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Abstract.Let M be a 2-torsion free prime I'-ring. Let U be a Lie ideal of
M such that uau € U, forallu € Uanda € T'. If d : M — M is an
additive mapping such that d(uou) = 2uad(u), forallu € U and o € T,
then d(uav) = uad(v) + vad(u), for all u,v € U and a € T.
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1. INTRODUCTION

Let M and I" be additive abelian groups. M is said to be a I'-ring if there exists a
mapping M x T' x M — M (sending (x, v, y) into zay) such that
(@) (x + y)az = zaz + yaz,
r(a+ By = zay + xpy,
za(y + z) = zay + zaz,
(b) (zay) 3z = za(yBz),
forall z,y,z € M and o, B € T.
A subset A of a I'-ring M is a left(right) ideal of M if A is an additive subgroup of M
and MTA = {maa : m € M,a € T',a € A}, ATM is contained in A. The centre
of M is doneted by Z(M) which is define by Z(M) = {m € M : aam = maa,a €
M,a € T'}. M is commutative if aab = baa, for all a,b € M and o € I'. M is prime if
al’ MTb = 0 with a,b € M, then a = 0 or b = 0. We denote the commutator xay — yax
by [z, y]o- An additive subgroup U of M is said to be a Lie ideal of M if [u, 2], € U, for
allu € U,x € M and a € T'. M 1is n-torsion free if nz = 0, for x € M implies = 0,
where n is an integer. An additive mapping d : M — M is a derivation if d(aab) =
aad(b) + d(a)ab, a left derivation if d(aab) = aad(b) + bad(a), a Jordan derivation if
d(aaa) = aad(a) + d(a)aa and a Jordan left derivation if d(aca) = 2aad(a), for all
a,be Manda €T
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Y.Ceven [3] worked on Jordan left derivations on completely prime I'-rings. He investi-
gated the existence of a nonzero Jordan left derivation on a completely prime I'-ring that
makes the I'-ring commutative with an assumption. With the same assumption, he showed
that every Jordan left derivation on a completely prime I'-ring is a left derivation on it. In
this paper, he gave an example of Jordan left derivation for I'-rings.

Mustafa Asci and Sahin Ceran [6] studied on a nonzero left derivation d on a prime I'-ring
M for which M is commutative with the conditions d(U) C U and d*>(U) C Z, where U
is an ideal of M and Z is the centre of M. They also proved the commutativity of M by
the nonzero left derivation d; and right derivation dy on M with the conditions do(U) C U
and dldQ(U) Q Z.

In [7], M.Sapanci and A.Nakajima defined a derivation and a Jordan derivation on I'-rings
and investigated a Jordan derivation on a certain type of completely prime I'-ring which is
a derivation. They also gave examples of a derivation and a Jordan derivation of I'-rings.

M. Bresar and J.Vukman|[2] showed that the existence of a nonzero Jordan left derivation
of R into X implies R is commutative, where R is a ring and X is 2-torsion free and
3-torsion free left R-module.In [8], Jun and Kim proved their results without the property
3-torsion free.

Qing Deng [4] worked on Jordan left derivations d of prime ring R of characteristic not
2 into a nonzero faithful and prime left R-module X. He proved the commutativity of R
with Jordan left derivation d.

Mohammad Ashraf and Nadeem-Ur-Rehman[ 1] studied on Lie ideals and Jordan left deriva-
tions of prime rings.They proved that if d is an additive mapping on a 2-torsion free prime
ring R satisfying d(u?) = 2ud(u), for all u € U, where U is a Lie ideal of R such that
u? € U, for all u € U, then d(uv) = ud(v) + vd(u), for all u € U.

In our paper, we reviewed the results of Mohammad Ashraf and Nadeem-Ur-Rehman[1]
in gamma rings. We show that if d is an additive mapping on a 2-torsion free prime I'-ring
M such that d(uau) = 2uad(u), forall w € U and o € T', where U is a Lie ideal of M
such that uau € U, for all w € U and a € T', then d(uav) = uad(v) + vad(u), for all
u,v € U and a € T'. To complete the proof of main result in commutative sense, we take
a help from the book * Topics in ring theory’ of Herstein[5]. Finally, we showed that every
Jordan left derivation on U is a left derivation.

Throughout this paper, we shall use the mark (*) for aabfc = afSbac, for all a,b,c € M
and o, 0 €T.

In order to prove our main result, we shall state and prove some lemmas as primary results.

2. PRIMARY RESULTS

Lemma 1. Let U € Z(M) be a Lie ideal of a 2-torsion free o-prime T'-ring M. Then
there exists an ideal I of M such that [I, M), C U but [[, M|, € Z(M).

Proof. Since M is 2-torsion free and U ¢ Z(M), it follows from the results in [6] that
[U,Uls # 0and [I, M], C U,where I = Ia[U,U],aM # 0 is an ideal of M generated
by [U,Uls. Now,U € Z(M) implies [I, M|, € Z(M);for, if [I, M], C Z(M) then
[I,[I, M]a]a = 0, which gives I C Z(M) and, since I # 0 is an ideal of M, so M =
Z(M). O
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Lemma 2. Let U € Z(M) be a Lie ideal of a 2-torsion free prime I'-ring M which
satisfies the condition (*) and a,b € M such that acUBb = 0. Then a = 0 or b = 0.

Proof. Since M 1is 2-torsion free prime I'-ring, there exists an ideal I of M such that
[I,M], CUbut[I,M], £ Z(M), by Lemma 1. Now, takingu € U,e € [ andm € M,
we have [eqacu, m]y € [I, M], C U, and so

0 = aaleaaau, m]gBb

= aaleaa, m|,Lfufb + acefaalu, m]Bb, by (*)

= aaleaa, m|,Lufb, since acfu, m], € acl[b

=aaeaaampPufBb — aamaeaaPuBb

= aaeaaamfufb — aamaeacub, by (*)

=aaeaaamBu b, by assumption.

Thus aalaaaM U Bb = 0.

If a # 0 then UBb = 0, by the primeness of M. Now, if u € U and m € M then
uam—mau € U and hence (uam —mau) b = 0 implies uamBb = 0,that is uaM b =
0. Since U # 0, we must have b = 0. In the similar fashion, it can be shown that if b # 0
then a = 0. (]

Lemma 3. Let M be a 2-torsion free prime I'-ring and let U be a Lie ideal of M such
that uvau € U, forallu € U and a € T'. If d : M — M is an additive mapping satisfying
d(uau) = 2uad(u), forallu € U and o € T, then

(a)d(uav + vau) = 2uad(v) + 2vad(u). Let M satisfy (*), then

(b) d(uawfu) = uauBd(v) + 3uavfd(u) — vauld(u),

(c) d(uavfw + wavpu) = (uaw + waw)Bd(v) + 3uavfd(w) + 3wavBd(u)
—vaufd(w) —vawld(u),

(d) [u, v]aauBd(u) = ualu, v]aBd(u)

(e) [u, v]aB(d(uav) — uad(v) —vad(u)) = 0,

forall u,v,w € Uand o, 5 €T.

Proof. Since uaw +vou = (u + v)a(u +v) — uau — vav, we have uav + vau € U, for
all u,v € U and o € T'. Then d(uaw + vau) = d((u + v)a(u + v)) — d(uau) — d(vaw)
with our hypothesis yields the required result.

Replacing v by uf8v + vBu in (a), we have

d(ua(ufv 4+ vpu) + (ufv + viu)au) = 2.1
2uad(ufv + vpu) + 2(ufv + vPu)ad(u).

Since uav + vau € U, by (¥) we get

d(ua(ufv + vpu) + (ufv + vfu)au) = (2.2)
duaufd(v) + 6uavfd(u) + 2vaufd(u).
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On the other hand
d(ua(ufv + vfu) + (ufv + vfu)au) = (2.3)
d(uaufv + vBuau) + 2d(uavfu) =
2uaufd(v) + dvaufd(u) + 2d(uavfu).

Combining (2.2) and (2.3) and using the condition that M is 2-torsion free, we obtain

(b).

Replacing u + w for w in (b) and using (*), we get

d((u+ w)avB(u + w)) = (2.4)
uaufd(v) + wawfd(v) + (vaw + wau)Bd(v) +
uavBd(u) + 3uavfd(w) + 3wavfd(u) + wavBd(w) —
vaufd(u) — vaufd(w) — vawfd(u) — vawld(w).
On the other hand with (*), we have
d((u 4+ w)avf(u+ w)) = (2.5)
d(uavfu) + d(wavfw) + d(uavfw + wavfu) =
waufd(v) + 3uavfd(u) — vauld(u) + wawBd(v)
+3wavfd(w) — vawld(w) + d(uavfw + wavfu).
Combining (2.4) and (2.5), we obtain (c¢).
Since uav + vau and uav — vau are in U, we see that 2uav € U, for all u,v € U and

a € T'. By hypothesis, we have d((uav)B(uav)) = 2uavfd(uav).
Replacing w by 2uv in (c¢) with (*) and the condition that M is 2-torsion free, we get

d(uavB(ufv) + (ufv)avfu) = (2.6)
(uaufv + uavfu)Bd(v) + 3uavfd(ubv) +
3uavfufd(u) — vaufd(ufv) — vaufvBd(u).
On the other hand with (*), we have

d(uavf(ufv) + (ufv)avfu
d((upv)a(ufv) + uvavfuvfu
2uavfd(ufv) + 2uaufvPd(v) +
3uavfuBd(u) — vavBufd(u).
Combining (2.6) and (2.7), we have

) = 2.7)
) =

[u, v]oBd(ufv) = (2.8)
ualu, v]gfd(v) + valu, v]gBd(w).

Replacing u + v for v in (2.8), we have

2uafu, v]gld(u) + ualu, v]Bd(v) + vaju, v]Bd(u).
)

From (2.8) and (2.9), we get (d).
Linearizing (d) on u, we have
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[u, v]ofufd(u) + [u, v]afvBd(v) + [u,v]ofufd(v) + [u,v]ofvfd(u) =  (2.10)
alu, v|gBd(u) + ualu, v]gfd(v) + valu,v|gBd(u) + valu, v]gBd(v),

forallu,v € Uand a, 8 €T
Application of (d) and (8) gives [u, v],fufBd(v) + [u, v]oBvfd(u) = [u, v]aBd(ufv) and
hence [u, v]o5(d(vav) — uad(v) — vad(u)) = 0, forall u,v € U and o, 5 € T'. O

Lemma 4. Let M be a 2-torsion free I'-ring satisfying (*) and U a Lie ideal of M such
that wau € U, foralluw € U and o € T'. If d : M — M is an additive mapping satisfying
d(uau) = 2uad(u), for allu € U and o € T, then

(a) [’U,, v]aﬂd([ua 'U]a) =0,

(b) (uauav — 2uavau + vauau)Bd(v) = 0,

forallu,v € U and o, 3 € T.

Proof. By Lemma 3(a) and Lemma 3(e), we get

d(uaw + vau) = 2(uad(v) + vad(w)) @.11)
and

[, v]oB(d(uaw) — uad(v) — vad(u)) = 0. (2.12)
Combining (2.11) and (2.12), we have

[, v]oB(d(vau) — uad(v) — vad(u)) = 0. 2.13)

Using (2.12) - (2.13), we get [u, v]o0d([u, v]) = 0, for all u,v € U and o, 5 € T
For any u,v € U and «, 8 € T', we have d([u, v]o0[u, v]o) = 2[u, v]oBd([u, v]a). By (2),
we have

d([u,v]aBlu,v]a) =0, (2.14)

forallu,v € Uand a, 8 €T

We have 2uav € U, forall u,v € U and € T".

Replacing u by 2ufv in uow + vau € U and uov — vau € U and adding the results and
then using (*), we find that 4vaupfv € U, forall u,v € U and o, 3 € T".

Replacing 4vaufv for v in Lemma 3(a) and since M is 2-torsoin free, we have

d(ua(vaufv) + (vaufv)au) = 2(uad(vaufv) + vaufvad(u)). (2.15)
Using (2.15) in (2.14) and then (*), we have

0=

d(ua(vaufv) + (vaufv)au) — d(ua(vav)fu) — d(va(uou)fv) =
2(uad(vaufv) + vaufvad(u)) — vauld(vav)

—3uavavfd(u) + vavaufd(u) — vavBd(uau)

—3vauaufd(v) + uauovfd(v) =

—3(uauav — 2uavau + vauouw)Bd(v)

—(uavav — 2vauav + vavau)Bd(w)

and hence
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3(uauav — 2uavau + vauow)Bd(v) + (2.16)

(vavav — 2vauov + vavaou)fd(u) = 0,

forall u,v € Uand a, 3 € T.
Replacing v by u 4 v in Lemma3(d), we get

(vauav — 2uavau + vauou)Bd(v) — (2.17)

(uavav — 2vauav + vavaouw)d(u) = 0,

forall u,v € Uand a, 3 € T.
Combining (2.16) and (2.17), we obtain

(uouow — 2uavou + vauau)Bd(v) = 0. (2.18)
By (2.17) and (2.18), we arrive at (b). U

3. MAIN RESULT

The main result of this paper states as follows.

Theorem 5. Let M be a 2-torsion free prime I'-ring satisfying (*) and U a Lie ideal of M
such that uvau € U, for all u,v € U and o € T'. Ifd : M — M is an additive mapping
such that d(uau) = 2uad(u), forallu € U and o € T, then d(uav) = uad(v)+vad(u),
forallu,v € Uand o €T

Proof. Suppose U is a commutative Lie ideal of M. Leta € U and x € M. Then [a, ], €
U and so commutes with a .Now, for 2,y € M, we have af[a, zay|, = [a, zay].Sa, for
all o, 8 € I'. Expanding [a, zay], as [a, z]oay+xala, y], and using that a commutes with
this, with [a, 2], and with [a, y]., we have 2[a, z],[a, y]o = 0 and so [a, x]aa[a, ylo =
0, since M is 2-torsion free. Replacing y by aSz in [a, z],a[a, y]o = 0 and then using (*),
we have [a, x]oaM Bla, x], = 0, forall z € M and «, B € T'. Since M is prime, [a, x], =
0 and so U C Z(M). Hence by Lemma 3(a), we have 2d(uav) = 2(uad(v) + vad(u)).
Since M is 2-torsion free, d(uav) = uad(v) + vad(u).

We assume that U is a noncommutative Lie ideal of M.

Now, replacing u by [u1, w], in Lemma 3(d), we get

([ug, w]aafur, weav — 2[ur, w]aavalur, wl, (3.1

+oaluy, w]aafur, wle)Bd([ur, w]y) = 0,

for all u,v,u;,w € Uand o, 3 € T.

Using Lemma 4(a) in (3.1), we get [ug, w]qafu1, w]aavfd([ur, w]y) =0

and so [ug, w]aafur, w]aalUBd([ur, w]s) = 0.

Hence by Lemma 2, either [u1, w]oa[ur, w]q = 0 or d([uy,w]s) = 0.

If d([u1,w]o) = 0ie, d(urow) = d(wauy ), for all uy,w € U and a € T', then by
Lemma 3(a) and the fact that M is 2-torsion free, we get d(ujaw) = uad(w)+wad(uy).
On the other hand let [u1, w]qa|uy, w], = 0, for some uy,w € U and o € T'.

Replacing v by [u1, w], in Lemma 4(b), we get

(vaualuy, w]y)Bd(ur, w]a) (3.2)
—2(uafuy, w|pou)Bd(Jur, w]q) + ([u1, w]ecuoanw)Bd([ur, w]e) = 0.
Applying Lemma 4(a) in (3.2), we have
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([ur, w]aauau)Bd([ur, w]a) — 2(uafur, w]aou)Bd([ur, w]y) = 0, (3.3)

forallu e Uand o, § € T'.
Linearizing (3.3) on u and using Lemma 4(b), we have

([u1, w]aouav)Bd([ur, w]a) + ([ur, w]eavau)Bd([ur, w]q) (3.4)

—2((uafu, w]aav) + (vafur, w]eou))Bd([ur, wly) =0,

forall u,v,w € Uand o, 3 € T.
Replacing u by 2ufv; in (3.4)and then using the fact the M is 2-torsion free and (*), we
have

[u1, w]aoufviavfd([ur, w]a) + [u1, w]eavBuav Bd([ur, w]a) (3.5)

—2(uaw Bluy, w]aav + vajur, w]aaubur)Bd([ur, w]s) = 0.

Further, replacing vy by [u1, w], in (3.5) and then using Lemma 4(b), [u1, w]aa[ur, w]o =
0 and (*),

we get [ug, w]aaufbur, w]eavBd([ur, w]y) =0

i.e.,([ur, w]aouBur, wle)aUpBd([ur, w]y) = 0, forall w € U and

a, 8 € T. By Lemma 2, either d([u1, w],) = 0 or [uy, w]aauBur, w]s = 0.

If d([u1,w]q) = 0, then by the same argument as above we get the required result. On the
other hand , if [u;, w]aauBuy, w], = 0, forall w € U and o, 8 € T, then by Lemma
2, we have [uj,w], = 0. Further, by Lemma 3(a) and the fact that M is 2-torsion free,
we have d(ujaw) = uyad(w) + wad(uq). Hence in both cases, we find that d(uav) =
uad(v) + vad(u), for all u,v € U and o € T. The proof is thus complete. O

Corollary 6. Let M be a 2-torsion free prime I'-rins and d : M — M a Jordan left
derivation. Then d is a left derivation on M.

Proof. If M is commutative, then uav = vau, for all u,v € M and o € T', and so by
Lemma 3(a), we have d(uav) = uad(v) + vad(u), for all u,v € M and a € T. If M
is noncommutative, then by Theorem 5, we have d(uav) = uad(v) + vad(u), for all
u,v € Mand a €T. ([l
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