Punjab University
Journal of Mathematics (ISSN 1016-2526)
Vol. 46(1) (2014) pp. 77- 86

New w-Convergence Conditions for the Newton-Kantorovich Method

loannis K. Argyros
Department of Mathematicsal Sciences,
Cameron University,
Lawton, OK 73505, USA,
Email: ioannisa@cameron.edu

Hongmin Ren
College of Information and Engineering,
Hangzhou Polytechnic,
Hangzhou 311402, Zhejiang, PR China
Email:rhm65@126.com

Abstract.We present new sufficient semilocal convergence conditions for
the Newton-Kantorovich method in order to approximate a locally unique
solution of a nonlinear equation in a Banach space setting. Examples are
given to show that our results apply but earlier ones do not apply to solve
nonlinear equations.
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1. INTRODUCTION

In this study, we are concerned with the problem of approximating a locally unique

solutionz* of equation
F(z)=0, (1.1)

where F' is a Fiechet-differentiable operator defined on an open convex subsita
Banach spac&’ with values in a Banach spage

A large number of problems in applied mathematics and also in engineering are solved
by finding the solutions of certain equations [3,7,11]. These solutions can rarely be found
in closed form. That is why numerical methods are used to solve such equations.

The most popular method for generating a sequémge approximating:* is undoubt-
edly Newton-Kantorovich method

Tpp1 =Ty — F'(2,) ' F(z,) (n>0) (x9€ D). (1.2)
Here,F'(z) € L(X,Y) the space of bounded linear operators fr&ninto Y denotes the
Fréchet derivative of operatdt.
Local as well as semilocal convergence results for Newton-Kantorovich method (1.2)

under various Lipschitz-type assumptions have been given by many authors [1-14].
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The various semilocal convergence conditions for Newton-Kantorovich method (1.2)
are only sufficient but not necessary. Hence, it is possible using the same information as
before to find weaker sufficient convergence conditions. As an example (see also Sec-
tion 3) we showed [3-7] that the famous Newton-Kantorovich hypothesis (see (3.1)) for
solving nonlinear equations can always be replaced by an at least as weak condition (see
(3.2)). Similar results for Newton-type methods have been given in [1,2,8-14]. Note that
the applicability of these methods is extended, whenever weaker sufficient convergence
conditions become available. Hence, such studies and results are extremely important in
computational mathematics.

The affine invariant condition

|F (o) "H(E" (x) = F'(y)|| < q(lla —yll) forall z,y € D,
where,q : [0, +00) — [0, 4+00) is continuous, and non-decreasing has been used by many
authors in the study of the Newton-Kantorovich method [5,6,7,8,9,12,13,14].
Here, we present new sufficient convergence conditions. Our results extend to solve
equations
F(z)+ G(x) =0, (1.3)
using
Tpi1 = tn — F'(20) " (F(20) + G(2,)) (n>0) (29 € D), (1.4)
whereF' is as above and : D — Y is a continuous operator.
The paper is organized as follows: Section 2 contains the semilocal convergence of
methods (1.2) and (1.4), whereas in Section 3 we provide special cases, and numerical
examples.

2. SEMILOCAL CONVERGENCE

We present the semi-local convergence analysis of methods (1.2) and (1.4) in this sec-
tion.
The following auxiliary result is used repeatedly in this paper.

Lemma 1. (Banach lemma on invertible operators [11]) LEte L(X). Then, I~ exists
if and only if there is a bounded linear operaté¥in X such thatP—! exists and

I — PT|| < 1.
If T—1 exists, then
P
T—l < H .

Next, in Lemma 2, 3 and Theorem 5 we use method (1.2) to approximate a saltition
of equation (1.1).

Letzy € D. Suppose that the following conditions hold:

(C1) F'(wo)~' € L(Y, X) and||F' (zo) || < B,

(C2) 0 < ||F'(wo) ™" F(zo)| < ;

and
(C5) there exists a continuous strictly increasing function [0, +00) — [0, +00)
with w1 : [0, +00) — [0, +00) continuous such that for adl > 0,¢ > 0 andx,y € D

w(s) Fw () <w (s + 1)
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and
[1F" () = F'(y)]| < w(lz = yl]).
It is convenient for us to define fay, = by = 1, scalar sequences
np,

Upt1 = 1_ Banw(bnn)7 (21)
1
Cn = / w(tb,n)dtby,, (2.2)
0
and
bn+1 = ﬁan+1cn- (23)

We provide a connection between Newton-Kantorovich method} and scalar se-
quencega,}, {bn}, {cn}-
Lemma 2. Under the(C;) — (C3) conditions further suppose:
(C4> T, €D
and
(Cs) Payw(b,n) <1
Then, the following estimates hold:
(In) ||F/(33n)71|| < anf,
(I1n) Nznt1 =zl = [F'(2a) 7 F(2n)ll < bun,
and
(1) ||F(znt1)] < enn.

Proof. We shall use induction to show iters,) — (111,,). (Ip) and(II) follow imme-
diately from the initial conditions. To shoW I1,), we use (1.2) fon. = 0, (I1) and(C)

to obtain in turn
F(zy) = F(zl) F(xo) = F'(wo) (21 — wo)
fO 1’0 + t :cl - $0)) F/(I’())](’Il - l‘())dt (24)

So, we get that

[E@)l = | fo [F"(wo + tlz1 = w0)) = F(wo)] (21 — wo)dt|
S fO t||x1 — JEOH)dtHI1 — :E()” < fO tbo’l])dtb(ﬂ] = C()T]
If xx+1 € D (k < n), then it follows from(Cs) — (C5) and the induction hypotheses that:

1" (@r) T E (1) = ()l < anBw(l|zpen — zil)

(2.5)

< Pagw(brn) < 1. (26)

It follows from (2.6) and the Banach Lemma 1 thél(xy 1)~ € L(Y, X), and

| @)Y < R
k1 = TG TIF ) -F @l 2.7)
< 1*511:111(171677) = ak+15,
which showgZ,,) for all n > 0.
Asin (2.4), we also have:

F(zp4) = F(pgr) — Fag) — F/(ar) (Tp1 — 21) 2.8)

Sy T (zk + taprr — 21) — F' (@) (@1 — 23)dt.
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Consequently, we get that

IF@ell < Jy wthoes = auldtlze s — ol 29)

<
< [y w(tbyn)dtbyn = e,
which showg1I1,,) for all n > 0. Moreover, by (1.2), (2.7) and (2.9) we have that

[F' (2p1) " Fzee)l < IF (@pgr) 7 HIF (24) |
(2.10)
< Bagyickn = bpgan.

That completes the induction fofI,, ). O O

Next, we shall show the convergence of sequengg, which is equivalent to proving
that{b, } is a Cauchy sequence. To this effect we need the following result:

Lemma 3. Suppose:
Condition(C') holds. Then, the following assertions hold:
(a) Scalar sequencfn,, } increases,
(b) hmn—>oc bn =0,
(©) 7 = S5t bi < 00, by = 2w (5(k — 1))
and
(d) IfU(xg,mm) = {z € X|||x — x0|| <} C D, then(Cy) holds.

Proof. . (a) We shall show using induction thét,, }, {b,}, {c,}, and1 — Ba,w(b,n)
are positive sequences. In view of the initial conditiosag, by, co and1 — Sagw(bon)
are positive. Assumey, bi, ¢, and1 — Bagw(byn) are positive fork < n. It follows
from hypothesis:;, > 0, and (2.3) thatix11bx+1 > 0. Moreover, by (2.1)ax41 > 0,
consequentlyw(bi+1nm) > 0. Furthermore,l — Bapiiw(bgr1n) > 0 by (C5). The
induction is completed.

Solving (2.1) forw(b,,n), we obtain

1.1 1
w(byn) = =(— — . 211
() = 50— = o (2.11)
By telescopic sum, we have:
n—1
1 1
(brn) 5(1 -—) (2.12)
an
k=0
and
a, = L , (2.13)

1= 3352 w(bn)
But1 — ﬁzz;é w(bgn) decreases, sfa,,} given by (2.13) increases. Note also that
(07 Z ag = 1.
(b) By (a),{a,} increases and
0< L <1. (2.14)

a”IL

Therefore,{ -} is monotonic on the compact st 1] and as such it converges to some
limit denoted bya. By lettingn — oo in (2.11), we get

1 1.1 1 1 1.1 1 1
lim b, = lim —w ' (=(—— = —w (lim =(—— ) = —wH(0) = 0.
n— 00 n—oo 7 ﬁ Ap  Qpyi n n—oo ﬁ Ap  Gpi1
(2.15)
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(c) r is finite since by the first hypothesis (0's) and (2.15):

=3 G ) S e g ) T e G )
k=

= B ak ak+1 A1 n B

(d) We have|z; — zo|| < bon = n = x1 € U(wg,rn). Assumer;, € U(zg,mm) C D
for all £k < n. Then, we have by Lemma 1 in turn that

ekt = @oll < lzpa = xpll +- -+ lz1 — wol| < (b + -+ bo)y <71 (2.16)

=
Tpt1 € U(xo,mn) C D. O O

We can show the semilocal convergence result for Newton-Kantorovich method (1.2).

Theorem 4. Under conditiongC;) — (C3), (Cs), further suppose

(Cs) Ul(xo,™) C D.

Then, sequencér,, } generated by Newton-Kantorovich method (1.2) is well defined,
remains inU (zg, rn) for all n > 0, and converges to a solutiart € U(xq,rn) of equation
F(z) = 0. Moreover, the following estimates hold:

lzn — 2] < Z bin < 1. (2.17)
k=n

Furthermorez* is the only solution of equatiof(z) = 0 in

— DoﬂD, (2.18)

where
Dy = U(zo,70) (2.19)
provided thaty > r7 is the maximum number satisfying

ﬁ/ ((1 =t)yrn +tro)dt = 1. (2.20)

Proof. It follows from Lemmas 2 and 3 (see alébl,,)) that{z, } is a Cauchy sequence
in a Banach spac& and as such it converges to somte € U (zq,rn) (sincelU (zg,rn)
is a closed set). We havan,, ., w(b,n) = 0, which implies by (2.2), the continuity of
functionw and the assertion (b) in Lemma 3 that,, .., ¢, = 0. By lettingk — oo in
(2.9) and using the continuity of operatBr we obtainF'(z*) = 0.

By (Cs), we get

n n
|2ni1 = 2ol <D llwxsr — @il <D ben <7,
k=0 k=0
= Tpy1 € U(IO,TU) o
= 2* = lim, oz, € U(xg, 7).
Letm > n. Then, we have

m—1 m—1
= 2l < D llaw = g ll < D b <. (2.21)
k=n k=n

By lettingm — oo in (2.21), we obtain (2.17).
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Finally, to show uniqueness, lgt € D, be a solution of equatiof’(x) = 0. Define
linear operator

1
M :/ Fl(a* + t(y* — 2*))dt. 2.22)
0
By (C1), (C3) and (2.20), we obtain in turn:
IF/ (@o) M 1M = F'(xo)|| < B fy w((1 = t)l|a* = ol + tlly* — zo|)dt

< ﬁﬁ)l w((1 = t)rn + tre)dt = 1.
It follows from (2.23), and the Banach lemma 2.1 that ! exists. Using the identity
0=F(y") - F(z") = M(y" —a7),

we deducer* = y*. | O

(2.23)

Remarks. It follows from (Cs) that
(Cs)  there always exists a continuous non-decreasing funetipn [0, +o0c0) —
[0, +00) with we(0) = 0 such that for al: € D
1F"(x) = F'(o)|| < wo(llz — o])-

Note that

wo < w
holds in general, anqu% can be arbitrarily large [3-7]. Hend&’;)’ is not an additional
hypothesis. In view ofC3)’, and (2.5), anda; can be defined in a tighter way by

ao
=

Y7 1~ Bagwo(bon)

and .
Co = / wo (tbo?’])dtbo.
0

The new{a,}, {b,} and{c,} sequences are tighter majorizing (for,,}) than before
under the same computational cost. Moreover, the unigueness ball is extended,qsince
can replacev (see (2.23)) in condition (2.20).

The results obtained here can be extended to hold for equations containing a not neces-
sarily differentiable term.

In the remaining results we use method (1.4) to approximate a solttiof equation
(1.3).

Let us suppose:

(C;) there exists a continuous, non-decreasing functipn [0, +0c0) — [0, +c0)
with v(0) = 0 such that for alkz, y € D:

1G(z) = Gl < v(llz —ylDllz -yl
Define sequencée,, } by

Cn = [/0 w(tby,n)dt + v(bpn)]bn,

where aga,, } and{b,, } are given by (2.1) and (2.3), respectively.
Then, using the identity:

F(py1) + G(wp1) = fol [F' (20 + H(Tpt1 — 2n)) — F'(20)](Tng1 — T )dt
+G(xn+1) - G(xn)a
(2.24)
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(instead of (2.4) (fom = 0), (2.8)) and following the rest of the proof of Theorem 4
(excluding the uniqueness part) we arrive at:

Theorem 6. Under the condition$C,) — (C3), (Cs) — (C7) the following hold:

Sequencdz,, } generated by Newton-Kantoroovich method (1.4), is well defined, re-
mains inU (zq, rn) for all n > 0, and converges to a solutiart € U(x,rn) of equation
F(z) + G(x) = 0. Moreover, the following estimates hold:

lwn — 2% < Z brn < rn. (2.25)
k=n
We can show a uniqueness result but we use a condition other than (2.20).

Proposition 7. Under the hypotheses of Theorem 2.6, further suppose:
there exists; > rn such that

1
ﬂ(/ w(try)dt +v(r)) <ag <1 for someq € (0,1), (2.26)
0

thenz* is the unique solution of equatidi(x) + G(z) = 0in D3 = D () D2,
where

D2 = U(JTQ,T‘1),
anda is given in Lemma 2.3.

Proof. Let y* € D3 be a solution of equatiof'(xz) + G(x) = 0. Using (1.4), we get the
identity
Tpt1 —yY" = _F/(xn) [F(xn) F(y*) — F'(xn)(vn — y*) + G(zn) — G(y")]
= —F'(z,)” fo (F’ y* + (e, —y*)) — F’(xn))dt(a;" —y*)
+G(zn) — Gy")],

(2.27)
SO,
[Zntr =y* < anf fo w(tllzn — y*[)dt + o((|zn — y*[D]llzn — y*|
< anflfy wtr)dt + v(r)] |z, — v*|| (2.28)
< dgllzn =yl

Hence, we get
[2ni1 =yl < ¢"[lwo —y"[| < ¢"r1,
which implieslim,, ., z,, = y*. But we know thatim,, .., z,, = z*. Hence, we deduce
T =y*. O
It turns out that conditioC5s) can be replaced by the at least as weak
(Cs)' Buwo(dnn) < 1.
Indeed, introduce scalar sequenégs}, {d,,} by

p0:67 d0:17
dy =) b
k=0

=P
" Buwo(dan)

and

We get
1 1 1
dy = —wy (— — .
n Po Pn+41
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Then, in view of the observation
IF" (o) I F (rg1) — F' (o)

< Bwo(|[rr+1 — woll)
< Pwo(|zrtr — zkll + [|ze — zp—1ll + -+ + [[21 — 20])
< Bwo((by + br—1 + -+ + bo)n) = Pwo(din), (2.29)
estimate (2.7) can be replaced by the at least as precise
F'(x o< Po
W)™ < T Gy s — 2l & o —onoall =+ T = o)
Po

S e TNCTIR (2.30)

With these changes, we arrive at the following analogs of Lemmas 2, 3, Theorem 4, 6 and
Proposition 7. |

Lemma 8. Suppose€Cy) — (Cy), (Cs)" and (Cs)’ hold. Then, the following estimates
hold

”F/(xn)il” < Pn,

[Zn+1 — znll < bun
and

[ F(zns1)ll < cnn.

Lemma 9. SupposéC’)’ holds. Then, sequence
(@) {pn} increases,
(b) {d,,} is increasingly convergent,
(€) limy,— o0 by, = 0,
(d)yr =371 gbr < o0
and
(e) IfU(xo,rn) C D, then(Cy) holds.

Similarly, we obtain analogs of Theorem 4,6 and Proposition 7 (simply repiageby
(Cs5)"))-
RemarklO. The results obtained here can further be refined, if we further assume:
(C5)" there exists a functiop : [0, 1] — [0, +o0) such that
w(st) < p(s)w(t) for all s€[0,1] and t € [0,400).
This condition has been successfully used to sharpen the error bounds for particular ex-

pressions [5,6,7,8,9,12,13,14]. Note that such a fungtialways exists. Indeed, if is a
nonzero function ofR, then one can define: [0, 1] — [0, +o0) by

w(st)

p(s) = sup{——=- : t € [0,400),with w(t) > 0}.

w(t)

Note that in this case the results obtained in this study hold fglith(tbnn)dt replaced by

Pw(b,n), where
1
P:/ p(s)ds.
0

Finally, note that the results obtained here can be provided in affine invariant form, if we
replace operatoF by F'(zq) 1 F [5-7].
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3. SPECIAL CASES AND APPLICATIONS

Condition (Cs) is difficult to verify in general. HoweverCs) holds in some very
interesting cases. Let us consider the Lipschitz caseui(@), = Ls, wo(s) = Lgs, and
G = 0. Then, the famous for its simplicity and clarity Newton-Kantorovich hypothesis

hic = BIn < | (3.1)
implies condition(Cs) and
= 1]
rg = ————— .
K1+ VI-2hg

Moreover, our condition given in [3], [11] by

— 1
han = BLn < 5, (3.2)

where,
— 1
L= g(L + 4L+ L2+ 8LyL)

also implies(Cs) and

2
TAH = 55 e
where,
_ AL
T L+ VITASLL
Note that

1
hKS§—> hap <

DN | =

but not necessarily vise versa unlesgif= L.
In the first example we show that the Kantorovich hypothesis (see (3.1)) is satisfied with
the bigger uniqueness ball of solution than before [2], [7].

Example 11. Let X = Y = R be equipped with the max-norm. Let = 1, D =
U(zo,1—q), q € [0,1) and define functio#’ on D by

F(z) =2 —q. (3.3)

Then, we obtain that = £, L = 6(2 — ¢), Ly = 3(3 — ¢) andn = 5(1 — q). Then, the
famous for its simplicity and clarity Kantorovich hypothesis for solving equations using
(NKM) [1,2,7] is satisfied, say faf = .6, since

1
5
Hence, (NKM) converges starting a = 1. We also have that = 1.330386708, n =
A33..., 1 = 177384894, Ly = 7.2 < L = 8.4 andry = 57- — 77 = .655948439. That

is our Theorem 2.4 guarantees the convergence of (NKM)te- v/0.6 = .843432665
and the uniqueness ball is better than the one given in (KT).

hi = BLn = %(2 —q)(1—¢q)=0.373333... < (3.4)

In the second example we apply Theorem 4 to a nonlinear integral equation of Chand-
rasekhar-type.
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Example 12. Let us consider the equation

s+t
Note that solving (3.5) is equivalent to solviifz) = 0, whereF : C[0,1] — C]0,1]
defined by
(t)

s 1
[F(z)](s) =x(s) — 1 — ZI(S)/O —=dt, se€]0,1]. (3.6)

2(s) =1+ Zz(s) /01 O g s e o1 (3.5)

s+t
Using (3.6), we obtain that the Echet-derivative of’ is given by

Fal(s) = o) - u6e) [ e Sate) [ Lar sepal @)

Let us choose the initial point,(s) = 1 for eachs € [0,1]. Then, we have that =
1.534463572, n = .2659022747, Lo = L = In2 = .693147181, h = .392066334
andr = 1.23784269 (see also [1,2,3,7]). Then, hypotheses of Theorem 2.4 are satisfied.
In consequence, equatiafi(x) = 0 has a solutionz* in U(1, p), wherep = rn =
.298816793.
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