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Abstract. In this paper, we define a new subclass of univalent functions
with negative coefficients. Further, we obtain the coefficient estimates,
distortion bounds and extreme points by fixing the second coefficient.
Also, the class we extend the study by fixing finitely many coefficients.
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1. INTRODUCTION

Let S be the class of analytic, univalent and normalized (f(0) = 0 = f ′(0) − 1)
functions inU := {z : z ∈ C and |z| < 1} of the form :

f(z) = z +
∑

n=2

anzn.

Let

T :=



f : f(z) = z −

∑

n=2

|an|zn, z ∈ U


 (1. 1)

be the subclass ofS (see [13]).
For0 5 µ < 1, 0 5 η 5 1 andf ∈ T the Rafid operator [4] is defined by

Rη
µ(f(z)) =

1
(1− µ)1+ηΓ(η + 1)

η∫

0

tη−1e−( t
1−µ )f(zt)dt

= z −
∑

n=2

(1− µ)n−1Γ(η + n)
Γ(η + 1)

|an|zn.
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Definition 1. A functionf defined in ( 1. 1 ) is said to be inWη
µ if

∣∣∣∣∣∣∣

zF
′
λ(z)

Fλ(z) − 1

(B −A)β
[

zF
′
λ(z)

Fλ(z) − ν
]
−B

[
zF

′
λ(z)

Fλ(z) − 1
]

∣∣∣∣∣∣∣
< κ,

(0 5 ν 5 1, 0 < κ 5 1, −1 5 B < A 5 1, 0 5 β 5 1, z ∈ U),

where

zF
′
λ(z)

Fλ(z)
=

z
(Rη

µf(z)
)′

+ λz2
(Rη

µf(z)
)′′

(1− λ)Rη
µf(z) + λz (Rη

µf(z))
′ , 0 5 λ 5 1.

The classWη
µ was considered by Vijaya et al. [14] and forf ∈ Wη

µ they endowed the
following necessary and sufficient conditions.

Theorem 2. [14] Letf be given in ( 1. 1 ). Thenf ∈ Wη
µ iff

∑

n=2

Rn|an| 5 (1− ν)(B −A)κβ, (1. 2)

where

Rn = (1+nλ−λ)[(n−1)(1−κB)+κβ(B−A)(n−ν)]
(1− µ)n−1Γ(η + n)

Γ(η + 1)
. (1. 3)

We deriveR2 andR3 from ( 1. 3 ) as given below:

R2 = (1 + λ)[(1− κB) + κβ(B −A)(2− ν)](1− µ)(η + 1)

and

R3 = (1 + 2λ)[2(1− κB) + κβ(B −A)(3− ν)](1− µ)2(η + 1)(η + 2).

Further, we consider the values ofRn, R2 andR3 are aforementioned right through
one or otherwise specified.

Corollary 3. Letf be given in ( 1. 1 ) andf ∈ Wη
µ. Then

|an| 5 (1− ν)(B −A)κβ

Rn
, n = 2.

Taking into consideration of Theorem 2, forf as given in ( 1. 1 ) andf ∈ Wη
µ then

|a2| = d(1− ν)(B −A)κβ

R2
, 0 5 d 5 1.

We observe that it is a task to fixing the second coefficient in Taylor series and discussing
the distortion theorems, growth theorems and similar other properteis (see [1, 2, 3, 5, 6, 7,
8, 9, 10, 11, 12]) and the references therein. Attracted by aforecited works a new subclass
Wη

µ(d) of Wη
µ is considered as given below:

Wη
µ(d) :=



f ∈ Wη

µ : f(z) = z − d(1− ν)(B −A)κβ

R2
z2 −

∑

n=3

|an|zn



 . (1. 4)
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2. CHARACTERIZATION PROPERTIES

Theorem 4. Letf be given in ( 1. 4 ). Thenf ∈ Wη
µ(d) iff

∑

n=3

Rn |an| 5 (1− d)(1− ν)(B −A)κβ .

Proof. Taking|a2| = d(1−ν)(B−A)κβ
R2

in ( 1. 2 ) we have the required one. ¤

Corollary 5. Letf be given in ( 1. 4 ) and inWη
µ(d). Then

|an| 5 (1− d)(1− ν)(B −A)κβ

Rn
, n = 3. (2. 5)

Theorem 6. The classWη
µ(d) is closed under convex linear combination.

Proof. Let f as in ( 1. 4 ) and

g(z) = z − d(1− ν)(B −A)κβ

R2
z2 −

∑

n=3

|bn|zn, and 0 5 d 5 1

be inWη
µ(d). It is enough to show that

Ψ(z) = δf(z) + (1− δ)g(z), 0 5 δ 5 1

is also inWη
µ(d). In view of the fact that

Ψ(z) = z − d(1− ν)(B −A)κβ

R2
z2 −

∑

n=3

(δ|an|+ (1− δ)|bn|)zn, 0 5 d 5 1.

We notice that∑

n=3

Rn(δ|an|+ (1− δ)|bn|) 5 (1− d)(1− ν)(B −A)κβ.

It is evident from Theorem 4 thatΨ ∈ Wη
µ(d). ¤

Theorem 7. Let

fj(z) = z − d(1− ν)(B −A)κβ

R2
z2 −

∑

n=3

|an, j |zn, j = 1, . . . k.

be the functions inWη
µ(d). ThenΦ is defined by

Φ(z) =
k∑

j=1

λjfj(z),

is also inWη
µ(d), where

k∑
j=1

λj = 1.

Proof. From the hypothesis of theorem we get

Φ(z) = z − d(1− ν)(B −A)κβ

R2
z2 −

∑

n=3




k∑

j=1

λj |an,j |

 zn.

In view of fact thatfj ∈ Wη
µ(d) j = 1, . . . , k, Theorem 4 gives

∑

n=3

Rn |an,j | 5 (1− d)(1− ν)(B −A)κβ, for j = 1, . . . , k.
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which implies

∑

n=3

Rn




k∑

j=1

λj |an,j |

 =

k∑

j=1

λj


∑

n=3

Rn|an,j |

 5 (1− d)(1− ν)(B −A)κβ.

It is evident from Theorem 4 thatΦ ∈ Wη
µ(d). ¤

Theorem 8. Let

f2(z) = z − d(1− ν)(B −A)κβ

R2
z2 (2. 6)

and

fn(z) = z − d(1− ν)(B −A)κβ

R2
z2 − (1− d)(1− ν)(B −A)κβ

Rn
zn, n = 3. (2. 7)

Thenf ∈ Wη
µ(d) iff

f(z) =
∑

n=2

σnfn(z), σn = 0 and
∑

n=2

σn = 1. (2. 8)

Proof. If we statef as of the form ( 2. 8 ), then we get

f(z) = z − d(1− ν)(B −A)κβ

R2
z2 −

∑

n=3

σn
(1− d)(1− ν)(B −A)κβ

Rn
zn

= z −
∑

n=2

Anzn,

where

A2 =
d(1− ν)(B −A)κβ

R2

and

An =
σn(1− d)(1− ν)(B −A)κβ

Rn
, n = 3.

Thus ∑

n=2

RnAn = d(1− ν)(B −A)κβ +
∑

n=3

σn(1− d)(1− ν)(B −A)κβ

= (1− ν)[d + (1− σ2)(1− d)](B −A)κβ

5 (1− ν)(B −A)κβ.

From Theorem 2 and Theorem 4, we observe thatf ∈ Wη
µ(d). Conversely, let us consider

f of the form ( 1. 4 ) inWη
µ(d). Applying ( 2. 5 ), we have

|an| 5 (1− d)(1− ν)(B −A)κβ

Rn
, n = 3.

Taking

σn =
Rn

(1− d)(1− ν)(B −A)κβ
|an|, n = 3

and
σ2 = 1−

∑

n=3

σn,

we reach ( 2. 8 ). ¤
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Lemma 9. Let

f3(z) = z − d(1− ν)(B −A)κβ

R2
z2 − (1− d)(1− ν)(B −A)κβ

R3
z3 . (2. 9)

Then,

|f3(reiϑ)| = r − d(1− ν)(B −A)κβ

R2
r2 − (1− d)(1− ν)(B −A)κβ

R3
r3,(2. 10)

(0 5 r < 1 and 0 5 d 5 1, )

equivalent whenϑ = 0.

|f3(reiϑ)| 5 r +
d(1− ν)(B −A)κβ

R2
r2 − (1− d)(1− ν)(B −A)κβ

R3
r3(2. 11)

(either 0 5 d < d0 and 0 5 r 5 r0 or d0 5 d 5 1, )

equivalent whenϑ = π. Thed0 andr0 are given below:

d0 =
1

2(1− ν)(B −A)κβ
×

{(1− ν)(B −A)κβ − 4R2 −R3

+[((1− ν)(B −A)κβ − 4R2 −R3)2 + 16R2(1− ν)(B −A)κβ]1/2}
and

r0 =
−4(1− d)R2 + [16(1− d)2R2

2 + 4d2(1− d)(1− ν)(B −A)κβR3]1/2

2d(1− d)(1− ν)(B −A)κβ
.

Proof. In view of fact that

∂|f3(reiϑ)|2
∂ϑ

= 2(1− ν)(B −A)κβr3 sin ϑ (2. 12)
(

d

R2
+

4(1− d) cos ϑ

R3
r − d(1− d)(1− ν)(B −A)κβ

R2R3
r2

)
,

we observe
∂|f3(reiϑ)|2

∂ϑ
= 0, ϑ1 = 0, andϑ2 = π

and

ϑ3 = cos−1

(
d[(1− d)(1− ν)(B −A)κβr2 −R3]

4r(1− d)R2

)
,

In factϑ3 is suitable only when−1 5 cosϑ3 5 1. Thus, third one will appear if and only
if r0 5 r < 1 and0 5 d 5 d0. Therefore matching up to the maximum and minimum
|f3(reiϑm)|, m = 1, 2, 3 on the correct periods, we get preferred results. ¤
Lemma 10. Letfn(z) be given in ( 2. 7 ) withn = 4. Then

|fn(reiϑ)| 5 |f4(−r)|. (2. 13)

Proof. In view of fact that we take decreasing formr
n

n , which implies

fn(z) = z − d(1− ν)(B −A)κβ

R2
z2 − (1− d)(1− ν)(B −A)κβ

Rn
zn.

Thus

|fn(reiϑ| 5 r +
d(1− ν)(B −A)κβ

R2
r2 +

(1− d)(1− ν)(B −A)κβ

R4
r4

= −f4(−r)
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which proves ( 2. 13 ). ¤

Next, we state Theorem 11 without proof.

Theorem 11. Letf be given in ( 1. 4 ) and inWη
µ(d). Then

|f(reiϑ)| = r − d(1− ν)(B −A)κβ

R2
r2 − (1− d)(1− ν)(B −A)κβ

R3
r3 0 5 r < 1

equal forf3(z) at z = r, and

|f(reiϑ)| 5 max{max
ϑ
|f3(reiϑ)|,−f4(−r)},

wheremax
ϑ
|f3(reiϑ)| is as in Lemma 9.

Lemma 12. Letf3(z) be given in ( 2. 9 ). Then,

|f ′3(reiϑ)| = 1− 2d(1− ν)(B −A)κβ

R2
r − 3(1− d)(1− ν)(B −A)κβ

R3
r2

equivalent whenϑ = 0.

|f ′3(reiϑ)| 5 1 +
2d(1− ν)(B −A)κβ

R2
r − 3(1− d)(1− ν)(B −A)κβ

R3
r2

(either 0 5 d < d1 and 0 5 r 5 r1 or d1 5 d 5 1)

equivalent whenϑ = π. Thed1 andr1 are given below:

d1 =
1

6(1− ν)(B −A)κβ
{(3(1− ν)(B −A)κβ − 3R2 −R3)

+[(3(1− ν)(B −A)κβ − 3R2 −R3)2 + 36(1− ν)(B −A)κβR2]1/2}
and

r1 =
1

6d(1− d)(1− ν)(B −A)κβ
{−3(1− d)R2

+[9(1− d)2R2
2 + 12d2(1− d)R3(1− ν)(B −A)κβ]1/2}.

Theorem 13. Letf be given in ( 1. 4 ) and inWη
µ(d). Then

|f ′(reiϑ)| = 1− 2d(1− ν)(B −A)κβ

R2
r − 3(1− d)(1− ν)(B −A)κβ

R3
r2

equivalently forf ′3(z) at z = r, and

|f ′(reiϑ)| 5 max{max
ϑ
|f ′3(reiϑ)|,−f ′4(−r)},

wheremax
ϑ
|f ′3(reiϑ)| is obtained from Lemma 12.

Next, we define a new subclass by fixing finitely many coefficients:

Wη
µ(dn, k) :=

{
f ∈ Wη

µ(d) : f(z) = z −
k∑

n=2

dn(1− ν)(B −A)κβ

Rn
zn

−
∑

n=k+1

|an|zn, 0 5
k∑

n=2

dn = d 5 1



 .

For the above said class, next we state extreme points without proof. Since the proof is
line similar to method used for the classWη

µ(d).
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Theorem 14. For Wη
µ(dn, k) the extreme points are

fk(z) = z −
k∑

n=2

dn(1− ν)(B −A)κβ

Rn
zn

and

fn(z) = z −
k∑

n=2

dn(1− ν)(B −A)κβ

Rn
zn −

∑

n=k+1

(1− d)(1− ν)(B −A)κβ

Rn
zn.
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