
j=i+1

xj =

Zn
i Pn−1

i ai−1. Sincegcd(Zi, Xi) = 1 thus,Xi | ai−1P
n−1
i ⇒ Xi.ai =

ai−1P
n−1
i so by Theorem 1.2, we getXi = αiγ

n−1
i andai = βiη

n−1
i

such thatαiβi = ai andγiηi = Pi wheregcd(αi, βi) = 1 = gcd(γi, ηi).

So,Xm−1Xm−2

m−3∏
j=i+1

xj = Zn
i−1ai ∀ i = 1, 2, 3, . . . , m − 3 and at

last we getXm−1Xm−2 = Zn
m−3am−3 then by Theorem 1.2Xm−2 =

αm−2s
n
1 and Xm−1 = βm−2s

n
2 such thatαm−2βm−2 = am−3 and

s1s2 = Zm−4 with gcd(αm−2, βm−2) = 1 = gcd(s1, s1). Now by us-
ing Theorem 1.2 and technique in proof of Theorem 2.2, we have for all

j = 1, 2, 3, . . . ,m − 2, αj = (
m−3∏
i=1

(kj−1
2i+1)

n−2i−2)(
j∏

t=1
γj−t

t )n−1, and

βj = (
m−3∏
i=1

(lj−1
2i+1)

n−2i−2)(
j∏

t=1
ηj−t

t )n−1.

Put in equations 2. 3 and 2. 5 we get the required result. ¤

REMARK 2. The solution is described in terms of(m−1)(m+n−2)
2 or

(m−1)(m+n−1)
2 positive parameters depending onn even or odd.

THEOREM 2.4. Letp1, p2, . . . , ps andr be positive integers and suppose
that t = p1 + p2 + · · · + ps − r. Consider thet-variables Diophantine
system ofs equations,
x11x12x13 · · ·x1p1−1 = zk1

1 ,

x21x22x23 · · ·x2p2−1 = zk2
2 ,

...
xi1xi2xi3 · · ·xipi−1 = zki

i ,
...
xs1xs2xs3 · · ·xsps−1 = zks

s ,
where2 ≤ kj are positive numbers ands is the number of equations
and r is the number of repeated variables in this system. Then all the
positive solutions of this system of equations can be described by using
the following algorithm:

Algorithm:
• Write solution of each equation by using Theorem 2.3
• Select one variable fromr-repeated variables and find the uniqued

in solution by using techniques of Theorem 2.3
• Replace those values of parameters appear in selected repeated vari-

able, in other variables.
• Do the same activity with other repeated variables.
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• If all repeated variables have unique solution then substituting the
values of parameter that exist in that variables in other variable.

To explain above algorithm, we give one example below:

EXAMPLE 1. Consider the6-variables Diophantine system of two
equations,

x1x2x3 = z3
1 andx3x4 = z2

2 .

Step 1: We apply Theorem 2.3 on equation1 of the above two equations
system to get the following solution:
x1 = k1k

′
1
2
l′1γ

′
1
2
R3

1g
3, x2 = k1k

′
1l
′
1
2
η′1

2
R3

2g
3, x3 = k1γ

3
1γ′1η

′
1,

z1 = l′1k
′
1k1γ1γ

′
1η
′
1R1R2g

2

and for equation2 of this system, we have
x4 = dr2

1, x3 = r2
2d, z2 = dr1r2

Step 2: Sincex3 is the repeated variable in the equations of the system,
so

r2
2d = x3 = k1γ

3
1γ′1η

′
1. (2. 15)

Now we will find that uniqued for x3, and supposea = gcd(d, k1) such
that

d = aD1; k1 = aK1, gcd(D1,K1) = 1
put in equation 2. 15

r2
2D1 = γ3

1γ′1η
′
1K1 ⇒ D1 | γ3

1γ′1η
′
1. (2. 16)

Then there exist a positive integerb such thatD1b = γ3
1γ′1η

′
1 by using

Theorem 2.3,D1 = β1c
3
1, b = β2c

3
2, γ1 = c1c2, γ′1η

′
1 = β1β2 such

thatgcd(c2, c1) = 1 = gcd(β1, β1) now equation 2. 16 becomes

r2
2 = β2c

3
2K1 (2. 17)

from equation 2. 17 , we getr2
2 | c3

2, then there exist a positive integere
such thatr2

2e = c3
2 then by using Theorem 2.2

c2 = α1α3f
2, r2 = α3f

3, e = α3
1α3

substituting the values in equation 2. 17 , we get1 = β2α
3
1α3K1 =⇒

β2 = α1 = 1 = α3 = K1 replacing the values, we get all the positive
solutions of this system described by the11 parametric formulas
x1 = ak′1

2
l′1γ

′
1
2
R3

1g
3, x2 = ak′1l

′
1
2
η′1

2
R3

2g
3, x3 = aγ′1η

′
1b

3
1f

6,
x4 = aγ′1η

′
1b

3
1r

2
1, z1 = al′1k

′
1γ
′
1η
′
1b1f

2R1R2g
2, z2 = aγ′1η

′
1b

3
1f

3r1.
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