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Abstract. This work determines the entire family of positive integer solu-
tions of the considered Diophantine equation. The solution is described in
terms of(m’l)(;"*”’z) or (m’l)(;’”r”’l) positive parameters depending
on the parity ofn. The solution of a system of Diophantine equations is
also determined with the help of the solution of this Diophantine equation.
All the results of the paper [5] are generalized in this paper.
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1. INTRODUCTION AND PRELIMINARIES
All solutions of a Diophantine equation of the form
ax — by = c,

have been found. But the theory on this equation in the literature can not apply on a
Diophantine equation of the form

T1ToX3 L1 = 2. (1. 1)

So, we achieved the solutions of the equation 1. 1. In [5], the author worked on the
Diophantine equation 1. 1 fon = 3 withn = 2,3,4,5,6, andm = 4 withn = 2;
furthermore, he also worked on a Diophantine syste@+afquations ob—variables. We
extent all those results to the general case that is fenal 3 andn > 2 and use it to find
the solution of a system afDiophantine equations ihvariables. The authors have not
been able to find material on the equations of this paper in the literature.
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e Anintegerb is called divisible by an other integer# 0, if there exist some integer
¢ such that
b= ac.
Symbolically,
alb.
e Let a andb be given integer, with at least one of them different from zero.
positive integed is called the greatest common divisor of the integeasidb.
O Ifd|aandd | b.
& Whenever there ig such that | a andc | b, thenc < d.
Symbolically,d = ged(a, b).
e Two integera, b are said to be relatively prime gied(a, b) = 1.
e Whenevegcd(a,b) = d; thenged(%, %) = 1.
The following Theorem can be proved by using the fundamental theorem
of arithmetic. It can also be proved without the use of the fundamental
theorem (see [2]).

THEOREM 1.1 Considera, 8 andn to be positive integers. W™ | 8",
thena | G.

THEOREM1.2. If n, o, B,y andn are positive integer such that
af =ny" where ged(a,B) =1,
then
a=o0d)", B=¢B", n=co, and y=a}f
where,gcd(af, 37) = 1 = ged(o, ).
THEOREM1.3. Letk be a positive integer, and the 3-variables Diophan-
tine equation
xy = k2™,
Then all positive integer solutions can be described by 2-parametric for-

mulas;
xr = k‘ltln, Yy = k‘gtgn, z = t1ts Where,gcd(kl, k?g) =1= ng(tl, tg).

In reference [2], the reader can find a proof of Theorem 1.2 that makes
use of Theorem 1.1; but not the factorization theorem of positive integer
into prime powers.

2. MAIN RESULT
THEOREM2.1 The Diophantine equation im-variables
T1ToX3 Tyl = 2"

is equivalent to then + 3-variables system of equations

X1 Xm—oT1To -+ Tz = vZo", (2. 2)

w2 = vd?, (2.3)

whered, X,,,_1X,,_2, Zo, w, v are positive integer variables such that
Tm-1=0Xm_1, Tm—o=0X,_2, z=wZy, 6=wd, and

0 = ng(xmflaxM72)7 w = ng(279)7ng(melaXm72) =1=
ng(ZOad)'
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Proof. Consider the equation 1. 1 and fet ged(zy,—1, Tm—2). Then

{xm—l = eXm—l; Tm—-2 = 9Xm—27g0d(X’m—1aXm—2) = 1} (2 4)
Now, from equations 1.1 and 2. 4 we obtain,
02X77L—1Xm—2z1x2 T, -3 = 2" (2 5)

Assume thatv = ged(z, 9), then
{z = wZy; 0 = wd, ged(Zy,d) = 1} (2. 6)

and from equations 2. 12 and 2. 5 we further have,
W %Xy 1 Xy —oT1To -+ Typmq = ZHwW™,
demlem721'1 T3 = ZgwniQ. Thus

dQXm_le_QJ)?, T3 = Zg'wn_z, n>2 2.7

sinceged(d, Zy) = 1, it follows that ged(d?, Z') = 1 which together
with equation 2. 5 and Theorem 1.1; implies tlamust be a divisor of
w™? that is
w2 =wvd?, forsome v e Z (2. 8)
from equations 2. 8 and 2. 7, we have the desired result. O

THEOREM 2.2. All positive solutions of the equation 2. 3 can be de-
scribed by the parametric formulas:
i: If nis odd, then
n—3 n-3 n-3
2 2 . .
w=[] reiy19%, d= T (raix1)'g" 2, v =[] (roig1)" 22
1=0 1=0 =0
i If niseven, then

n—4 n—4 n—4
2

P e 3 )
w= [] rait1h, d= ] (T2i+1)lhTQ7 v= ] (roiy1)" 272
i=0 =0 =0
Proof. i: Let Dy = ged(w, d). Then
w = Dy.r; andd = Dy.ry such that ged(ry,79) = 1. (2. 9)
So from equations 2.2 and 2. 3, we haVg ?r} 2 = vD%r2
Dyt = word (2. 10)

Sinceged(r1,79) = 1, s0 by using Theorem 1.1, we havg Dj—*. Con-
siderD; = ged(Dy, 19), then

Doy = Dyrs and'l"() = Dqry such thathd(T'g,Tg) =1. (2 11)
ThLISZ)1n_47“3n_4’l“11_2 = ’UD127”22
Dy Oy A2 — gy (2.12)

whereged(ry,7173) = 1, and using Theorem1.1, we gef® | D" S,
Continued in this way and assume tliat= gecd(r2;—2, D;—1). Then

D;,_1= D¢T2¢+1 and roi—o = D;ro; such thathd(T2i+1, ’r‘gi) =1, (2 13)
and we ObtairD?_ziTQi+1n_2i7“2i_1n_%_ﬁ s T3n_2’l"?_2 = UDZ'Q.?“QZ‘Q

n—24—2 n—21 n—4i—6 n—2,,n—2 2
D; Toit1 T2i-1 coergV TP TS = o (2. 14)



Z.Raza and M. M. Hafsa

Sinceged(rg;, 7173 . . . 72,41) = 1 and using Theorem 1.1, we hang? |
D;" %" wherei = 0,1,2,..., %5, Finally we haver, 5 | D._s as

n is odd so

D% = Tp_oTn_52,0 =Ty _ors 10 -+ 7“;747“{172 D? = Tp_oTn_52
and

Tn_7 = Tn_2Tn_s° substituting backward we get the required result,
whereg = r,,_s andh = r,_g. O

REMARK 1. The paramete# is given as

n—3
2

[T (r2i41)" g™, if nis odd;

>
Il
<
[ )

(roiv1)th3, if nis even.

:m

=0
THEOREM2.3. Consider then-variables Diophantine equation 1. 1.

i: If nis odd, then all the positive solution of this equation can be de-
scribed in terms of the parametric formulas as:

2 g\ 22 o . oA\ n—1 o
o= B () (1 () e ()
i=
j=12,....m—3
n—3
m-3 "2 t—1 ym—3\"Ft1\ 1 m—3\n_2i—2\/ m—2—t\n—1\.n ,n
Tm—2 = (tl:[1 ( HO((I%HZ%H) )(k2i+1) ) (v ) )shg
g
— 2 1 —3yi+1 _3n—2i—2 _9_ _
Tt = ( 1(_1'[0((165”1@?“) S, )72 ) st g
=1 4=
er—SnT_3 A—1 m—3m—2—1 N 5
z= JI TII (k3 il2iv1)( [T 77i)s1s29
A=1 i=0 i=1 A=0

ii: If nis even, then all the positive solution of this equation can be de-
scribed in terms of the parametric formulas as:

n—4

fT L \n—2i2 o . N B
Tj = _HO (k%i+1) (ngl ('Yg t) =1 ('YJ' t)) 737' tn;'n !
1=

forall j=1,2,...,.m—3

n—3
moS 2 — m—3\i+1 m—3\n—2i— m—2—t\n— np%
Tm—2 = (tl:[1(1:[ (<k§¢+1152i+f) )(kzhL?) 22 () sy
n—4
m=3 "3 1 eyl me3n—20=2\ , o 1\ npn
Tm—1 :(tﬂl(. 0((k§i-&}1l2i+f) )l2i+? ) (1 2 t) 1)51h2
=1 =

6 n—3 - .
m m—3m—2—1i

-3z

A—1 -3

z= [I Il (kyialsi))(CIT 1 n7) 518297
A=1 i=0 i=1 A=0

where kgm,zgg;f,bgag,sl, s9,h and g are positive integers such that

1 = ged(sy, s2), ged(kai—1, ks, 1573) =1 = ged(yin;, vi) = 1

Vi=1,2,...,2% ¢t=12...,m-3.

Proof. Sincen > 2, then by Theorem 2.1, the given equation is equiva-
lent to the Diophantine system,= ag, X,,,_1 X _2T122T3 ... Tp_3 =
ZPag andw™ % = vd?.
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Assume that’; = ng(.‘[l, Zo) Thenz; = P1.X, andZO = Pl.Zl,
SOX, 1 X oX1Tg - X3 = ZP P ag. Again letged(Zy, X;) =
1. Then, we haveX; | aoP!" ' = Xj.a1 = aoP;""* and by Theorem
1.2, X, = al’y{l_l anda1 = ﬁmf_l such that)élﬁ1 = ag andmm =P
whereged(aq, 81) =1 = ged(vy1, ).

We haVEXm_le_Qfﬂgl'g....l'm_g = Zg‘al. LetP, = ng(CEi, Zi—1)~

m—3
Thenz; = P;.X; andZ,_1 = P;.Z;. Thus X,,,_1 X,—2X; H T; =

j=it+1
Zqu-/"flai,l. Sincegcd(Zi7Xi) =1 thUS,Xi ‘ ai,lPLﬂ*l = X;.a;, =
ai—1P""" so by Theorem 1.2, we géf; = ;7" " anda; = Bin) "

K2

such thay; 8; = a; and~;n; = P; whereged(«;, 3;) = 1 = ged(vi, m:)-

m—3
S0, X1 Xm—o [ zj =2 1a;¥Vi=1,23,...,m—3andat
j=i+1
last we getX,,_1 X,,—2 = Z)_sa,—3 then by Theorem 1.X,,_» =
Qm—2sy and X,,,_1 = G255 such thata,_26,—2 = an,—3 and
§1S0 = Lpm—_4 with ng(Oé7n_27/B7n_2) =1= ng(Sl,Sl). Now by us-
ing Theorem 1.2 and technique in proof of Theorem 2.2, we have for all
m—3 j

o o J b
J =123 m =2 ay = (I (k)" (1", and

i=1

m=3 . . Joo_
By = (I ()" (TT i~
Putin e(_quations 2.3 and 2.5 we get the required result. O

REMARK 2. The solution is described in terms
(mfl)(gwnfl)

—1)(m+n—2)
5 or

positive parameters depending areven or odd.

THEOREM2.4. Letpy,po,...,ps andr be positive integers and suppose
thatt = p; + p2 + --- + ps — r. Consider the-variables Diophantine
system of equations,

_ k1

T11T12013 * " Tlp;—1 = 21
k

T21T22X23 * * - L2py—1 — 222,

ks
Ti1Xi2%43 * Tip,—1 = 2;

Ts1Ts2Ts3 "+ " Tspy—1 — 2557

where2 < k; are positive numbers ansl is the number of equations
and r is the number of repeated variables in this system. Then all the
positive solutions of this system of equations can be described by using
the following algorithm:

Algorithm:

e Write solution of each equation by using Theorem 2.3

e Select one variable from-repeated variables and find the uniglie
in solution by using techniques of Theorem 2.3

¢ Replace those values of parameters appear in selected repeated vari-
able, in other variables.

e Do the same activity with other repeated variables.
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o If all repeated variables have unique solution then substituting the
values of parameter that exist in that variables in other variable.
To explain above algorithm, we give one example below:

ExamMpPLE 1. Consider the6-variables Diophantine system of two

equations,
T1T273 = 2} andaszy = 23.

Step 1: We apply Theorem 2.3 on equatiaf the above two equations
system to get the following solution:
vy = kikl "B * RYgP, @ = kb0 P R3g%, s = kivdvin,
21 = K kiyivyin R Rog?
and for equatior? of this system, we have
Ty = dr%, T3 = r%d, 29 = drirs

Step 2: Sinces is the repeated variable in the equations of the system,
o]

rid = x3 = k1 i (2. 15)
Now we will find that uniqué for =3, and suppose = ged(d, k1) such
that
d=aDi;k = aKy, ged(Dy, Kp) =1
putin equation 2. 15
r3D1 = ¥{yini K1 = Dy | vivin). (2. 16)

Then there exist a positive integeisuch thatD;b = ~3~in; by using
Theorem 2.3D; = ﬂ1(2:13, b= ﬂ2c§, Y1 = Ci1C2, 7177; = ﬂlﬂg such
thatged(cg, c1) = 1 = ged(f1, 51) now equation 2. 16 becomes

r3 = Boci Ky (2. 17)

from equation 2. 17 , we get | c3, then there exist a positive integer
such thatrZe = ¢ then by using Theorem 2.2

2 3 3
co =arasf’, ro=as3f°, e=ajas

substituting the values in equation 2. 17 , we get frajaz K| =

B2 = a3 = 1 = az = K replacing the values, we get all the positive
solutions of this system described by thgparametric formulas

w1 = ak "V Rig®, s = akili"n) R3¢, w5 = ayinibi f®,

xy = ayymbiry, z1 = alikiyimbi fPRiRag®, 22 = ayimi b3 for1.
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