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Abstract. This manuscript is a study of Pué*-functions. Here a Pre
A*-function defined as a mappinfg: 3" — 3, where3 = {0,1,2} isa

Pre A*-algebra. Further it has been determined various properties of Pre
A*-functions. Some basic properties of Pt&-functions such as duality,
order relation and erstwhile properties are identified in this document.
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1. INTRODUCTION

Burris and Sankappanavar [1] made a detailed description on various aspects of boolean
algebra. In a draft manuscript entitled "The Equational theory of Disjoint Alternatives”,
Manes [5] introduced the concept of Ada (Algebra of disjoint alternatives)

(A, NV, (=), (—)x,0,1,2) which is however differs from the definition of the Ada of
Manes [6] later paper entitled "Adas and the equational theory of if-then-else”. While the
Ada of the earlier draft seems to be based on extending the If-Then-Else concept more on
the basis of Boolean algebras and the later concept is based on C-algébras, (—)™)
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introduced by Fernando Guzman and Craig C. Squir [2]. Koteswara Rao [4] first in-
troduced the concept of A*-algebal, A, V, x, (=)™, (=)=, 0,1,2) not only studied its
equivalence with Ada, C-algebra, Ada’s connection with 3-Ring, Stone type representation
but also introduced the concept df-clone, the If-Then-Else structure ovdr-algebra

and Ideal ofA*-algebra. Venkateswara Rao [13] introduced the concept afiPv@gebra
(A,V,, A, (—)™) analogous t@”-algebra as a reduct of*-algebra. Sadhan Kumar [10],
Rechard [8], Kenneth [3] and Peter [7] described various aspects in the concept of boolean
functions. Venkateswara Rao and Srinavasa Rao [14] studied about the conceptitf Pre
Algebra as a poset Venkataswara Rao et al. [15] initiated a congruence relation and ternary
operation on Prel*-Algebra.

Venkateswara Rao and Srinivasa Rao [11] defined the congruence relation on Pre A*-
algebra. Venkateswara Rao and Srinivasa Rao [12], introduced the well known Cayley’s
theorem on centre of Pré*-algebras and also introduced an important operation on Pre
A*-algebra called ternary operation2®, q) = (z A p) V (™ A q).

Based on the definition and basic properties of Rtealgebras and by combining and
comparing properties of Boolean functions, in this manuscript there is defined 4&*Pre
function as a mapping : 3" — 3.

The first section is devoted to the introduction of Prealgebras and and various basic
properties of Pred*-algebras.

The second section deals with the concept of Prdunctions. So, this paper defines a Pre
A*-function as a mapping : 3" — 3, where3 = {0, 1,2} is a PreA*-algebra. Also,

in this section, some important problems are given to more understanding of the notion of
Pre A*-functions.

The third section concerns on properties of Rrefunctions. Thus various basic proper-
ties of PreA*-functions such as duality, order relation and other properties are discussed
in this paper.

2. INTRODUCTION TOPRE A*-ALGEBRAS

Definition 1. An algebra(A, v, A, (—)~) whereA is non-empty set withv, A are binary
operations and—)~ is a unary operation satisfying the following axioms:

1) (™)~ =z,Vx € A;

(2) x Nz =2z,Vx € A4

B) zANy=yAz,Va,y € A;

4) (zAhy)~” =z~ Vy~,Vo,y € A

B) xA(ynz)=(xAy) Az Ve,y,z € A4

6) cA(yVz)=(xAy)V(xAz),Ve,y 2z € A;

(7) zANy=z A (z~ ANy),Va,y € Ais called a Pred*-algebra.

Example 1. Zs = 3 = {0, 1,2} with operationsh\, v, (—)~ defined as below is a Pre
A*-algebra.
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Note 1. The element$, 1, 2 in the above example satisfy the following laws:
@27=2Mb1Az=xforalzec3
(c)ovz=zforallz €3 (d2Anz=2=2Vvzxforallze3.

Example 2. Z, = 2 = {0, 1} with operationsA, Vv, (—)~ defined as below is a Pre
A*-algebra.
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(1) (2,v,A,(—)™) is a Boolean algebra. So, every Boolean algebra is aAPre
algebra.

(2) Axioms (i) and (iv) imply that the varieties of Pr&*- algebras satisfy all the dual
statements of (i) to (vii).

Theorem 2([9]). Every PreA*-algebra satisfies the following laws.

1) zv(z~Azx)==x

) (@va~)ny=(xAy)V (2~ Ny)
() (zva~)Ahzx ==z

@) (zvVyAhz=(xAz)V(E~AYyAz)

3. PREA*-FUNCTIONS:

This section deals with Prd*-functions and various examples of PA&-functions.
In this section, the binary operatiorsand- are used in place of (meet) andA (join)
respectively.

In sectionl, itis mentioned thdt; = 3 = {0, 1, 2} is a PreA*-algebra. Now we define
a PreA*-function on the Prel*-algebraZs.
Note 3.1.A Pre A*-variable is a variable which assumes only the valydsand2. Thatis,
it is a variable that takes values frafiy. Two PreA*-variables are said to be independent
variables if they assume values frép independent of each other. Clearly, the variables
andx™ are not independent variables 2if andzs are two independent Pré*-variables,
then the ordered pafrr1, 22) assumes value froffi; x Z3 and the possible values assumed
by (x1,z2) are(0,0), (0, 1), (0,2), (1,0),(1,1),(1,2),(2,0), (2,1) and(2, 2). That is the
ordered paifz1, x2) has ning9 = 3%) possible values.

Similarly, if x1, x4, z3 are three independent P& -variables, then the ordered triplet
(71,2, 23) assumes value frofs x Zs x Zz and ha®7 = 33 possible values.
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In general, ifx, xo,- - - , z, aren independent Prel*-variables, the ordered tuples
(x1,2,- - ,xy,) assumes value froliz x Zs x - - - x Z3 = Z% and has}™ possible values.

Definition 3. A mappingf : Z3 — Zs is called a Pred*-function of one variable.

Note 3.2. From this, one can easily show that, there are 27 £rdunctions of one
variable.

Definition 4. A mappingf : Z§ — Zs is said to be a Prd*-function ofn variables.

Note 3.3. As mentioned above, i1, x2, - - , 2, aren independent Prel*-variables,
then the domaitZ} contains3” Pre A* elements. For exampl&Z has 9 Pred*-variables,
Z3 has27 Pre A*-variables,Z; has81 Pre A*-variables, etc. So, consider a mapping
f : Zs — Z3.In Z3 there ared = 3' number of elements. Thus from counting principle,
the total number of Prel*-functionsf : Zs — Zs is 33 =27 (as mentioned above).
For the mappingf : Z2 — Zs, in Z2 there are&d = 32 number of Pred*-variables, and
the total number of Pret*-functionsf : Z2 — Zs is 3%".

For the mapping : Z3 — Zs, the total number of Prel*-functions is33”. In general
by counting principle of products, the total number of Rrefunctionsf : Z3 — Zs is
33",

Problem 3.1.Let z, y be two independent Pré*-variables andf(z,y) = = + y~. Then
find £(0,0), f(1,2) and f(2,2).

Solution: Here f is a functionf : Z3 — Z3 andz, y are independent Pré*-variables.
Then; f(0,0) =0+0~ =0+1=1(Since0™ = 1)
f(1,2)=14+2"=14+2=2(As2~ =2)

f(2,2)=2+2"=2+2=2

Problem 3.2. Let z, y, z be three independent PeE*-variables and leff (z,y,2) =
xy +xy~ + z~. Then findf(1,0,2), f(0,2,2) and f(1,1,1).
Solution: In similar fashion with problem 2.1 above, whefe: Z3 — Zs, we have;
f(1,0,2)=1-04+1-0"42"=0+1-14+2=0+1+2=2
£(0,2,2)=0-240-2" 42" =2+40-242=2+2+2=2
f,,)=1-141-1"41"=141-040=140+0=1
Note 3.4. From the above two examples, we have an interesting property ofiPre
functions.

Theorem 5. If any Pre A*-variable assumes the value 2 in its Pté-function (that is, in
its functional value), then the function has the value 2.

Proof. Without loss of generality, lef : Z3 — Zj be a PreA*-function such that
flz,y,2) = xy™ + xy + yz~ + xz. Suppose the variablgassumes the value 2 (that is
y = 2),then; f(z,2,2) =x-27+2-24+2 - 2" 4zz=2-24+2-2+2 -2 +az
(Since2™ =2)=2+42+4+ 2+ xz = 2 4+ xz = 2 (By the definition of Pred*-algebra,
x+2=x-2=2Vx € Z3.) O

Note 3.5. This property does not hold in the case of Boolean functions. Though
x+1 =12 € Boolean algebrd® butx - 1 = x,Vz € B.
Note 3.6. Let f be a PreA*-function. Thenf(z) = = + z™~ and f(z) = xz™ are in
their simplified form because, in a PAs-algebra the properties+ 2" = 1 andzz’ = 0
do not hold in general. But in the case of Boolean functjgm) = = + ' = 1 and
f(x) = zz" = 0 are in their simplified form (Since + 2’ = 1, zz' = 0, V2 € B.)
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Problem 3.3.Simplify the PreA*-function f(x,y, z) = zyz + zyz™z + xyzy”~.
Solution: f is a PreA*-function f : Z3 — Zs andf(z,y,2) = zyz + 2yz™2 + zy2y”~
= xyz + xx~yz + zyy~ z (Sincexy = yx) = (z + xx™)yz + xyy~z = xyz + vyzy”
(Sincex + zx™ =) = x(y + yy~)z = zyz.

Problem 3.4.Simplify the PreA*-function f(x, y, 2) = xy(z + 2™)z + zyzy~ + 2"
Solution: f(z,y,2) = zyzz + zyz~z + zyzy™ + 2z~ = zyz + zyzz™ + xyy~z + xz”
(Sincezz = z) = xy(z+22™) +ayy~z+x2™ = xyz+ayy~z+xz~ (ASz+ 22~ = 2)
=z(y+yy~)z + 22~ =ayz + 2z~ (Asy +yy~ =y)

Problem 3.5.Show thatf(x, y) = zy + zyx™ + xy + yay™ = zy.

Solution: f(z,y) = (z + xz™)y + xy + zyy™ = zy + x(y + yy~) = vy + xy = zy.

From the above problems, one can observe that, a Boolean function can be simplified into
more simplified form than a Prd*-function and a Boolean function is easy to simplify
than a PredA*-function. For instance, the Pré*-function f(z,y,x) = zyzy™ is in its
simplified form. But the Boolean functiofi(z, y, z) = zyzy’ is not in its simplified form.

Since if f(2,y,2) = z(yy )z = z(0)z = 0 (Sincez - 0 = 0,Vz € B).

Note 3.7: Variables of a Boolean function can be taken as propositional variables. Because,
Boolean algebra itself is the study of logic, and a proposition is a declarative sentence
which has a truth value of true or false but not both.

Similarly, each Boolean variable has the vafuer 1 but not both and we can associate
the truth value true by 1 and the truth value falseObyBut a PreA*-function is an ex-
tension of this function, and introduces another proposition with undefined truth value that
can be represented by the value

4. PROPERTIES OFPRE A*-FUNCTIONS

In this section we give attention to various basic properties of#Préunctions. A Pre
A*-expressioninthe variables, x», - - - , x,, are defined recursively @s1, 2, x1, x5, - - -,
x, are PreA*-expressions. Iff; and E, are PreA*-expressions the;’, (F1 + Es)
and (E; E,) are also PreA*-expressions. Each Pré*-expression represents a PAé-
function.

Definition 6. Let f be a Pred*-function, then the algebraic degreefofienoted byleg( f)
is the number of variables in the highest order term.

Example 4.1.The functionf(z) = 1 has degree zero.
The functionf (x) = « has degree one.
The functionf (z,y) = = 4+ zy has degree two.
The functionf(z,y, z) =  + xz + zyz has degree three.

Definition 7. The dual of a Pred*-expression is obtained by interchanging Aresums
and PreA*-products, interchangin@s andls and interchanging & with itself.

Example 4.2. The dual of the Prel*-expression:(y + 0) is « + (y - 1) which is also
PreA*-expression. The dual af~ - 2 + (y™~ + z) isz™ +2- (y™ - 2).
Note 4.1.The dual of a Pred*-function f is represented by a PrE*-expression is a func-
tion represented by the dual of this expression, and is denotgd.by
An identity between Prel*-functions remain valid when the dual of both sides of the iden-
tity are taken. This is called the principle of duality, and is useful for obtaining new identity.
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Example 4.3. By taking the duality on both sides of the identityt (xz™) = z, we
obtain the identityr - (z + 2™) = x.

Theorem 8. Let f : Zi — Z3 be any Pred*-function, then the following holds;
af+2=2=2+f
b)f-2=2=2-f

Proof. Since f : Z% — Zs is any PreA*-function, its value is an element @f; =
{0,1,2}. Hence, from the definition of Pré*-algebrax +2 =2 =2+ z forallz € Z3
x-2=2=2.gforallz € Z3 (AsZs is a PreA*-algebra).

Consequently, (a) and (b) follows. This completes the proof. O

Definition 9. Let f andg be two Pred*-functions of degree. The sumf + g (Pre A*-
sum) and the Prd*-productfg are defined as;f + g)(x1,x2, - ,z,) = f(z1,22, ",
xn)+g(x17x27 o 7xn) and(fg)(xhx?? T 7xn) = f(x17x27 e ,a?n)g(scl,x27 e 7:571)-

Definition 10. The PreA*-functionsf andg of n variables are said to be equal if and only
if f(ﬂjl,l‘g, e 7.'L'n) = g(xth, e ;xn)-

Definition 11. The dual of a Pred*-function f is the functionf? defined byf?(X) =
[f(X)]"VX = (z1,22, + ,x,) € 3",WhereX™ = (277,25, -+ ,27).

rn

Example 4.4:.Let f be the two variable Pra*-function defined byf (0,0) = 1, (0, 2)
=2,f(1,1) =1, f(0,1) = 1, f(1,2) = 2 and f(1,0) = 0. Find f<.
Solution: f4(0,0) = [f(0~,0™)]~ = [f(1,1)]~> =1~ =0

£40,2) = [£(0~,27)]~ = [f(1,2)] =2~ =2
FAL1) = [f(1~, 1))~ = [£(0,0)]* =1~ =0
F40,1) = [f(0~,17)]~ = [f(1,0)]* =0~ =11
FAL2) = [f(1~,27)]~ = [£(0,2)]” =2~ =2
F41,0) = [f(1~,0)]~ = [f(0,1)]* =1~ =0

Theorem 12. If f andg are two PreA*-functions, then the following holds.

(1) (fH)? = f (Involution: the dual of the dual is the function itself)

@ ()=~

(3) (f+9)* = g

@) (fg)* = f*+g°
Proof. (a) and (b) follow immediately from the definition of duality. For property (c),
consider;(f + g)*(X) = (f + ¢)~(X~) = [f(X™) + g(X™)]™ = [f(X™)]~[9(X™)]~
(By De Morgan’s law)= f?¢¢ Property (d) follows from the properties (a) and (c). O

Note 4.2.A unary operatiorx : x — z* on a non empty sed is called an involution
if (z*)* =x,Vo € A
Corollary 13. If we define the Prel*-function2 by 2(X) = 2, VX € 3", then(f +2)? =
2= (f-2)4

Proof. (f +2)%(X) = (f +2)™(X~) = [(f + 2)(X™)]~ = [f(X™)]*[2(X™)]™ (By
property (c) above)= f¢ - 2~ (By the definition of2) = 2 (By theorem 8 above) In a
similar fashion, we havéf - 2)? =2 = (f +2)? =2 = (f - 2)4. O

Definition 14. Let f be a Pred*-function of degree.. Thenf~ is a PreA*-function and
iS defined a@“N(l‘l,LEz’ e 7$n) = [f(xhx?» T 7xn)]N'
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Definition 15. The relation< on the set of Pred*-functions of degree: is defined as
f < g,wheref andg are Pred*-functions if and only if,g(x1, 2, - - - , z,) = 2 whenever
f(xlv‘TQa"' 7xn> = 2.

Example 4.5.Let f andg be two Pred*-functions such thaf(z,y) = « andg(z,y) =
z+y. Thenf < g.
Solution: Let f(x,y) = = = 2 which implies thatr = 2. Then,g(z,y) = x +y =
2+ y = 2¥y € Z3. Which implies that iff = 2 theng = 2. Thereforef < g.

Theorem 16. If f andg are Pre A*-functions of degree n then follows the following.
a)f<f+g
b) fg < f

Proof. (a) Letf andg be PreA*-functions of degree. If f(z1, 22, ,2,) = 2then(f+
g)(x1, @, xy) = f(x1, 22, Tp)+9(X1, T, -+, 2n) = 24g(x1, T2, ,2p) =2
( By the dominance property @) Hencef (z1, 2, - ,x,) =2 = (f+9)(z1, T2, ,
xn) = 2. Thereforef < f + g. (b)Let(fg)(x1, 22, - ,xn) = f(x1, 22, , Tpn)g(x1,

T, - ,Ty) = 2. Hencef(z1, z2,- - - ,x,) = 2. Which implies thatfg < f. O

Note 4.3.From the above theorem 3.2, itis also true that f + g andfg < g.

Theorem 17. The relation< is a partial ordering on the set of Pra*-functions of degree
n.

Proof. Let f, g andh be PreA*-functions of ordem. Thenf(xy, 29, - ,x,) = 2 =
flxy,xa, -+, x,) = 2isreflexive. Suppose thd@t< gandg < hthen,f(x1,z2, - ,z,)
= 2if and only if g(z1, 22, -+ ,x,) = 2 which implies thatf = ¢g. Thus< is anti
symmetric. Assume thaf < g < h, then if f(z1, 29, -+ ,2,) = 2, it follows that
g(x1, 29, -+ ,x,) = 2, which implies thati(z1, 22, -+ ,z,) = 2. Thatisf(xy, 22, -,

Tp) = 2 = h(x1,22,--- ,2,) = 2= f < h. Hence the relatior< is transitive.
Therefore, the relatio is a partial order on the set of P -functions. O

Definition 18. A join semi lattice(S, V) is said to be directed above if and only if for
x,y € S, there exists an elemeatc S such thats > x,a > y.

Theorem 19. Let F' be the set of all Pred*-functions. Ther{F’, V) is a directed above
join semi lattice. ButF, A) is not a meet semi lattice.

Proof. Define(f Vv g)(X) = f(X)Vg(X), (fAg)(X) = f(X)Ag(X),Vx € Z%, where
f andg are PreA*-functions fromZj — Zs, f~(X) = [f(X)]™,0(X) = 0,1(X) =
1,2(X) = 2VX € Z%. Then we have thaf(f Vv g) V h](X) = (f V g)(X) V h(X)
= [f(X)Vg(X)]VA(X) = f(X)V[g(X)Vh(X)] = F(X)V[(gVh)(X)] = [fV(gVh)](X)
(The associative property of is simply inherited from the definition of Pré*-algebra.)
(fVHX)=f(X)V f(X) = f(X),Vf € F(Sincex Vx = z,Vz € 3). Hence(F, V)
is a join semi lattice. For alf,¢g € F there is a functio2 = 2(X),VX € 3" such that
2> f,2>g. (SinceinaPreA*-function2Vv f = fv2=2+ f=2VYf € F.) For all
frg € F,fvg=gV f. Therefore(F, V) is a directed above join semi lattice. BUt, v)
is not a meet semi lattice. If, lgf(x, y) = = VV y be a Pred*-function from3? to 3? then;
@l AN [flzy)] = @Vy) A(@Vy = (@A) V(zAy) VeAy)V(yAy)
=zV(zAy)Vy=zV(xVI)Ay#zVy= f(z,y) (Sincex V1 # 1,Vx € 3). Which
implies thatf v f # f,Vf € F. Thus(F, A) is not meet semi lattice. O
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Note 4.4.

(1) Let F' denotes the set of all Boolean functions fr&f — Z,. Define(f Vv
9)(X) = [(X) V g(X), (f A g)(X) = [(X) Ag(X),VX € Z}
F(X)=[f(X)],0(X)=0,1(X) =1,VX € Z3. Then the setF, Vv, A) forms
a lattice. But the set of Pra*-functions does not form a lattice under these two
binary operations. Because, the property = V (z A y) and its dual (absorption
laws) and the idempotent lawA 2 = x for a set to be a lattice do not hold on the
set of PredA*-functions.

(2) (F,Vv,N), whereF is the set of Boolean functions, is a complemented lattice. But
not the set of Pret*-functions.

Note 4.5.A bounded latticd. is said to be a complemented lattice if for each L there
exists an elemerite L suchthatt Ab=0anda Vv b=1.

Conclusion: It is observed that in general,df;, x5, - - - , z,, are n independent Pr&*-
variables, the orderedtuples(z1, zs, - - - , x,,) assumes value frofis x Zs - - - x Zs = Z%

and has3” possible values. It is concluded that, there arePre A*-functions of one
variable. Also in general by counting principle of products, it is obtained the total number
of Pre A*-functions f : Z§ — Zsz is 3%". It is noticed that if any Prei*-variable
assumes the valudein its PreA*-function (that is in its functional value), then the function
has the valu@. It has been observed that, a Boolean function can be simplified into more
simplified form than a Prel*-function and a Boolean function is easy to simplify than a
Pre A*-function. The principle of duality of a Pra*-expression is obtained. An identity
between Pred*-functions remain valid when the dual of both sides of the identity are
taken. Also there is defined the relatignand verified that the relatiof is a partial order

on the set of Prel*-functions. Itis observed that the set of Boolean functions form a lattice
and the set of Prel*-functions does not form a lattice under these two binary operations.
It is observed that the set of all PA -functions is a directed above join semi lattice but is
not a meet semi lattice.
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