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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

LetAp be the class of functions analytic in the open unit discU = {z : | z |< 1} of the
form

f(z) = zp +
∞∑

n=p+1

anzn (p ≥ 1) . (1.1)

and letA = A1.
We denote byS∗, C,K andC∗ the familiar subclasses ofA consisting of functions which

are respectively starlike, convex, close-to-convex and quasi-convex inU . Our favorite
references of the field are [4, 5] which covers most of the topics in a lucid and economical
style.

For the functionsf(z) of the form (1.1) andg(z) = zp +
∑∞

n=p+1 bnzn, the Hadamard
product (or convloution) off andg is defined by(f ∗ g)(z) = zp +

∑∞
n=p+1 an bn zn.
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Let f(z) andg(z) be analytic inU . Then we say that the functionf(z) is subordinate
to g(z) in U , if there exists an analytic functionw(z) in U such that|w(z)| < |z| and
f(z) = g(w(z)), denoted byf(z) ≺ g(z). If g(z) is univalent inU , then the subordination
is equivalent tof(0) = g(0) andf(U) ⊂ g(U).

Let k be a positive integer andj = 0, 1, 2, . . . (k − 1). A domainD is said to be
(j, k)-fold symmetric if a rotation ofD about the origin through an angle2πj/k carriesD
onto itself. A functionf ∈ A is said to be(j, k)-symmetrical if for eachz ∈ U

f(εz) = εjf(z), (1.2)

whereε = exp(2πi/k). The family of (j, k)-symmetrical functions will be denoted by
F j

k . For every functionf defined on a symmetrical subsetU of C, there exits a unique
sequence of(j, k)-symmetrical functionsfj, k(z), j = 0, 1, . . . , k − 1 such that

f =
k−1∑

j=0

fj, k.

Moreover,

fj, k(z) =
1
k

k−1∑
ν=0

f(ενz)
ενpj

, (f ∈ Ap; k = 1, 2, . . . ; j = 0, 1, 2, . . . (k − 1)). (1.3)

This decomposition is a generalization the well known fact that each function defined on
a symmetrical subsetU of C can be uniquely represented as the sum of an even function
and an odd functions (see Theorem 1 of [6]). We observe thatF1

2 , F0
2 andF1

k are well-
known families of odd functions, even functions andk-symmetrical functions respectively.
Further, it is obvious thatfj, k(z) is a linear operator fromU into U . The notion of(j, k)-
symmetrical functions was first introduced and studied by P. Liczberski and J. Połubiński
in [6].

The class of(j, k)-symmetrical functions was extended to the class(j, k)-symmetrical
conjugate functions in [8]. For fixed positive integersj andk, let f2j, k(z) be defined by
the following equality

f2j, k(z) =
1
2k

k−1∑
ν=0

[
ε−νpjf(ενz) + ενpjf(εν z̄)

]
, (f ∈ Ap). (1.4)

If ν is an integer, then the following identities follow directly from (1.4):

f
′
2j, k(z) =

1
2k

k−1∑
ν=0

[
ε−νpj+νf

′
(ενz) + ενpj−νf ′(εν z̄)

]

f
′′
2j, k(z) =

1
2k

k−1∑
ν=0

[
ε−νpj+2νf

′′
(ενz) + ενpj−2νf ′′(εν z̄)

]
,

(1.5)

and
f2j, k(ενz) = ενpjf2j, k(z), f2j, k(z) = f2j, k(z)

f
′
2j, k(ενz) = ενpj−νf

′
2j, k(z), f

′
2j, k(z) = f

′
2j, k(z).

(1.6)

Motivated by the concept introduced by Sakaguchi in [10], recently several subclasses
of analytic functions with respect tok-symmetric points were introduced and studied by
various authors (see [1, 2, 12, 13, 15, 16]). In this paper, using Hadamard product (or
convolution) new classes of functions inAp with respect to(j, k)-symmetric points are
introduced. Throughout this paper, unless otherwise mentioned the functionh is a convex
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univalent function with a positive real part satisfyingh(0) = 1.

We define the following.

Definition 1. A functionf ∈ Ap is said to be in the classSj, k
p (h) if and only if it satisfies

the condition
1
p

zf ′(z)
f2j, k(z)

≺ h(z), (1.7)

wheref2j, k(z) 6= 0 and is defined by the equality (1.4). Similarly, we call the classCj, k
p (h)

of functionsf ∈ Ap with f
′
2j, k(z) 6= 0 satisfying the subordination condition

1
p

(zf ′(z))
′

f
′
2j, k(z)

≺ h(z). (1.8)

Remark2. Sincef ∈ Ap, the conditionf2j, k(z) 6= 0 in the Definition 1 is essential as
h(z) is assumed to be a function with positive real part.

It is interesting to note that several well known and new subclasses of analytic functions
can be obtained as special cases ofSj, k

p (h) andCj, k
p (h). Here we list a few of them.

1. If we let p = j = 1 in definition 1, then the classesSj, k
p (h) andCj, k

p (h) reduces
to Sk

sc(h) andCk
sc(h) respectively. The function classesSk

sc(h) andCk
sc(h) were

introduced by Wang in [14].
2. If p = j = k = 1 andh(z) = 1+βz

1−αβz in definition 1, then the classesSj, k
p (h) and

Cj, k
p (h) reduces to

S∗c (α, β) =

{
f : f ∈ A,

∣∣∣∣∣
zf ′(z)

f(z) + f(z)
− 1

∣∣∣∣∣ < β

∣∣∣∣∣
αzf ′(z)

f(z) + f(z)
+ 1

∣∣∣∣∣ , z ∈ U
}

,

and

C∗c (α, β) =





f : f ∈ A,

∣∣∣∣∣∣∣
(zf ′(z))′(

f(z) + f(z)
)′ − 1

∣∣∣∣∣∣∣
< β

∣∣∣∣∣∣∣
αzf ′(z)(

f(z) + f(z)
)′ + 1

∣∣∣∣∣∣∣
, z ∈ U





respectively. The classS∗c (α, β) was introduced by Sudharsan et. al. in [11].
3. If p = j = k = 1 andh(z) = 1+z

1−z in definition 1, then the classSj, k
p (h) reduces

to the classS∗c investigated by EL Ashwa and Thomas in [3].

Definition 3. A functionf ∈ Ap is said to be in the classKj, k
p (h) if and only if it satisfies

the condition
1
p

zf ′(z)
φ2j, k(z)

≺ h(z),

whereφ2j, k(z) ∈ Sj, k
p (h) with φ2j, k(z) 6= 0 in U .

Similarly, the classQCj, k
p (h) consists of functionsf ∈ Ap satisfying the subordination

condition
1
p

(zf ′(z))
′

φ
′
2j, k(z)

≺ h(z),

for someφ2j, k(z) ∈ Sj, k
p (h) with φ

′
2j, k(z) 6= 0.
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The general classesSj, k
p (g, h), Cj, k

p (g, h), Kj, k
p (g, h) andQCj, k

p (g, h) consists of
functionsf ∈ Ap for which f ∗ g respectively belongs toSj, k

p (h), Cj, k
p (h), Kj, k

p (h) and

QCj, k
p (h).
For a choice of the fixed functiong(z) = zp/(1 − z), then the classesSj, k

p (g, h),
Cj, k

p (g, h),Kj, k
p (g, h) andQCj, k

p (g, h) reduces respectively toSj, k
p (h), Cj, k

p (h), Kj, k
p (h)

andQCj, k
p (h).

Forγ < 1, the classRγ of prestarlike functions of orderγ is defined by

Rγ =
{

f ∈ A : f ∗ z

(1− z)2−2γ
∈ S∗(γ)

}
,

whileR1 consists off ∈ A satisfyingRe f(z)/z > 1/2. The well-known result that the
classes of starlike functions of orderγ and convex functions of orderγ are closed under
convolution with prestarlike functions of orderγ is a consequence of the following:

Lemma 4. [9] Letγ < 1, φ ∈ Rγ andf ∈ S∗(γ). Then

φ ∗ (Hf)
φ ∗ f

(U) ⊂ co(H(U)),

for any analytic functionH ∈ H(U), whereco(H(U)) denote the closed convex hull
H(U).

Using Lemma 4, we have the following result.

Lemma 5. If φ(z)/zp−1 ∈ Rγ andf(z) ∈ S∗(γ). Then

φ ∗ (Hf)
φ ∗ f

(U) ⊂ co(H(U)),

for any analytic functionH ∈ H(U).

2. INCLUSION RELATIONSHIP

Theorem 6. Leth be a convex univalent function satisfying

Reh(z) > 1− 1− γ

p
, (0 ≤ γ < 1),

and φ ∈ Ap, with φ/zp−1 ∈ Rγ . If f ∈ Sj, k
p (g, h) for a fixed functiong in Ap, then

φ ∗ f ∈ Sj, k
p (g, h).

Proof. From the definition ofSj, k
p (h), then for any fixedz ∈ U we have

1
p

zf
′
(z)

f2j, k(z)
∈ h (U) . (2.1)

If we replacez by ενz in (2.1), then (2.1) will be of the form

1
p

ενzf
′
(ενz)

f2j, k(ενz)
∈ h (U) , (z ∈ U ; ν = 0, 1, 2, . . . , k − 1). (2.2)

From (2.2), we have

1
p

ενz f ′(ενz)
f2j, k(ενz )

∈ h (U) , (z ∈ U ; ν = 0, 1, 2, . . . , k − 1). (2.3)

Using the equality (1.6), (2.2) and (2.3) can be rewritten as
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1
p

εν−νpjzf
′
(ενz)

f2j, k(z)
∈ h (U) , (z ∈ U ; ν = 0, 1, 2, . . . , k − 1), (2.4)

and

1
p

ενpj−ν zf ′(ενz)
f2j, k(z)

∈ h (U) , (z ∈ U ; ν = 0, 1, 2, . . . , k − 1). (2.5)

Adding (2.4) and (2.5), we get

1
p

z
[
εν−νpjf

′
(ενz) + ενpj−ν f ′(ενz)

]

f2j, k(z)
∈ h (U) , (z ∈ U ; ν = 0, 1, 2, . . . , k − 1).

(2.6)
Let ν = 0, 1, 2, . . . , k − 1 in (2.6) respectively and summing them, we get

1
p

z
[

1
2k

∑k−1
ν=0

[
ε−νpj+νf

′
(ενz) + ενpj−νf ′(εν z̄)

]]

f2j, k(z)
∈ h (U) , (z ∈ U).

Or equivalently,

1
p

zf
′
2j, k(z)

f2j, k(z)
∈ h (U) , (z ∈ U),

that isf2j, k(z) ∈ Sj, k
p (h).

SetH(z) andψ(z) by

H(z) =
zf

′
(z)

pf2j, k(z)
and ψ2j, k(z) =

f2j, k(z)
zp−1

.

Now Re h(z) > 1− 1−γ
p yields

Re
zψ′2j, k(z)
ψ2j, k(z)

= Re
zf ′2j, k(z)
f2j, k(z)

− (p− 1) > γ. (2.7)

Inequality (2.7) shows that the functionψ2j, k(z) is starlike of orderγ, which we denote
by S∗(γ). A simple computation shows that

z (φ ∗ f)
′
(z)

p(φ ∗ f)2j, k(z)
=

(
φ ∗

(
p−1zf

′
))

(z)

(φ ∗ f2j, k) (z)
=

(φ ∗ (H f2j, k)) (z)
(φ ∗ f2j, k) (z)

.

Sinceφ/zp−1 ∈ Rγ andψ2j, k ∈ S∗(γ), Lemma 5 yields

(φ ∗ (H f2j, k)) (z)
(φ ∗ f2j, k) (z)

) ∈ co(H(U)).

The subordinationH ≺ h implies

z (φ ∗ f)
′
(z)

p(φ ∗ f)2j, k(z)
≺ h(z).

Thusφ ∗ f ∈ Sj, k
p (h). That is

f ∈ Sj, k
p (h) =⇒ f ∗ g ∈ Sj, k

p (h) =⇒ φ ∗ f ∗ g ∈ Sj, k
p (h),

or equivalentlyφ ∗ f ∈ Sj, k
p (g, h). ¤
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Remark7. Using the condition (1.7) together with the resultf2j, k(z) ∈ Sj, k
p (h) shows that

the functions inSj, k
p (h) are contained inKj, k

p (h). In general,Sj, k
p (g, h) ⊂ Kj, k

p (g, h).

Theorem 8. Leth be a convex univalent function satisfying

Reh(z) > 1− 1− γ

p
, (0 ≤ γ < 1),

and φ ∈ Ap, with φ/zp−1 ∈ Rγ . If f ∈ Cj, k
p (g, h) for a fixed functiong in Ap, then

φ ∗ f ∈ Cj, k
p (g, h).

Proof. From the identity

(z(g ∗ f)′(z))′

p(g ∗ f)′2j, k(z)
=

z
(
g ∗ p−1zf ′

)′ (z)
p (g ∗ p−1zf ′)2j k (z)

,

we havef ∈ Cj, k
p (g, h) if and only if zf ′

p ∈ Sj, k
p (g, h) and by Theorem 6 it follows

thatφ ∗
(

zf ′

p

)
= z

p (φ ∗ f)′(z) ∈ Sj, k
p (g, h). Henceφ ∗ f ∈ Cj, k

p (g, h). ¤

Remark9. Analogous to the result in Theorem 6, it can be proved thatf2j, k(z) ∈ Cj, k
p (h).

Using this result together with condition (1.7) shows that the functions inCj, k
p (h) are

contained inQCj, k
p (h). In general,Cj, k

p (g, h) ⊂ QCj, k
p (g, h).

Using the arguments similar to those detailed in Theorem 6 and Theorem 8, we can
prove the following two Theorems. We therefore, choose to omit the details involved.

Theorem 10. Leth be a convex univalent function satisfying

Re h(z) > 1− 1− γ

p
, (0 ≤ γ < 1),

andφ ∈ Ap with φ(z)/zp−1 ∈ Rγ . If f ∈ Kj, k
p (g, h), thenφ ∗ f ∈ Kj, k

p (g, h).

Theorem 11. Leth be a convex univalent function satisfying

Re h(z) > 1− 1− γ

p
, (0 ≤ γ < 1),

andφ ∈ Ap with φ(z)/zp−1 ∈ Rγ . If f ∈ QCj, k
p (g, h), thenφ ∗ f ∈ QCj, k

p (g, h).

3. INTEGRAL REPRESENTATION

Theorem 12. Letf ∈ Sj, k
p (g, h), then we have

s2j, k(z) = zp exp

{
p

2k

k−1∑
ν=0

∫ z

0

1
ζ

[
φ (w(ενζ)) + φ

(
w(ενζ)

)− 2
]

dζ

}
, (3.1)

wheres2j, k(z) = (f ∗ g)j, k(z), andw(z) is analytic inU with w(0) = 0, | w(z) |< 1.

Proof. From the definition ofSj, k
p (g, h), we have

z (f ∗ g)
′
(z)

p s2j, k(z)
= φ (w(z)) , (3.2)

wherew(z) is analytic inU andw(0) = 0, | w(z) |< 1. Substitutingz by ενz in the
equality (3.2) respectively (ν = 0, 1, 2, . . . , k − 1, εk = 1), we have

ενz (f ∗ g)′ (ενz)
p s2j, k(ενz)

= φ (w(ενz)) (3.3)
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On simple computation, we get

ενz (f ∗ g)
′
(ενz)

p s2j, k(ενz )
= φ (w(ενz)). (3.4)

Proceeding as in Theorem 6, we have

zs
′
2j, k(z)

p s2j, k(z)
=

1
2k

k−1∑
ν=0

[
φ (w(ενz)) + φ (w(ενz))

]
,

which can be rewritten as

s
′
2j, k(z)

s2j, k(z)
− p

z
=

p

2k

k−1∑
ν=0

1
z

[
φ (w(ενz)) + φ (w(ενz))− 2

]
.

Integrating this equality, we get

log
{

s2j, k(z)
zp

}
=

p

2k

k−1∑
ν=0

∫ z

0

1
ζ

[
φ (w(ενζ)) + φ

(
w(ενζ)

)− 2
]

dζ,

or equivalently,

s2j, k(z) = zp exp

{
p

2k

k−1∑
ν=0

∫ z

0

1
ζ

[
φ (w(ενζ)) + φ

(
w(ενζ)

)− 2
]

dζ

}
.

This completes the proof of Theorem 12. ¤

Theorem 13. Letf ∈ Sj, k
p (g, h), then we have

s(z) =
∫ η

0

p zp−1 exp

{
p

2k

k−1∑
ν=0

∫ z

0

1
ζ

[
φ (w(ενζ)) + φ

(
w(ενζ)

)− 2
]

dζ

}
· φ (w(z)) dz

wheres(z) = (f ∗ g)(z) andw(z) is analytic inU with w(0) = 0, | w(z) |< 1.

Proof. Let f ∈ Sj, k
p (g, h). Then from the definition, we have

s′(z) =
p s2j, k(z)

z
· φ (w(z))

= p zp−1 exp

{
p

2k

k−1∑
ν=0

∫ z

0

1
ζ

[
φ (w(ενζ)) + φ

(
w(ενζ)

)− 2
]

dζ

}
· φ (w(z)) .

Integrating the above equality will prove the assertions of the theorem. ¤

Theorem 14. Letf ∈ Cj, k
p (g, h), then we have

s2j, k(z) =
∫ η

0

zp−1 exp

{
p

2k

k−1∑
ν=0

∫ z

0

1
ζ

[
φ (w(ενζ)) + φ

(
w(ενζ)

)− 2
]

dζ

}
dz,

wheres2j, k(z) = (f ∗ g)2j, k(z), andw(z) is analytic inU with w(0) = 0, | w(z) |< 1.

Theorem 15. Letf ∈ Cj, k
p (g, h), then we have

s(z) =
∫ ξ

0

p

η

∫ η

0

zp−1 exp

{
p

2k

k−1∑
ν=0

∫ z

0

1
ζ

[
φ (w(ενζ)) + φ

(
w(ενζ)

)− 2
]

dζ

}
dz dη,

wheres(z) = (f ∗ g)(z) andw(z) is analytic inU with w(0) = 0, | w(z) |< 1.
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