
Punjab University
Journal of Mathematics (ISSN 1016-2526)
Vol. 46(2)(2014) pp. 47-51

New Integral Inequalities through Generalized Convex Functions

Muhammad Muddassar,
Department of Mathematics,

University of Engineering and Technology,
Taxila. Pakistan.

Email: malik.muddassar@gmail.com

Ahsan Ali,
Department of Electronic Engineering,

University of Engineering and Technology,
Taxila. Pakistan.

Email: ahsan.ali@uettaxila.edu.pk

Abstract. In this article, we founded several inequalities for some single-
real-valued function, related to the famous Hermite-Hadamard’s(H−H)
inequality for mappings who has positive values lies in the classesKα,s

m,1

andKα,s
m,2.
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1. INTRODUCTION

With the outgrowth of calculus during the 19th century, the concern of inequalities has
rapidly increased. Inequalities have gained a significant importance not only in Mathemat-
ics itself but also in Engineering and nearly all areas of Sciences. Such as, in numerical
analysis, the estimation of a definite integral of a real valued function over an interval
[a, b] is a very interesting problem. An elemental inequality that contributes error bounds
for quadrature formulae of a continuous convex single-valued mappings, named Hermit-
Hadamard’s(H −H) inequality, is set as [11, p. 53]:

f

(
a + b

2

)
≤ 1

b− a

∫ b

a

f(x) dx ≤ f(a) + f(b)
2

, (1.1)

whencef : [a, b] → R is convex single-valued function. Both inequalities turned back for
f to be concave.
The impression of quasi-convex single-valued function infer generally the picture of con-
vex single-valued function. To a greater extent, exactly a single-valued mapf : [a, b] → R
is quasi-convex on[a, b] if

f(λu + (1− λ)v) ≤ max{f(u), f(v)},
holds for anyu, v ∈ [a, b] andλ ∈ [0, 1]. Intelligibly, a single-valued convex function may
be considered as a quasi-convex function. Moreover, quasi-convex single-valued functions
might be convex exactly (see [5]). In [12],̈Ozdemir et al. established several integral
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inequalities respecting some kinds of convexity. Especially, they discussed the following
result connecting with quasi-convex functions:

Theorem 1. Let a continuous mapf : [a, b] 6= φ ⊂ [0,∞) → R so thatf ∈ L1([a, b]). If
f is quasi-convex on[a, b] for p, q > 0, induces

∫ b

a

(x− a)p(b− x)qf(x)dx = (b− a)p+q+1β(p + 1, q + 1) max{f(a), f(b)},

whereβ(x, y) is the Euler Beta function.

Recently, Liu [7] gave close to new integral inequalities for quasi-convex functions as
comes:

Theorem 2. Let a continuous mapf : [a, b] 6= φ ⊂ [0,∞) → R so thatf ∈ L1([a, b]). If

for anyk > 1 , |f | k
k−1 is quasi-convex on[a, b] for p, q > 0, induces

∫ b

a

(x− a)p(b− x)qf(x)dx = (b− a)p+q+1 (β(kp + 1, kq + 1))
1
k ×

(
max{|f(a)| k

k−1 , |f(b)| k
k−1 }

) k−1
k

.

Theorem 3. Let a continuous mapf : [a, b] 6= φ ⊂ [0,∞) → R so thatf ∈ L1([a, b])
and letl ≥ 1. If |f |l is quasi-convex on[a, b] for some fixedp, q > 0, induces
∫ b

a

(x− a)p(b− x)qf(x)dx = (b− a)p+q+1β(p + 1, q + 1)
(
max{|f(a)|l , |f(b)|l}

) 1
l

.

That is, this study is a further continuation of [8], where we generalise the results dis-
cussed in [8] by weaken the condition of convexity discussed in [10].

2. PRINCIPLE OUTCOMES

In this segment, we generalize the above theorems and produce some more results using
the following lemma described in [12].

Lemma 4. Let f : I = [a, b] 6= φ ⊂ [0,∞) → R is a continuous map on[a, b] so that
f ∈ L1([a, b]), induces equality

∫ b

a

(x− a)p(b− x)qf(x)dx = (b− a)p+q+1

∫ 1

0

(1− t)ptqf(ta + (1− t)b)dt (2.1)

holds for some fixedp, q > 0.

Here we recall the following definitions from [10] by Muddassar et al named ass −
(α, m)-convex functions as reproduced below;

Definition 5. A functionf : [0,∞) → [0,∞) is supposed tos− (α, m)-convex function
in the first sense orf ∈ Kα,s

m,1 , if ∀ u, v ∈ [0,∞)
∧

β ∈ [0, 1] the coming inequality
agrees:

f(βu + (1− β)v) ≤
(
βαs

)
f(u) + m

(
1− βαs

)
f

( v

m

)
,

where(α, m) ∈ [0, 1]2 for s ∈ (0, 1].
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Definition 6. A functionf : [0,∞) → [0,∞) is supposed tos− (α, m)-convex function
in the second sense orf ∈ Kα,s

m,2 , if ∀ u, v ∈ [0,∞)
∧

β ∈ [0, 1] the coming inequality
agrees:

f(βu + (1− β)v) ≤ (βα)s
f(u) + m (1− βα)s

f
( v

m

)
,

where(α, m) ∈ [0, 1]2 for s ∈ (0, 1].

Note that fors = 1, we getKα
m(I) class of convex functions and forα = 1 andm = 1,

we getK1
s (I) andK2

s (I) class of convex functions.

Theorem 7. Let f : I = [a, b] 6= φ ⊂ [0,∞) → R is a continuous map on[a, b] so that
f ∈ L1([a, b]). If |f | ∈ Kα,s

m,1 on [a, b] for p, q > 0,
∫ b

a

(x− a)p(b− x)qf(x)dx≤(b− a)p+q+1

{
β(q + αs + 1, p + 1)

(
|f(a)|−m

∣∣∣∣f
(

b

m

)∣∣∣∣
)

+mβ(q + 1, p + 1)
∣∣∣∣f

(
b

m

)∣∣∣∣
}

(2.2)

Proof. Taking absolute value of Lemma 4,
∫ b

a

(x− a)p(b− x)qf(x)dx ≤ (b− a)p+q+1

∫ 1

0

(1− t)ptq |f(ta + (1− t)b)| dt. (2.3)

Since|f | ∈ Kα,s
m,1 on [a, b], then the inequality (2.3) can be written as

∫ 1

0

(1− t)ptq |f(ta + (1− t)b)| dt ≤
∫ 1

0

(1− t)ptq (tαs|f(a)|+ m(1− tαs)|f(b)|) dt,

(2.4)
As, ∫ 1

0

(1− t)ptq+αsdt = β(q + αs + 1, p + 1) (2.5)

and ∫ 1

0

(1− t)ptq(1− tαs)dt = β(q + 1, p + 1)− β(q + αs + 1, p + 1). (2.6)

Using (2.4), (2.5) and (2.6) in (2.3), we get (2.2). ¤

Theorem 8. Let f : I = [a, b] 6= φ ⊂ [0,∞) → R is a continuous map on[a, b] so that

f ∈ L1([a, b]) and letk > 1. If |f | k
k−1 ∈ Kα,s

m,1 on [a, b] for p, q > 0,
∫ b

a

(x− a)p(b− x)qf(x)dx ≤ (b− a)p+q+1 (β(αs + 1, 1))
k−1

k (β(qk + 1, pk + 1))
1
k

[
|f(a)| k

k−1 + m

∣∣∣∣f
(

b

m

)∣∣∣∣
k

k−1
] k−1

k

(2.7)

Proof. Applying the Ḧolder’s Inequality on (2.3), implies

∫ 1

0

(1− t)ptq |f(ta + (1− t)b)| dt ≤
[∫ 1

0

((1− t)ptq)k
dt

] 1
k

×
[∫ 1

0

|f(ta + (1− t)b)| k
k−1 dt

]1− 1
k

(2.8)
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here, ∫ 1

0

(1− t)pktqkdt = β(qk + 1, pk + 1). (2.9)

Since|f | k
k−1 ∈ Kα,s

m,1 on [a, b] for k > 1, therefore
∫ 1

0

|f(ta + (1− t)b)| k
k−1 dt ≤

∫ 1

0

(
tαs|f(a)| k

k−1 + m(1− tαs)|f(b)| k
k−1

)
dt, (2.10)

furthermore, ∫ 1

0

tαsdt =
∫ 1

0

(1− t)αsdt = β(αs + 1, 1). (2.11)

Inequalities (2.3), (2.8), (2.10) and equations (2.9),(2.11) together implies (2.7). ¤

Theorem 9. Let f : I = [a, b] 6= φ ⊂ [0,∞) → R is a continuous map on[a, b] so that
f ∈ L1([a, b]) and letl ≥ 1. If |f |l ∈ Kα,s

m,1 on [a, b] for p, q > 0,
∫ b

a

(x− a)p(b− x)qf(x)dx ≤ (b− a)p+q+1 (β(q + 1, p + 1))
l−1

l [β(q + αs + 1, p + 1)

{
|f(a)|l−m

∣∣∣∣f
(

b

m

)∣∣∣∣
l
}

+ mβ(q+1, p+1)
∣∣∣∣f

(
b

m

)∣∣∣∣
l
] 1

l

.(2.12)

Proof. Now applying the Ḧolder’s Inequality on (2.3), we get
∫ 1

0

(1− t)ptq |f(ta + (1− t)b)| dt ≤
[∫ 1

0

(1− t)ptqdt

]1− 1
l

×
[∫ 1

0

(1− t)ptq |f(ta + (1− t)b)|l dt

] 1
l

(2.13)

here, ∫ 1

0

(1− t)ptqdt = β(q + 1, p + 1). (2.14)

Since|f |l ∈ Kα,s
m,1 on [a, b] for l ≥ 1, therefore

∫ 1

0

(1− t)ptq|f(ta+(1−t)b)|ldt≤
∫ 1

0

(1−t)ptq
(
tαs|f(a)|l+m(1− tαs)|f(b)|l)dt (2.15)

which completes the proof. ¤

Some more integral inequalities can be found usingKα,s
m,2 class of convex functions in

similar way.

3. CONCLUSION

It is long-familiar that the convexity has been bringing a key role in mathematical pro-
gramming, engineering, and optimisation theory. The generalisation of convexity is one
of the most significant panorama in mathematical programming and optimisation theory.
There have been many efforts to weaken the convexity presumption in the literature. A
substantial generalisation of convex functions is that ofs − (α, m) functions brought in
by Muddassar et al in [10]. In [12],̈Ozdemir et al talked about some integral inequal-
ities for different kinds of convexity. In this paper we developed some more results on
hermite-Hadamard’s type inequalities by weaken the condition of convexity discussed in
[10].
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