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Abstract.Using convolution, classes pfvalent functions with respect to
symmetric conjugate points are introduced. Integral representation and
closure properties under convolution of general classes with respect to
(24, k) symmetric points are investigated.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A, be the class of functions analytic in the open unit dise {z : | z |< 1} of the
form

f(z) =2+ Z anz"” (p=1). (1.2)
n=p+1
and let4 = A;.
We denote bys*, C, K andC* the familiar subclasses of consisting of functions which
are respectively starlike, convex, close-to-convex and quasi-convix i@ur favorite
references of the field are [4, 5] which covers most of the topics in a lucid and economical
style.
For the functiongf(z) of the form (1.1) ang(z) = 2P + Zzo:pﬂ b, 2™, the Hadamard
product (or convloution) of andy is defined by(f * g)(z) = 2P + ZZOZPH G by 2™
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Let f(z) andg(z) be analytic irt/. Then we say that the functiof(z) is subordinate
to g(z) in U, if there exists an analytic functiom(z) in ¢ such thatw(z)| < |z| and
f(z) = g(w(z)), denoted byf (z) < g(z). If g(z) is univalent in{, then the subordination
is equivalent tof (0) = ¢g(0) and f () C g(U4).

Let k& be a positive integer angd = 0, 1, 2, ... (k — 1). A domainD is said to be
(4, k)-fold symmetric if a rotation oD about the origin through an ande j /k carriesD
onto itself. A functionf € A is said to bgj, k)-symmetrical if for eachr € U

flez) = €2 f(2), 1.2)
wheree = exp(27i/k). The family of (j, k)-symmetrical functions will be denoted by

Fj. For every functionf defined on a symmetrical subgétof C, there exits a unique
sequence ofj, k)-symmetrical functiong; »(z),7 =0, 1, ..., kK — 1 such that

k-1
F=> fin

7=0
Moreover,

1
1 .
EE: W] L (feAnEk=1,2...;j=01,2 ...(k—1)). (13)

This decomposition is a generalization the well known fact that each function defined on
a symmetrical subsét of C can be uniquely represented as the sum of an even function
and an odd functions (see Theorem 1 of [6]). We observe&atFy and 7 are well-
known families of odd functions, even functions dadymmetrical functions respectively.
Further, it is obvious thaf; 1(z) is a linear operator froi¥ into Z{. The notion of(j, k)-
symmetrical functions was first introduced and studied by P. Liczberski and J. Rskubi
in [6].

The class ofj, k)-symmetrical functions was extended to the clgss:)-symmetrical
conjugate functions in [8]. For fixed positive integgrandk, let fo; 1 (z) be defined by
the following equality

k—1
foj.k( QkZ eTVPIf(e¥2) 4 P f(evz )}, (f € Ap). (1.4)
If v is an integer, then the following identities follow directly from (1.4):
k—1

féj, k(z) _ % Z [E_ij+yf,(€yz) + Eij—Vf' (8”2)]
) 1 L - - (1.5)

iy le) = g 2 7S ) 4 e ) )

and : 4

f2jk("2) =" fo; 1(2),  fojk(2) = f25,k(%) (L6)

foj k(€72) = P70 fo, 1 (2),  fo; k(Z) = féjyk(z)'
Motivated by the concept introduced by Sakaguchi in [10], recently several subclasses
of analytic functions with respect tb-symmetric points were introduced and studied by
various authors (see [1, 2, 12, 13, 15, 16]). In this paper, using Hadamard product (or
convolution) new classes of functions Jf, with respect ta(j, k)-symmetric points are
introduced. Throughout this paper, unless otherwise mentioned the fuhdsanconvex
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univalent function with a positive real part satisfyih@)) = 1.

We define the following.

Definition 1. A function f € A, is said to be in the clas$j *(h) if and only if it satisfies
the condition
1 2f'(2)

D fa5.1(2)
wherefs; 1(z) # 0 and is defined by the equality (1.4). Similarly, we call the cl%gsé(h)
of functionsf € A, with fQ/j}k(z) # 0 satisfying the subordination condition

< h(2), 1.7)

1(zf'(2))
LEED ), (L.9)
p fzjk(z)
Remark2. Sincef € A,, the conditionfs; »(z) # 0 in the Definition 1 is essential as
h(z) is assumed to be a function with positive real part.

It is interesting to note that several well known and new subclasses of analytic functions
can be obtained as special casespf (h) andCj: ¥ (h). Here we list a few of them.

1. If we letp = j = 1 in definition 1, then the classe¥:*(h) andCJ *(h) reduces
to Sk (h) andC¥ (h) respectively. The function classé$,.(h) andCk, (h) were
introduced by Wang in [14].

2. If p=j =k =1andh(z) = 5% in definition 1, then the classe*(h) and

1—apBz
i, k
C)>*(h) reduces to

. 2f'(2) azf'(2)
Sia, B) = : A | ———— -1 ———— 4 1|,z€U,,
a2 {f e ‘<6‘f(2)+f(2)+ c }
and
Cila, B) = f:feA,%—l<ﬁ%+l,zeu
(1) +7®) (1) +7@)

respectively. The clasS! («, 3) was introduced by Sudharsan et. al. in [11].

3. If p=j =k =1andh(z) = {££ in definition 1, then the class/ * (h) reduces

to the classS} investigated by EL Ashwa and Thomas in [3].

Definition 3. A function f € A, is said to be in the clags/ *(h) if and only if it satisfies
the condition
1 2f'(2)

- < h(z),
P ¢25,1(2) )
wheregs; 1 (z) € 83 %(h) with ¢o; £ (2) # 0inU.
Similarly, the cIasQC:f; *(h) consists of functiong € A, satisfying the subordination
condition

LEFE) 0
b oy () <M

z)
for somegs; 1 (2) € 3 *(h) with ¢y, . (2) # 0.
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The general classeS] *(g, h), CJ'*(g, h), KJ;*(g, h) and QC{;’“(g, h) consists of
functionsf € A, for which f x g respectively belongs 87 *(h), CJ-*(h), Ki:*(h) and
ocs ¥ (n).

For a choice of the fixed function(z) = 27/(1 — z), then the classe§J *(g, h),
Ci*(g, h), K3 *(g, h) andQCZ * (g, h) reduces respectively ®:*(h), C3:*(h), K3, (h)
andQc’ *(n).

Forvy < 1, the classR., of prestarlike functions of ordey is defined by

Rv—{feA:f*u_jﬁ4W€SWw},

while R, consists off € A satisfyingRe f(z)/z > 1/2. The well-known result that the
classes of starlike functions of orderand convex functions of order are closed under
convolution with prestarlike functions of orderis a consequence of the following:

Lemma4. [9] Lety < 1,¢ € R, and f € S*(v). Then

¢ (HJ) —
—=(U) Cceo(H(U)),
e W) cooHw)
for any analytic function € H(U), whereco(H (U)) denote the closed convex hull
HU).
Using Lemma 4, we have the following result.
Lemmab. If ¢(z)/2P~! € R, and f(z) € S*(v). Then

o5 (Hf) )
S ),

for any analytic functiond € H(U).

2. INCLUSION RELATIONSHIP

Theorem 6. Leth be a convex univalent function satisfying

1_
Reh(z) > 1 — p? 0<n~<1),

and¢ € Ay, with /2P~ € R,. If f € S)¥(g, h) for a fixed functiory in A,, then
¢* feS)g, h).
Proof. From the definition ofS7: *(h), then for any fixed: € U we have
1 ’
120()
P f2j,x(2)
If we replacez by ¥z in (2.1), then (2.1) will be of the form
le”zf'(s”z)
p f2j,k(5yz>
From (2.2), we have
17z f'(e¥Z)
P fo; k(e¥Z)
Using the equality (1.6), (2.2) and (2.3) can be rewritten as

h(U). 2.1)

ehU), (zelU;v=0,1,2,....,k—1). (2.2)

ehU), (zelU;v=0,1,2,....k—1). (2.3)
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1ev=vPizf (e2)

28 A A by, ett;v=0,1,2,... k—1), 2.4

P Jar () ), ( ) (2.4)
and

1evPi=v 2 f'(e¥2)

e AR ), (ettiv=0,1,2, ..., k—1). 25

P o) @), ( ) (2.5)

Adding (2.4) and (2.5), we get

1 Z[eufupjf'(g”z)Jre”m*Vm ehU ), (z€eU;v=0,1,2 k—1)

p f25,1(2)
(2.6)
Letr =0, 1,2, ..., k—1in (2.6) respectively and summing them, we get
ESS e e T@)]
— S s A .
p f25.1(2)

Or equivalently,
1 Zféj 1 (2)
——=2" T ch(U , zel )
P f25,k(2) w. :
thatis fo;, x(2) € SI%(h).
SetH (z) andy(z) by

0 (o) = L26(2)
H(Z = m and 1/}2_],k’(z) - ;p—l :
Now Re h(z) > 1 — 1777 yields
Rk _ ptfna® 27)

V2, k(2) f25,1(2)
Inequality (2.7) shows that the functiafy; 1 (z) is starlike of ordery, which we denote
by $*(v). A simple computation shows that
/ —1 4
(@ ()0 e E R @)

2(¢xf) (2) _ _
p(¢* f)2j,k(2) (¢ * faj. 1) (2) (¢ * f25,1) (2)

Sinceg/zP~t € R, andyys; € S*(7), Lemma 5 yields

(6% (H foj ) (2), _ _
(¢ * faj 1) (2) ) eco(HU)).

The subordinatiotH < h implies

26 f) (2)
(% Doy ale) = )

Thus¢ * f € SJ%(h). Thatis
Fespth) = frgeSpth) = oxfrgeS)Ht(h),

or equivalentlyg « f € Si-%(g, h).
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Remark?. Using the condition (1.7) together with the resfylf, ».(2) € S} *(h) shows that
the functions inS/ * (h) are contained ifiCJ; * (k). In general S7:-*(g, h) C KJ*(g, h).
Theorem 8. Leth be a convex univalent function satisfying
1—

Reh(z) > 1 — 777 0<~<1),
and¢ € Ay, with ¢/2~1 € R,. If f € CJ:*(g, h) for a fixed functiony in A,, then
o feChk(g, h).
Proof. From the identity

(g% f)(2)  z(g*p'2f) (2)

p(g*f)/2J7k(Z) p (g*pilzf/)zjk(z)

)

we havef € CJ-*(g, h) if and only if % € S87%(g, h) and by Theorem 6 it follows
thate (i) = 2(¢» f)/(2) € 5} *(g, h). Hences x f € CJ (g, h). O

p

Remarlk9. Analogous to the resultin Theorem 6, it can be proved fhat,(z) € CJ*(h).
Using this result together with condition (1.7) shows that the functior(.épiﬁ(h) are
contained inQC? *(h). In generalC * (g, h) € QCL*(g, h).

Using the arguments similar to those detailed in Theorem 6 and Theorem 8, we can
prove the following two Theorems. We therefore, choose to omit the details involved.
Theorem 10. Leth be a convex univalent function satisfying

Reh(z) >1— 1777, 0<y<1),
and¢ € A, with ¢(z) /2P~ € R,. If f € K%’k(g, h),theng « f € K;’k(g, h).
Theorem 11. Leth be a convex univalent function satisfying
Reh(z) >1— 1_77, 0<y<1),
and¢ € A, with ¢(2)/2P~1 € R, If f € QCL¥(g, h), theng = f € QCI ¥ (g, h).
3. INTEGRAL REPRESENTATION
Theorem 12. Let f € SJ-*(g, h), then we have

k=1 .,
s27,6(2) = 2 oxp {2’2 > [ 2 [+ o wE) -2 dc} SENCEN

v=0

wheress; 1k (2) = (f * 9);,1(2), andw(z) is analytic inif with w(0) =0, | w(z) |< L.

Proof. From the definition ofS7: *(g, h), we have

’

0L b i), (32)
wherew(z) is analytic inl{ andw(0) = 0, | w(z) |< 1. Substitutingz by ¥z in the
equality (3.2) respectively(= 0, 1, 2, ..., k — 1, ¥ = 1), we have
e’z (f*9) (¢"2)
P S2j k(€Y %)

= ¢ (w(e"2)) (3.3)
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On simple computation, we get

Z(fx9) (£2)

=t = ¢ (w(e"7)). (3.4)
D S2j,k(€VZ)
Proceeding as in Theorem 6, we have
szJ k
ka %2[ + 8w,
which can be rewritten as
5,23', k(%) D _
82j7k( z 2]6 Z [ +¢( ( )) 2]

Integrating this equality, we get

1og{52jz’; } kZ /O z 0+ (w(=0) — 2| d,

or equivalently,

smu—zpexp{%z/ O) + 6 () - 2| dc}.

This completes the proof of Theorem 12. O

Theorem 13. Let f € SJ-*(g, h), then we have

s(z)z/o pPT 16Xp{2k2/0 ¢ )+ ¢ (w (E”Z))f2] d(}qﬁ(w(z))dz

wheres(z) = (f * g)(2) andw(z) is analytic inif with w(0) =0, | w(z) |< 1.

Proof. Let f € SJ-*(g, h). Then from the definition, we have

$() = P22 ()

— paP- 1exp{2k2/ Q)+ ¢ (w (5”@)—2} dC}-d)(w(z)).

Integrating the above equality will prove the assertions of the theorem. O

Theorem 14. Let f € CJ:*(g, h), then we have

52j,k(z):/0 2P 1‘3XP{2k Z/ ) +¢(w (8“2))—2] dC}dZ

wheress; 1 (2) = (f * g)2; 1(2), andw(z) is analytic ini/ with w(0) = 0, | w(z) |< 1.
Theorem 15. Let f € CJ:*(g, h), then we have

s(z)zfi/on ep{%Z/o O)+o(w (5”2))—2} dg}dzdn,

wheres(z) = (f * g)(z) andw(z) is analytic inl{ withw(0) =0, | w(z) |< 1.



8 C. Selvaraj, K. R. Karthikeyan and G. Thirupathi

REFERENCES

[1] R. M. Ali, A. O. Badghaish and V. Ravichandran, Multivalent functions with respeet-ply points and
symmetric conjugate points, Comput. Math. Ap§0.(2010), no. 11, 2926-2935.
[2] R. Chandrashekar et al., Convolutions of meromorphic multivalent functions with respect to n-ply points
and symmetric conjugate points, Appl. Math. Comput. (2011),
[3] R. Md. El-Ashwah and D. K. Thomas, Some subclasses of close-to-convex functions, J. Ramanujan Math.
Soc.2 (1987), no. 1, 85-100.
[4] A. W. Goodmanlnivalent functions. Vol., IMariner, Tampa, FL, 1983.
[5] I. Graham and G. KohGeometric function theory in one and higher dimensj@ekker, New York, 2003.
[6] P.Liczberski and J. Potufiski, On(j, k)-symmetrical functions, Math. Boherhi20(1995), no. 1, 13-28.
[7] M. Haji Mohd et al., Subclasses of meromorphic functions associated with convolution, J. Inequal. Appl.
2009 Art. ID 190291, 9 pp.
[8] K. R. Karthikeyan, Some classes of analytic functions with respect to symmetric conjugate points, Submit-
ted.
[9] S. RuscheweyhConvolutions in geometric function thegi$eminaire de Matématiques Sigrieures, 83,
Presses Univ. Monéal, Montreal, QC, 1982.
[10] K. Sakaguchi, On a certain univalent mapping, J. Math. Soc. Jab&rp59), 72—75.
[11] T. V. Sudharsan, P. Balasubrahmanyam and K. G. Subramanian, On functions starlike with respect to sym-
metric and conjugate points, Taiwanese J. Matf1998), no. 1, 57-68.
[12] Z.-G. Wang, C.-Y. Gao and S.-M. Yuan, On certain subclasses of close-to-convex and quasi-convex func-
tions with respect té&-symmetric points, J. Math. Anal. Ap#22(2006), no. 1, 97-106.
[13] Z.-G. Wang, Y.-P. Jiang and H. M. Srivastava, Some subclasses of multivalent analytic functions involving
the Dziok-Srivastava operator, Integral Transforms Spec. FL@¢2008), no. 1-2, 129-146.
[14] Z.-G. Wang and C.-Y. Gao, On starlike and convex functions with respeét-8ymmetric conjugate points,
Tamsui Oxf. J. Math. Sck4 (2008), no. 3, 277-287.
[15] D.-G. Yang and J.-L. Liu, On Sakaguchi functions, Int. J. Math. Math. Z¥93 no. 30, 1923-1931.
[16] S.-M. Yuan and Z.-M. Liu, Some properties @fconvex andx-quasiconvex functions with respectte
symmetric points, Appl. Math. Comput88(2007), no. 2, 1142-1150.



