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Abstract. In this paper, we establish various inequalities for some differ-
entiable mappings that are linked with the illustrious Hermite- Hadamard
integral inequality for mappings whose derivatives(@re («, m))-convex.The
generalized integral inequalities contribute some better estimates than some
already presented. The inequalities are then applied to numerical integra-
tion and some special means.
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1. INTRODUCTION

Let f : I € R — R be a function defined on the intervabf real numbers. Thelfi is
called convex if

fz+1-t)y) < tf(z) + (1-1) f(y)
forall z,y € I andt € [0, 1]. Geometrically, this means that if P, Q and R are three distinct
points on graph of with Q between P and R, then Q is on or below chord PR. There are
many results associated with convex functions in the area of inequalities, but one of those
is the classical Hermite Hadamard inequality:

fora,b € I, with a < b.
In[5], H. Hudzik and L. Maligranda considered, among others, the class of functions which
ares—convex in the first and second sense. This class is defined as follows:

Definition 1. A function f : [0, 00) — R is said to bes—convex orf belongs to the class
K if
flpr+vy) < p® flz) +v° f(y) (1.2)
9
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holds for allz, y € [0, 00), i, v € [0, 1] and for some fixed € (0, 1].

Note that, ifu® + v® = 1, the above class of convex functions is calleconvex func-
tions in first sense and represented &6y and if x + v = 1 the above class is called
s-convex in second sense and representefl by
It may be noted that every 1-convex function is convex. In the same paper [5] H. Hudzik
and L. Maligranda discussed a few results connecting wvitbonvex functions in second
sense and some new results about Hadamard’s inequality-fmonvex functions are dis-
cussed in [4], while on the other hand there are many important inequalities connecting
with 1-convex (convex) functions [4], but one of thesglisl).
In[11], V.G. Mihesan presented the clasgafm)-convex functions as reproduced below:

Definition 2. The functionf : [0,b] — R is said to bg(«, m)-convex, wherda, m) €
[0, 1]2, if for everyz, y € [0,b] andt € [0, 1] we have

fltr +m(1—t)y) <t*f(z) +m(l —t%)f(y)

Note that for(e, m) € {(0,0), (e, 0), (1,0), (1,m), (1,1), (o, 1)} one receives the fol-
lowing classes of functions respectively: increasimgstarshaped, starshaped;convex,
convex andy-convex.

Denote byK'2, (b) the set of all«, m)-convex functions ofD, b] with £(0) < 0. For recent
results and generalizations referring m-convex &mgn)-convex functions see [1], [2]
and [16].

M. Muddassar et. al., define a new class of convex functions in [15] named@sn)-
convex functions as reproduced below

Definition 3. A function f : [0,00) — [0, 00) is said to bes-(«, m)-convex function in
first sense or f belongs to the cla&s " , if for all 2,y € [0,00) andp € [0,1], the
following inequality holds:

Fluz + (1= ) < (%) () +m (1= ") £ ()

where(a, m) € [0, 1]? and for some fixed € (0, 1].

Definition 4. A function f : [0,00) — [0, c0) is said to bes-(«, m)-convex function in
second sense or f belongs to the clagh? , if for all 2,y € [0,00) andy, v € [0,1], the
following inequality holds:

Fluw+ (1= y) < (1) f(2) +m (1= ) f (L)
where(a, m) € [0, 1]? and for some fixed € (0, 1].

Note that fors = 1, we getK ¢ (I) class of convex functions and far= 1 andm = 1,
we getK!(I) andK?2(I) class of convex functions.
In [19], S. Varganec define the following class of convex functions as reproduced below:

Definition 5. Leth : J € R — R be a non-negative functiom, # 0. We say that
f I C R — Ris anh-convex function (or thaf belongs to the clasSX (h, I)) if f is
non-negative and for alt,y € I, u,v € (0,1) andu + v = 1, we have

f(px +vy) < h(p)f(z) + h(v)f(y)

if the above inequality reversed, théns said to be:-concave (orf € SV (h, I)).
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Evidently, if k() = p, then all non-negative convex functions belongt (., I) and
all non-negative concave functions belongSw (h, I); if h(u) = % thenSX(h,I) =
QI); if h(n) = 1, thenP(I) C SX(h,I); and if h(u) = u®, wheres € (0, 1], then
K2 C SX(h,I). In[16], M. E.Ozdemir et. al., define a new class of convex functions as

below:

Definition 6. Leth : J € R — R be a non-negative functiom, # 0. We say that
f:I CR — Risan(h — (a,m))-convex function (or thayf belongs to the class
SX((hca,m)), 1)) if fis non-negative and for alt,y ¢ I andX € (0,1) for (o, m) €
[0,1]%, we have

Oz +m(1 = Ay) <h*(N)f () +m(1 = h*(A) f(y)

if the above inequality is reversed, th¢ns said to bgh — (a, m), I)-concavej.e,, f €
SV (h — (o,m), I).

Evidently, if h(A) = A, then all non-negative convex functions belondsif (1). In [4]
S. S. Dragomir et al. discoursed inequalities for differentiable and twice differentiable
functions associating with the H-H Inequality on the footing of the following Lemmas.

Lemma 7. Letf : I C R — R be differentiable function o° (interior of I), a,b € I
witha < b. If f € L*([a, b]), then we have

f<a;rb> _bla/abf(x)dm:(bjﬁ/ol(l—t) [f’ (ta—i—(l—t)a;—b)

-/ (tb+ (1- t)a;rbﬂ dt  (1.3)

In [3], Dragomir and Agarwal constituted the following results linked with the right
part of (1.3) as well as to apply them for some primary inequalities for real numbers and
numerical integration.

Lemma 8. Letf : I° C R — R be differentiable function oi°, a,b € I witha < b. If
f’ € L'a,b], then

1 b 1
fla) £ JO) _ / fla)de = L= / HL— ) f"(ta+ (1— Ob)dt  (1.4)
2 b—a J, 2 0
Here We feed definition of Beta function of Euler type which will be useful in our next
discussion, which is for, y > 0 defined as

_ F(I)F(y) _ /1 x—1 y—1
Bz, y) Tty ; T (1 —¢)Y dt
This paper is in the direction of the results discussed in [6] but here wgusda, m))-
convex functions instead afconvex function. After this introduction, in section 2 we
found some new integral inequalities of the type of Hermite Hadamard’s for generalized
convex functions. In section 3 we give some new applications of the results from section
2 for some special means. The inequalities are then applied to numerical integration in
section 4.

(b—a)?

2. MAIN RESULTS

The following theorems were obtained by using the- («, m))-convex function.
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Theorem 9. Let f : I° C R — R be a differentiable function off (interior of ), a,b € T
witha < b. If f’ € L'[a,b]. If the mapping f'| is (h — (o, m))-convex ora, b], then

i) e (5]

a+b
(sl e
Proof. Taking modulus on both sides of lemma 7, we get

|f<a_2u)>_bia/abf(x)daj ST/Oll—t‘f’GaJr(l—t)a;rb)
7 (-0t a
b4a{/01(1t) ’(m+(1t) ;b)’dt

+/01(1t) <tb+(1t) ;b)‘dt} (22)

Since the mappingf’| is (h — (a, m)) convex ona, b], then

2 ir@r+ o

/O (1= ke (0 +

1t + (L= )| < R @) 1)+ m(1 = B ) | /()|

Inequation (2.2) becomes

(55) -t [ e

U—W@Hﬁ+éﬂ—ﬂ{W@M%w

<4“U0 (1—t){|f()lh“() f/(a2:zb>’
+m f’(ﬂ)‘ (1= ho(t } }(23)

which completes the proof.

Theorem 10. Let f : I° C R — R be a differentiable function oi® (interior of I),
a,b e Iwitha < b. If f' € L'[a,b]. If the mappind f'|? is (h — (a, m))-convex orja, b],

then
§+ )) H(f ()" = m f,(a;nb q>x

’f<a+b> —a/f )da
q} +{<f’(b)q_m f/(azlb) q)x

1
/ he(t)dt +m f’(a;;b)
0
! ,(a+Db\|? v
f(2m> }] 2.4)

<

Q= Bl

R (t)dt +m
0
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Proof. By utilizing the Holder’s Integral Inequality on the first integral in the right of (2.2),

we get
’<m+(1—t)a;rb>’dt§ </01(1—t)pdt);

f(l—t)

(/1 ! <ta+(1—t)a+b) th>q (2.5)
0 2
Here
1 , 7 1
/O (1—t)Pdt = " (2.6)
and

7 <ta+(1—t)a;b> '

1
’a)|q/ he ()t
0
,(a+Db\|*
2m
Using the inequalities (2.6) and (2.7), the inequality (2.5) turns to
1 1

, a+b 1 v
- —t)— < | —
/0(1 t) (ta+(1 t) 5 )‘dt(p+1) X

(ir@r [ newarsmlr (%50

(tb+(1—t) ;b)‘dtg (pil)p X

(iror [ wewasm|s (40

which completes the proof. O

/

+m 1 1—ho@)dt  (2.7)

0

1 (1 — h(t)) dt) " 28)

0
similarly

/Olu—t)

1 7
(1 — h(t)) dt) (2.9)

0

Corollary 11. Let f : I° C R — R be a differentiable function oi° (interior of ),
a,b e Iwitha < b. If f' € L'[a,b]. If the mapping f'|? is (h — (a, m))-convex orja, b],

then
1 (5) 5t [ o] < i fren s o (552
/01 B (t)dt + 2m | f’ (“;ﬂ”) H (2.10)

Proof. Proof is very similar to the above theorem but at the end we use the following fact:
S (@ + 0, < (@) + XL (W) for (0 < 7 < 1) and for eachn
both®,,,, ¥,, >0 O

Theorem 12. Let f : I° C R — R be a differentiable function o° (interior of 1),
a,be Iwitha < b. If f € L[a,b]. If the mapping f'|? is (h — (a, m))-convex orja, b],
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[({f( o —m|r (420
0+ ({iror-m|r (‘j;n”)
(=)

Proof. By utilizing the Holder’s Integral Inequality on the first integral in the right of (2.2),

we get
ol (et ([

(ool (o)

- ([o-o[(rorolr (2o

~(2) ({rr =y (52} [a-omwa

similarly
/01<1—t> ’(tb+(1—t)a;b)‘dté<;>l({lf()l f(““’)q
/01(1—t)h°‘( t)dt (“*b

which completes the proof. O

then

|f<a;b> o |

/1(1 —Opeydt+
0 2

}

(2.11)

,(a+Db
2m

/1(1 DR e+

N
dt)
,(a+b
2m

T :

\_/I\D

Versions of these results for twice differentiable functions are given underneath. These
can be proved in a like way based on Lemma 8.

Corollary 13. Let f : I° C R — R be a differentiable function oi® (interior of I),
a,be Iwitha < b. If f € L[a,b]. If the mapping f'|? is (h — (, m))-convex orja, b],

then
‘f (3%) - 5= =2 [{ir@i+1ror-2nlr (e
/01 (1 - 2) R ()dt +m | (az;b) H (2.14)

Theorem 14. Let f : I° C R — R be a differentiable function o° (interior of 1),
a,b € Iwitha < b. If f € L'[a,b]. If the mappind f”| is (h — (a, m))-convex orja, b],




then
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(b—a)
"
- < [f"(a)]
2 b—a 2

i (2)
Anu—mﬁ@ﬁ+zlﬂ<i>}(25)

Theorem 15. Let f : I° C R — R be a differentiable function oi® (interior of I),
a,b e Iwitha < b. If f' € L'[a,b]. If the mapping f”| is (h — (o, m))-convex orja, b],
then

flay+fo) 1
5 _b—a/a f(z)dz

b
(GRS Ny

O 54104+ 1) [{I @I~ mx

R omenl (2

Corollary 16. Let f : I° C R — R be a differentiable function om® (interior of I),
a,b e Iwitha < b. If f/ € L'[a,b]. If the mapping f”|? is (h — (o, m))-convex orja, b],
then

fl@+fo) 1 [
2 a b—a/a f(@)dx

<

Té@m)

(b —2“) 67 (p+1,p+ 1) [{|f"(a)| — mx

L ol ()

Theorem 17. Let f : I° C R — R be a differentiable function oi® (interior of I),
a,be Iwitha < b. If f' € L'[a,b]. If the mappind f”|? is (h — (o, m))-convex orja, b],

then
foti® L ’ fayda| < =9 [{|f”<a>lqm f (:1) }

2 2.67
£ ( b ) } (2.18)
m

<

] (2.17)

/ﬂﬂ1—wh%wm+fg
0

Corollary 18. Let f : I° C R — R be a differentiable function o® (interior of I),
a,b € Iwitha < b. If f' € L[a,b]. If the mappind f”| is (h — (c, m))-convex orja, b],

then
< O @il (1)}

(TR
—aJg 2.67
()] e

1 1 t) ey m
te (1 —— ) ha(t)dt+ — —
/0 ( q (® 6

3. APPLICATION TO SOME SPECIAL MEANS

Let us recall the following means for any two positive numheandb.
(1) The Arithmetic mean
a+b

A= Aa,b) = =
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(2) The Harmonic mean

2ab
H = H(a,b) =
(ab) = ==
(3) Thep—Logarithmic mean
a, if a =0;
Lp = Lp(av b) = p+1_gp+l % .
[7&“)@_&)] . ifa#b.

(4) TheIdentric mean

(5) The Logarithmic mean

a, if a =0;

LEL(a,b)Z{ —b=a__jf gL}

Inb —Ina”
The following inequality is well known in the literature in [11]:
H<S<GLSLLI<A.
It is also known thatL,, is monotonically increasing over € R, denotingL, = I and
L_,=L.

Proposition 19. Letp > 1,0 < a < b andg = 2. Then one has the inequality.

G(a,b) — Lia,b)| < 22" 1A (ja), b)) + G (Jal, 1B])]. (3.2)
4(p+1)»

Proof. By Corollary 11 applied for the mappinfi(z) = e® settingh(t) = ¢, « = 1,
m = 1 andq = 1 we have the above inequality (3.1). O

Proposition 20. Letp > 1,0 < a < bandqg = ]%, then

‘A(a, b) ‘ < exp { 3";? (H (la], [5]) + 247 (Jal, Ibl))}

I(a,b) =
Proof. Follows from Corollary 13 for the mappingi(x) = —In(z) settingh(t) = t,
a=1,m=1andqg = 1. O

Another result which is connected withLogarithmic mearL,(«a, b) is the following
one:

Proposition 21. Letp > 1,0 < a < bandg = ﬁ, then
|H_1(a7b) - L_1<a7b)‘ < (b - a)2ﬂ%(p+ ]-7p + 1)H_1 (|a‘3a |b‘

’)
Proof. Follows by Corollary 16, for the mappinfi(z) = % settingh(t) = t, o = 1,
m =1andq =1. |

Proposition 22. Letp > 1,0 < a < bandg = ﬁ, then
(b—a)®

pF1
P

A" 6") ~ L5, )] < [n(n — D[S—0-A (Ja 2, [bP2)
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Proof. Follows by Corollary 18, for the mapping(z) = (1 —z)" settingh(t) = ¢, a = 1,
m = 1andqg = 1. |

4., ERRORESTIMATES FORMIDPOINT FORMULA AND TRAPEZOIDAL FORMULA

Let K bethea = 29 < 21 < ... < z,_1 < z, = b of the interval[a, b] and consider
the quadrature formula

b
/ f(x)de = S(f.K) + R(f. K) (a.1)
where
— Ti + Tip1
S e

for the midpoint version an&( f, K') denotes the related approximation error.

n—1
S(f,K) = Z M (Tit1 — i)
i=0

for the trapezoidal version ang@l( f, K') denotes the related approximation error.

Proposition 23. Let f : I € R — R be a differentiable mapping off such thatf’ ¢
L'[a, b], wherea, b € I witha < band|f’| is convex oria, b], then

n—1 ) - _2
RUH <z > B () 1 w)). @)
P =0

Proof. By applying subdivisionsz;, ;1] of the divisionk for i = 0,1,2,...,n — 1 on
Corollary 13 settingh(t) = ¢, « = 1, m = 1 andgq = 1 taking into account thatf’| is
convex, we have
1 Tit+1

(e)da — f (“ * )\ < BT ()] + I @) @9

Tit1 — T Sy, 2

Taking sum ovei from0ton — 1, we get

-1 Tit1 . .
= ’ﬂz:{/ f(z)dz—f (W)(%H - xz)}‘
<> {/ f(e)de—(wipr — @) f <Z+121) H
i=0 Ti
1 Ti+1
{(%H - lz)/T flw)d

n—1
= Z (Tig1 — ;)
i=0
_y (xiﬂ; x) H (4.4)

By combining (4.3) and (4.4), we get (4.2). Which completes the proof. ]

/ f(z)dz —5(f, K)

Proposition 24. Let f : I € R — R be a twice differentiable mapping aif such that
f" € Lt[a,b], wherea,b € I witha < band|f”| is (o, m)-convex orja, b], then

n—1

[R(f, K)| < ﬁ(oz(g;2 2) T (:c,»+12— zi)° (|f//(xi)| +mafa+5) | (%) D
1=0
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Proof. Proof is very similar as that of Proposition 23 by using corollary 18 setting=
t. O
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