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Abstract. The aim of this paper is to construct a topology on a soft set.
Also the concepts of soft base, soft subbase are introduced and some im-
portant theorems are established.
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1. INTRODUCTION AND PRELIMINARIES

D. A. Molodtsov[3] introduced the notion of soft set in 1999 as a mathematical tool to
deal with uncertainties. He also defined some important operations on soft set such as soft
union, soft intersection etc. Later on these definitions have been modified in the paper [2]
to define a topology on a soft set and depending upon these modified definitions, in this
paper we have established a few theorems relative to base and subbase.

Throughout the worklJ refers to an initial universe? is the set of parameter®,(U) is
the power set of/ andA C E.

Definition 1. [2] A soft set F4 on the universé/ is defined by the set of ordered pairs
Fa=A{(z,Fa(x)): 2z € E,Fa(z) € P(U)} whereF,4 : E — P(U) such thatF4(z) =

¢ if 2 is not an element ofl.

The set of all soft sets ovéF is denoted bys'(U).

Definition 2. [2] Let F4 € S(U). If Fa(z) = ¢, forall z € E, thenF, is called a
empty soft set, denoted By. F4(x) = ¢ means that there is no element in U related to
the parameter € F.

Definition 3. [2] Let F4,Gg € S(U). We say thatF4 is a soft subsets affz and we
write 'y C G g if and only if
(i)ACB
(i) Fa(x) C Gp(x)forallz € E.
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Definition 4. [2] Let F4,Gg € S(U). ThenF4 andG g are said to be soft equal, denoted
by Fu = Gpif Fa(z) = Gp(x)forallz € E.

Definition 5. [2] Let F4,Gg € S(U). Then the soft union of’4 andGp is also a soft
setF'y UGp = Haup € S(U), defined by
Haup(z) = (FAUGE)(x) = Falx) UGp(z) forallz € E.

Definition 6. [2] Let F'4, G € S(U). Then the soft intersection df4 andG is also a
soft setFy MGp = Hanp € S(U), defined by
HAQB(QT) = (FA I GB)(.”L') = FA(.’E) N GB(,%) forallz € E.

In 2011, N. Cagman has defined a topology on soft set as follows:

Definition 7. [1] Let F4 € S(U). A soft topology onF'4, denoted byr, is a collection of
soft subsets of'4 having the following properties:

(Z) D FpeT

(13) {Fa, CFa:i €I CN} CT= UierFa, €T

(#i1) {FAi CFy:1<i<n,ne N} CT=1Fa, €T

In the definition 7, N. Cagman has considered thais closed under countable union.
But in the definition of a topology, it is usually considered that is closed under arbi-
trary union, which has not been considered in the definition 7. In fact, the symbol, used in
the definition 7 to represent the members7gf does not bear the meaning properly. It is
clarified in the following example:

Let E = {e1,e2,e3,e4}, A = {e1,ea,e3} andU = {uy, us, ug, ug, us}

Let Fy € S(U) such thatF4(x) = U for all 2 € A. Then the collection

T= { D, Fy,

{ (617 {ul})’ (627 {U‘?}) }a

{ (61, {ula U3}), (er {u27 U3}) }7

{ (617 {ulv U2, Uq, U5}), (627 {uh Uz, U4q, U5}), (637 U), (647 U) } }

of some soft subsets df, is a soft topology ori’4. Now if we like to denote the members

of 7 according to the above definition, then it is not possible to represent the third and
fourth members ofr simultaneously.

To avoid this difficulties, we first redefine the soft topology in section 2 and thereafter
we establish the soft base, soft subbase and a few important theorems related to these
concepts.

2. SOFT TOPOLOGICAL SPACE

In this section we introduce some basic definitions and theorems of soft topological
spaces.

Definition 8. A soft topology7 on soft setF'4 is a family of soft subsets a4 satisfying
the following properties

(i) D, FaeT

(ZZ) If Gg,Hc € T,thenGg M He: €T

(¢ii) If F§ € 7foralla € A, anindex set, then,ea F'§ €T

If 7 is a soft topology on a soft sél4, the pair(F4, 7) is called the soft topological space.

Example 9. LetF = {61, €9,€3,€4, 65}, A= {61, €9, €3, 64} andU = {1, 2,3,4,5,6,7,
8,9,10}

Let Fy € S(U) whereFy(e1) = {1,5,8}, Fa(e2) = {2,6,9}, Fa(es) = {3,7,9},
Fa(e4) = {4,7,10}. Now let us consider the collection
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T=
{(

{ (es :

{ (61,{1} ) (637{3}) }7

{ (e2,{2}), (ea,{4}) },

{ (e2,{2,9}), (es,{4,7}) },

{ (e1,{1}), (e2,{2}), (es,{3}) },

{ (617{1}) (637{3})7 (647{4}) }7

{ (e1,{1,5}), (e2,{2,6}), (es,{3,7}) },
{ (617{1 8}) (637{379})7 (647{47 10}) }7

{ (e1,{1}), (e2,{2}), (e3,{3}), (es,{4}) },

{(617{1}) (627{279})7 (63’{3})» (64’{477}) }v

{ (e1,{1,8}), (€2,{2}), (es,{3,9}), (es,{4,10}) },

{ (e1,{1,5}), (e2,{2,6}), (e3,{3,7}), (es; {4}) },
{(617{1 8})7 (e {2 9}) (637{379})7 (64’{477v 10}) }v

{ (e1,{1,5}), (627{2 6,9}), (es,{3.7}), (es,{4,7}) },

{ (e1,{1,5,8}), (€2,{2,6}), (e3,{3,7,9}), (es,{4,10}) } }

of some soft subsets Bf,. Then obviouslyr forms a soft topology on a soft sEf;.

Definition 10. If 7 is a soft topology orf'4, then the member af is called soft open sets
in (FA, 7').

Definition 11. A collection 3 of some soft subsets df, is called a soft open base or
simply a base for some soft topology &1 if the following conditions hold:

(i) ® €.

(ii) LUB= Fa i.e., for eache € A andz € Fa4(e), there existsip €3 such thatr €
Gp(e),whereB C A.

(iii) If G, He €3 then foreacke € BN C andz € (Gp M He)(e) = Gp(e) N Ho(e)
there existdp €3 such thatfp C Gg M He andz € Ip(e), whereD € BN C.

Example 12. Let us consider the previous example 9 and we take

/g:{ (p7

{ (e2,{2}) },
( ) b

(e1,{1}), (es,{3}) },

(e2,{2,9}), (eq,{4,7}) },

(617{1 5}) (627{276})7 (637{377}) }a

(e1,{1,8}), (e3,{3,9}), (es, {4,10}) } }

Then obviously forms a soft base for the topologyon F 4.

{
{
{
{
{

Theorem 13. Let 3 be a soft base for a soft topology éh. Suppose 3 consists of those
soft subseti s of F4 for which corresponding to eache B andx € Gg(e), there exists
He €0 suchthatHc C G andz € He(e), whereC C B. ThenTg is a soft topology
onFky.

Proof. We have® €73 by default.

Again by definition of soft base, we have for eacle A andx € Fy(e), there exists
Gp €fsuchthatr € Gg(e), B C A. SOF, €Tp.

Now letGp, Ho €T. Then for eackk € BN C andx € Gp(e) N He(e), there exists
G, H,, €f,whereB' C BandC' C C suchthaG},, C Gp, H_, C Hc and also

z€Gy(e),z€Hle)
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LetIp =G, MH_, €3, whereD = B'nC". Then obviouslys € Ip(e).

Thus fore € BNC andx € (G M He)(e), there existdp €3 suchthatlp C G M He
andz € ID(e). SoGpMNHgs € T3-

Again letF'y €7g, foralla € A, an index set.

LetGp = UaeaF'{_,e € Bandx € Gg(e), whereB = Uyep Aa-

Then there exista € A such thatr € F'§ (e).

Since F§ € 73 andz € Fy (e), there existsHo € (3 such thatHe C F§ and
x € He(e)i.e.,Ho CE Gg andx € He(e).

ThereforeGp €7 i.€.,Uaen Py, €Tp

Hencer 3 is a soft topology orF 4. O

Definition 14. Suppose? is a soft base for a soft topology dfy. ThenT s, described in
above theorem, is called the soft topology generated byd 3 is called the soft base for
Tga-

Example 15. LetE = {61,62, €3, 84}, A= {61,62, 63} andU = {1, 2, 3,4}.

LetF4 € S(U)whereF4(e;) = U fori = 1,2,3. Now let us consider the collection
B={ @, { (e1,{1,2}), (e2,{2,3}) },{(e1,{3,4}), (e2, {1})}, {(ea,{4}), (e3,U) } }
of some soft subsets Bf;. Then Obviously; is a soft base for some soft topology Ba.
Then the soft topology generated Bys

Tﬁ:{ (I)7 FA,

{ (e1,{1,2}), (e2,{2,3}) },

{(61’ {37 4})’ (627 {1})}7

{(627 {4})7 (637 U) }7

{ (617 U)7 (627 {]-7 2: 3}) }7

{ (617 {17 2})7 (627 {27374})’ (63, U) }7

{ (61,{3,4}), (827{174})7 (637U) } }

Theorem 16. Let (3 be a soft base for a soft topology &h. ThenG €75 if and only if
Gp = UaenG%,_, WhereGg €3 for eacha € A, A an index set.

Proof. Since every member ¢f is also a member of 3, we have any union of members
of 3 is a member of 5.

Conversely, leGp €Tp.

If Gg = ®, the proof of the theorem is obvious.

If Gp is not equal to®, for eache € B andx € Gg(e), there existngg €3 with
BZ C B SuchthatX§, C Gp andx € X§.(e) [ here we shall choos& corresponding
to x]. ’ ‘

Since eacBY C B, Uecp{Useq,(e)BY} C B.

Again for eache € B, there exists3? such thak € BY. S0B C Uce{Uzeq () B}
ThereforeB = Uee {Uzeqp(e) BE }-

LetHp = UeEB{uxGGB(e)X]egg}

Now it is enough to show thall g = G.

Obviously,Hg C Gg as eacthf C Gp.

Leta € B andy € Gp(a). Then we havé’g, €3 such thats, © Gp andy € Yp, (a).
Again sinceY g, T Hp. Thereforey € Hp(a)

ThusGg(a) C Hgp(a)foralla € B. So,Gg C Hp

HenceHg = G g. This completes the proof. O
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Theorem 17. Let(F4, T) be a soft topological space antibe a sub collection of such
that every member af is a union of some members/@f Then(3 is a soft base for the soft
topologyT on F4.

Proof. Since® € 7, ® €[3.

Again sinceF, €7 and every member of is a soft subset of 4, Fy =LI[.
LetGa,,Ha, Eﬁ. ThenGa,,Ha, €7= G4, MHy4, €T.

Then there exisBg, €3, € AsuchthatGa, MH,, = {Bg : a €A}

obviously eachBg, T Ga, M Ha,.

Now lete € Ay N Ay andx € (Ga, M Ha,)(e). Thenz € U{Bg (e): o € A}.

So there existe € A such thatr € Bg_(e).

Therefore for each € A; N Ay andz € (G4, M Ha,)(e), there existBg, €3 such that
Bga C GA1 M Hgy, andx € B%a (6)

Hence( is a soft base for the soft topologyon F4. |

Definition 18. A collection2 of members of a soft topology is said to be subbase far
if and only if the collection of all finite intersections of membergbis a base for .

Example 19. Let us consider the previous example 12 and we take
Q:{ { (627 {27 9})7 (647 {47 7}) }a
{ (1. {1,5}), (e2,{2.6}), (es,{3.7}) },
{ (617 {1’8})7 (637 {379}’>7 (647 {47 10}) } }
Then obviously? can be obtain by the collection of all intersections of membef3. of
Sof} is a subbase for.

Theorem 20. A collection2 of soft subsets df 4 is a subbase for a suitable soft topology
T on F4 if and only if

(1) ® € Q or @ is the intersection of a finite number of member&of

(i1) Fy = L.

Proof. First letQ) is a subbase for and3 be a base generated fy

Since® /3, either® ¢ Q or ® is expressible as an intersection of finitely many members
of Q.

Lete € Aandx € Fy(e). SincelUB= Fja, there exist€iz €/3 such thatr € Gp(e).
Again sinceGp €03, there exists’i};i eN,i=1,2,---.,n

such thatGp = M, S

Thereforer € N, S} (e) = = € S} (e), foreachi = 1,2,--- ,n

HenceF, = L. '

Conversely lef2 be a collection of some soft subsetsiof satisfying the conditiong:)
and (ii). Let (3 be the collection of all finite intersections of members(of Now it is
enough to show that forms base for a suitable soft topology.

Since(3 is the collection of all finite intersections of membersyfby assumptiorti) we
get® 3 and by(ii) we getll3= Fa.

Again letG g, Hc €

SinceGp €03, there exisGl; € Q, fori = 1,2,--- ,nsuch thalGp = M, G , where
B=n,B;

Again sinceH €3, there existsﬂéj e Q,forj=1,2,---,msuch that

He = |‘|;7;1Hjj, whereC =", C;

ThereforeGp M He = (MGl ) 1 (l‘l'jmleéj) ep.

i.e.,Gp N He €. This completes the proof. O
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