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Abstract. The purpose of this work is to propose generalized extensions
of morphisms in the geometry of Grassmannian configuration and Gon-
charov motivic chain complexes. This work has two major divisions: in
its first part the geometry of these complexes will be extended for weight
n = 6, secondly, the generalization of this extension for any weight
will be presented. The generalized commutative diagram will also be ex-
hibited.
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1. INTRODUCTION

Suslin [23] introduced Grassmannian configuration chain complex of free abelian groups.
Grassmannian chain complex is formed by using two types of differential morphisms be-
tween free abelian groups. Each square of the Grassmannian chain complex is commuta-
tive [14, 15, 23]. Leibniz defined an infinite series denoted.by(Z) [7] in a unit disc. For
p = 2 Di-Logarithms functionLi»(Z) [9, 18] has been studied by many mathematicians
but among them the most prominent work was Abel five term functional equation.

Bloch [1] defined the polylogarithmic group denoted By(F') for weight 1. Bloch [1]
also introduced polylog group,(F') for weight 2 and defined the following chain com-
plex called Bloch-Suslin complex

By(F) —2 p2px .

Gonchare [7-9] introduced Bloch grougBs(F') for weight 3 and then generalized it as
B, (F'). Goncharov also generalized Bloch-Suslin complex to introduce the following chain
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complex called Goncharov’s motivic complex
B é x 0 2 [ [ n—2 [ n mx
,,L(F)—>B,,L_1(F)®F —>Bn_2(F)®/\(F)—)...—)BQ(F)@/\ (F)—>/\F .

Configuration chain complexes are naturally associated with polylogarithmic groups chain
complexes. Initially, Goncharov [7] connected configuration chain with the Bloch-Suslin
chain complex for weigh® then he extended this geometry for weight 3 [7]. Khalid
et.al [17] generalized the work of Goncharov [7] to define geometry for any weight n.
Cathelineau [2-4] introduced a variant of Goncharov chain complex in two forms, among
them the first form was infinitesimal. For this form Cathelineau usgd") group whose
generalized Cathelineau infinitesimal chain is given below

w1 (F)QF* 9, _ Ba(F)®A" "2 FX
ﬁn(F) 6_n>ﬁ 1(@) On—1 (9_1> 2(F) o 8—0>F®/\7L_1FX.
F®Bn_1(F) FRBo(F)@A" 3 FX

Second form was tangential chain complex, for which Cathelineau used GrBufF")
[11].

ne TBn_1(F)QF* . TBa(F QA2 X ’
TB, (F) 2, O e, TR S (F @ A"LFX) @ (A"F).
FQRB,_1(F) F®82(F)®/\"73F><

Khalid et al. [16, 19] defined generalized geometry between Cathelineau infinitesimal and
configuration chain complexes. Siddiqui [21] used derivation and gefu@) to intro-
duce following variant of Cathelineau infinitesimal chain complex

ab BY_(F)®F* 8l oP  BY(F)QA"?F* P ,
BP(p) 2 Ty e A By Y, F o Al
FQRB,_1(F) FRBa(F)@A" 3 FX

Khalid et al. [12, 13] defined new maps to introduce geometry of configuration and variant
of Cathelineau infinitesimal chain complexes for any weighd provide generalized com-
mutative diagrams. Recently Khalid et al. [20], introduced some extensions in geometry of
Goncharov and configuration chain complexes.

In this paper, the work of [20] is now to define generalized extension in the geometry of
Goncharov motivic and configuration chain complexes. Sei@about preliminaries

of configuration chain complexes and Goncharov’s generalized polylog chain complex.
Section3 presents some extensions in the geometry of configuration and Goncharov mo-
tivic polylogarithmic chain complexes up to weight Section4 covers the generalized
extension of morphisms in the geometry of Goncharov motivic polylogarithmic and con-
figuration chain complexes and also its generalized commutative diagram. The last section
describes the conclusion of the entire work.
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2. CONFIGURATION COMPLEXES

Consider the following configuration chain complex

Gria(n+2) == Gnya(n +2) —> Gpya(n+2) (A)

Grya(n) Gry1(n)

The groupG,,(n) is a free abelian group generated by all possible configuration of n points
in n-dimensional vector spadé”.

Lemma 2.1. The above diagram!is bi-complex and commutatiyeee [23])

2.2. Siegel's Cross Ratio and its PropertiesLet us introduce the cross ratio of four
points as

A(vo, v3)A(v1,v2)

A(’Uo,’Ug)A(Ul,Ug)

Siegel [22] introduced the following most important property of cross ratio:

7'(”0701,02,03) =

1 —r(vo,v1,v2,v3) — 7(v0, V2, v1,v3) = 0. (2.1)

2.2.1. Projected Cross Ratio Propertysoncharov [7] defined the following projected cross
ratio of four points with single projected point as
A(vilve, v3) A(vilvr, v2) — Alvi, vo,v3) A(v, v1,v2)

= . 2.2
A(vi|vg, v2) A(vilvi,vs)  A(ws, vo, v2) A(vs, v1,v3) 22)

r(”i‘(”Ovv%UlaUS) =

2.2.2. Triple Cross Ratio of Six PointsGoncharov [7] generalized cross ratio as a triple
cross ratio of six points, given by

A(vo,v1,v5)A(v1,v2,v3) A(v2, 0, Vs)
A(vg, v1,v3)A(v1, v2,v4) A(v2, Vo, V5)

(Vg ..., U5) = (2.3)

Theorem 2.3. The ratio of two projected cross ratio of four points can be written in the
form of triple cross ratio of six points.

Proof. Let us assuméuy, ..., vs) be six points with two projected points andv,, then
r(valvg, v1,v3,v5)  A(va,vo,v5)A(v2,v1,v3) , A(v1, v, v5) A(v1, V2, v4)
r(vilvo, v2,v4,v5)  A(v2,v0,v3)A (v, v1,05)" A(v1,v0, v4) A(v1, V2, v5)

(
(U27U07U5) (U27’U1av3)A(v13U0av4)
('UQ, Vo, US)A(UI7 Vo, 7}5)A(Ul, V2, ’U4)

(2.4)

O
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2.4. Polylogaithmic Groups and its Complexes.The classical p-logarithms series is ex-

pressed agi,(z) = > I—p, in the unit discx < 1. Forp = 1, Liy(x) = —Li(1 — z)
n=1MN

with generalized formog = + logy = logzy. F' is a field andF** = F — {0,1}. Let

Z[PL/{0,1,00}] is a free abelian group generated by [x]. The gr&p’) is a quotient of

|
Z[PL] by its subgroup generated by Abel’s five term relafion-[y] + [%} - H — i_l} +

H:y] wherez # y anda,y # 0,1 [5, 6, 10].

2.5. Goncharov’s Complexes.Let Bo(F) = Z[PL/{0,1,00}]/ < Ra(F) >, where

4 .

Re(F) = > (-1)"r(vo, ..., U4, ..., v4) IS & five term relation of cross ratio. Construct a
=0

chain

By(F) 4‘5>/\2F>< )

where morphisnd is defined a9 : [x]s — (1 — z) A z. This complex is called Bloch-
Suslin complex for weight. For weight3, Goncharov [7] introduced a seven-term relation
of triple cross ratio given as

6
Z Alt6|: Uo,...,ﬁi,...,vﬁ)]. (25)
=0
Goncharov [7] defined a grougs (F) = Z[P1/{0,1,c}]/ < R3(F) >. Following is a
complex for weigh

B3(F) — 25 By(F) ® F* —> p3px .

Finally, Goncharov [7] introduced generalized subgréygF) = Z[PL./{0,1,00}]/ <
R, (F) >, then he introduced following generalized chain complex.

5 5 5 5 5 AN FX
Ba(F) S By 1(F)®F* 5 By 2(F)QA2(F) S ... S Bo(F) @ A" 2(F) 5 ————— (2.6)
2 — torsion

3. GEOMETRY AND EXTENSION UP TOWEIGHT 5 OF GRASSMANNIAN AND
GONCHAROV COMPLEXES

3.1. Geometry for Weight 2. As defined in [17], the geometry of Grassmannian configu-
ration and Goncharov motivic in weight-2 is represented as

Go(3) —> G5(3) (B)
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where,
o (Vo, -y v2) = — A(v1) A DA(va) + Alvg) A D(v2) — Alvg) A A(vy), (3.7)
where symbo\ means determinant and
G2 (v, ..., v3) = [r(vo, ..., v3)]2. (3.8)
Lemma 3.2. The diagranBlis bi-complex and commutatiy&7].

3.3. Geometry for Weight 3. The geometry of Grassmannian and Goncharov motivic for
weight-3 is presented in [17] as follows:

Gr(3) —> Gi(3) ©
Go(2) > G5(2) 2> By(F) & P~
ip i lg
G5(1) > (1) — s o
where,
( 3 3
go (v, v1, v, v3) — Z (1)t /\ A(vj;) (mod 4) (3.9)
i=j+1 i
and
= ' 4
g3 (v, V1, ..., V) — -3 Z(—l)z[r(vo7 ey Dy ey Vg)]2 ® H A(vi,vp) (Mmod 5). (3.10)
i=0 itr

Lemma 3.4. The diagraniC is bi-complex and commutatiy&7].

3.4.1. Extension in Geometry for Weight &or weight3, morphismg3 is introduced to
connect Grassmannian and Goncharov complexes and extend the commutative diagram:

3

d 92

Gr(3) Ge(3) Bs(F) (D)
Pk |

Go(2) —- Go(2) —2 By(F) & P>

ip lp la

Gs(1) —L> G4(1) =2+ papx

where,
A(vg,v1,v5)A(v1,v2,v3) A(v2, Vo, V)

. 1
3 —
g2(’00,...,7}5) = 15Alt6|: (311)

A(vo,v1,v3) A(v1, V2, v4) A(va, v, v5) 13
Lemma 3.5. giop=2>do0gs3.
Proof. For proof see Khalid et al. [20]. O
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3.6. Geometry for Weight 4. Geometry for weight 4 is defined in [17] as follows

Gs(3) —> G1(3) (E)
G7(2) —= Gg(2) % By (F) @ N2F*

Go(1) —> Gs(1) —=—= piFx
where
4 , 4
96 (v, va) = Y (=) N A(v;) (mod 5) (3.12)
i=j+1 J#
and
i .
g, ..., v5) = G > (1) [r(vo, -.os Biy By ey v5)]2®
i#]
5 5
H A(vi,vr) A H A(vj,vy) (Mmod 6). (3.13)
r#i r#j

Lemma 3.7. The diagraniElis commutativésee [17])

3.7.1. Extension in Geometry for Weight &or this extension, two morphisng$ andg;
are introduced

4

d 93

Go(4) Gs(4) By(F) (F)
P P §

Gs(3) —1= G+ (3) % Bs(F) ® F*
P p §

Gr(2) —L > G(2) -2 By(F) ® A2F*
p p §

AFX
18 6
4 _ i 5 .
95(vg, ..y v6) = T 2(—1) Altg {r(vo,...,vz,...,vg)k ® 7!_4£'£‘A(vr,vl,vj)7 (3.14)
= r#i#£j

1
gg(’Uo,...,’U'ﬂ = %Altg[’/‘(i}o,...,v7)]4. (315)
Lemma 3.8. giop=40g;3.

Proof. For proof see Khalid et al. [20]. O
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Lemma 3.9. gsop=4o0g;.
Proof. For proof see Khalid et al. [20] |

3.10. Geometry for Weight 5. As defined in [17], the following commutative diagram is
obtained

Go(3) —1= Gs(3) ©)
p p
Gs(2) —> G7(2) —2= By(F) @ ASFX
Gr(1) —> Gsl1) — 2 pop
where,
5 ) 5
90 (o, v5) = Y (=1)" \ A(vy) ( mod 6) (3.16)
i=j+1 J#i
and
1 6 ) 6
93 (vo, ..., v6) = - (= 1) [ (V0, o Biy D, Dk -ony v6)]2 ® [ [ A (i, 02)A
i#j#k r#i
6 6
H A(vj,vp) A H A(vg,vy) (mod 7). (3.17)
l#7 r#£k

Lemma 3.11. The diagramG is commutativésee [17])

3.11.1. Extension in Geometry for Weight 5or this extension in geometry, three new
morphisms are introduced, namefy, g5 andg;:

5
Ya

G (5) —> G1o(5) Bs(F) (H)
p p )
G1o(4) —1> Gy (4) “ By(F) ® F*
p p )
Go(3) — = G(3) 2 Bs(F) @ A2F*
P P 5
Gs(2) —L = G+(2) o By (F) @ A3F*
P P 5
Gr(1) > Go(1) — 2
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Morphismsg3, g3 andg; are respectively defined as
7

1 ; R
gg(vo, ey U7) = YT Z(—l)zAltG [r(vo, ey 0y Dy e, 117)} 3®
i#]
7 7
H A(vp, 05, 0) A H A(vp, v, v8). (3.18)
r#ineqk r#£j
1 & _ 8
g5 (v, ..., v8) = 105 Z(—l)lAlts [r(vo, ooy D, ...,vs)L ® H A(vp, vi, 05, Vg).
i=0 r#i£j#£k
(3.19)
gZ(UO vy Vg) = LAlﬁm [r(vo Ug)} . (3.20)
T 190 T 5
Lemma 3.12. giop=2>do0g3.
Proof. For proof see Khalid et al. [20]. O
Lemma 3.13. gyop=2J0g3.
Proof. For proof see Khalid et al. [20]. |
Lemma 3.14. giop=240g;.
Proof. For proof see Khalid et al. [20]. O

4. GENERALIZED EXTENSION IN GEOMETRY

4.1. Geometry for Weight 6. As defined in [17], connect Grassmannian configuration
complex with the sub complex of Goncharov motivic for weight 6 given as

Gro(3) —= Go(3) 0)
Go(2) —2 = G5(2) g?BQ(F)®/\4FX

Gs(1) —L> Gr(1) — = p6Fx
where,
6 ) 6
96+ (vo, . vg) = Y (1) A\ A(vy) (mod 7) (4.21)
i=j+1 J#i
and
1 7 . 7
g? : (U07"'7’U7) _)B Z (_l)l[T(U07~-~7ﬁia@ja@ka{}l;---;U'?)]Q®HA(U7}aUT‘)

i£jAk£l ri
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7 7 7

A H A(vj,vr) A H A(vg, vr) A H A(v,vy) (mod 8).  (4.22)
r#j r#k r#l
Lemma 4.2. giop=2304g%
Proof. For proof see Khalid et al. [17]. O

4.2.1. Extension in Weight 6For this extension of geometry, the extended diagrgm (
introduces four new morphismg, ¢$, ¢$ andg¢, given by

Gis(6) —> Ga(6) — > By(F) )

p p 8

94

G12(5) s G11(5) —— B5(F) @ ANF*

p p 3

g8

G11(4) 4d> G10(4) LA B4(F) [ AZF>

P p 5
6

Gro(3) —1= Gy(3) — = Bs(F) @ AP F>

P p 5

6

Go(2) —L > G5(2) —2> By(F) @ NLFX

P p 5

6
Gs(1) — = Gr(1) —=—— pSF
where,
1 < .
gg(vo,...,vs) = 7% Z (71)7‘14”6 |:’I‘(’U0,...,’lA}i,lA)j,’LA)k,...,Ug):|3®
ik
8 8 8
H A(Vp, Vi, Uy ) A H A(Vp, ), V) A H A(vy, Uk, U ).
l#i#m r#j#m r#k#m
(4.23)
1 < ,
gg(vm ...7’[)9) = 13 Z(—l)lAltg [T(’Uo, ...,f}i,’f}j, ...,’1}9):|4®
i#]
9 9

H AV, 0, Vg, VL) A H A(vp, vj, Vg, ). (4.24)
ritkAl r Akl
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10 10

1 ; N
gg(’UQ,...,’Ulo) = —% Z(—l)lAltlo |:T(U0,...,Ui,...,1}10):|5® H A(’UT,’Uz‘,Uj,Uk,Ul).
=0 r#i£jEk#l
(4.25)
g?(vo ’1}11) = L14llf12 [’I”(’UO Ull):| . (426)
S 435 T 6
Lemma 4.3. giop=2>50g5.
Proof. Let (v, ..., vg) be 9 pointss G(3) and apply projection morphism
8
p(”Ov oy 7)8) = Z(i]‘)i(vih}()v i {}h s} UB)' (427)
=0

now by applying morphismg$
1 ° .
g?op(vo,...,vg) = 1—5 Z (*1)1[7‘(1)7;“)0,...,f)i,ﬁj,f)k,f)l,@m,...,’Ug)]g@
i#jARAlAm

8 8 8 8
H A(vlvg, ve) A H A(vi|vg, vr) A HA(vi\vl,vr) A H A (Vi |vgm, Ur).
r#j r#k r#l r#m
(4.28)
Let us take(vy, ..., v3) € Go(3) again and apply morphisp$
8
gg(vo,...,vg) = _6716 Z (—1)1Alt6 [T(Uo,...,ﬁi,ﬁj,f}k,...,U8)1|3®
i#jFEkEmM
8 8 8
H A (v, v5,07) A H A(vr,vj,0) A H A(vp, Vg, vp).
ri£l r#j#l r#k#l
(4.29)
Then by applying differential morphisi which yield,
8
Sogs = —% Z (—1)% Altg [r(vo, ey 03y 0, O, ‘..708)}2 ® 1(vo, ..., Vs, Vg, Uk, o, Ug)
i#j#kFEM
8 8 8
H A(vp, vi,01) A H A(vp,vj,01) A H A(vp, v, 7). (4.30)
r#i#l r#j#l r#k#l
Then by using Siegel, wedge, tensor and odd cycle properties4E4) becomes
8
(5093(1}0,...,’08) = %5 Z (—1)i[r(vi|’l}0,...71A)Z',7A)j,’lA)k,’lA)l,’lA}m,...,’Ug)]2®
Galkaliialbaul
8 8 8 8
H A(vs|vy, vp) A H A(vi|vg, vp) A H A(vilv, vr) A H A (vi| v, vr).
r#j r#k r#l r#m

(4.31)
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EQ.4.28 and Eql¢.3]) shows thatg$ o p = § o ¢§. O
Lemma 4.4. gSop=2dogs.

Proof. Supposgy, ..., v9) 10 pointse G10(4) and apply projection map followed by
morphismsy$,

9
p(vo, - v9) = Y _(=1)"(vi[vo, ..., i, ... ), (4.32)
i=0
R .
gg Op(’Uo, ceey ’Ug) = —% Z (—l)lAltﬁ |:T‘(UZ‘|’U0, ceey ﬁi,f}j,’[}k,’[}l, ...,Ug) 3@
i#j#k#L
9 9
H A(v|vr, v, vm) A H A (V| vy, Uk, U )A
r#jFEm r#k#Em
9
H A(vi|vp, v, vm). (4.33)
r#l#m
Let us takg(vy, ..., vg) € G19(4) again and apply morphisgf, then
6 1 < i
g3(’l)(), ceey '[)9) = ﬁ Z(—l)lAltg ['I’(’U(h ceey Uiy Ujiy ey ’Ug):| 4®
i#]
9 9
H A (g, i, V1, Um) A H A(vg, vy, v, Um).  (4.34)
k#iElFEm k#j#lFEm
Now compose morphiswith above Eql4.34), which yields,
6 1 < i P PP
dogs: (vo,...,v9) =153 Z(fl) Altg [r(vo, o 05, 05, ...,’Ug):|3 ® 1(Vo, oy Vg, Vg, ..y Vg)
i#]
9 9
H A (Vg Vg, U1, U ) A H A(vg, vj, U1, Um)- (4.35)
k#iFlF#m k#j#lF#m
After simplification, Eq/¢.35 becomes
1 o ,
do gg(vo, e ’Ug) = _76 Z (—1)1Alt6 {T(UH’U(), e ﬁi, ﬁj, ﬁk, @l, . ’1)9):| 3®
iFEj#k#
9 9
H A (v5]|vp, v, V) A H A (Vi |Vp, Vg, U )A
r#j#Em r#kFEm
9
II 2@ilve v, vm). (4.36)
r#l#m

Eq.(4.39 and Eql¢.3€) shows thatg$ o p = § o ¢§. O
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Lemma 4.5. gSop=24ogs.

Proof. Let us assumeéuy, ..., v1p) be eleven points G11(5) and apply map followed by
morphismgs,

10
P(vo; - 010) = (=1 (vivg, vvvs By ey V10). (4.37)
=0
1 10 .
936, Op(l}o, veey 1]10) = ﬁ Z (—l)lAltS |:’I“(Ui|’U0, cery @i, f}j, @k, ceey 'UIO)] X
T 4
i#j#k
10 10
H A(’Uih}r,vj,vl,vm) A H A(’Ui|’Ur,’Uk;,’Ul,Um).
r#£j#El#Em r#k#l#Em
(4.38)
Let us takg(vy, ..., v10) € G11(5) again, apply morphism§ followed by morphisms
1 10 .
gg(vo, iy U10) = 976 ;(—1)1Alt10 |:T('U(), S Ulo)} 5@
10
A(“Ta“ia”ja”ka”l% (439)
r#iFEjERFEL
1 10
do gg(vo, ceey UlO) = —% ;(—1)iAlt10 |:’I“(’U0, ceey '01'7 ceey UlO)j| A &® ’I“(’UO7 ceey ﬁi, ceey 1}10)
10
A H A(vp, i, V5, Vg, Ug). (4.40)
rtij kAl
After applying all properties Siegel, wedge, tensor and odd cycle, the following is obtained
1 10 )
5 (¢] gg(vo, ceey ’Ulo) = ﬁ Z (71)1Alt8 |:7”(’Ui|1)07 ceey 1}1', ’LA}j, f)k, ceny Ul()):| 4®
i#j#k
10 10
H A(Uz’wr;vjvvlvvm)/\ H A(”i|vravkvvl7vm)~
r#jAlAEm r#kFlFEm
(4.41)
From Eq.¢.38) and Eq¢.47), it is observed thay§ o p = 6 o ¢§. O
Lemma 4.6. gSop=24dogs.

Proof. Suppose&uwy, ..., v11) 12 pointse G12(6) and apply magp followed by morphism
94,
11

P(vo, s v11) = D (=1) (0300, eesy Biy oy v11), (4.42)
i=0
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1 11 )
gg Op(?}o, ceey Ull) = —% Z(—I)ZAZHQ {T(U”Uo, ceey ’[)i, f}j, veey 1}11):| 5®
i#]
11
H A('Ui|v7';ijvkavl7'u7rL)~ (443)
r#j#k#IFEM
Let us take(vy, ..., v11) € G12(6) again and apply morphisg$
1
S(vg, .y v11) = —— Alt [ } . 4.44
95(U0> ,V11) 135 12 T(vo, ,Uu) 6 ( )
Now by applying morphisna, then
1
o gg : (Uo, ceny ’1)11) = EAH12 |:7"('U0, ceey ’U]l):| . & 7"(1}0, cony ’1)11). (445)
After applying Siegel, wedge, tensor and odd cycle properties,ZE45)(becomes
1 11
o gg(’Uo, . 1}11) = —% Z(—l)iAltlo |:’I“(’Ui‘1)0, . ?A]i, ﬁj, s vll)] 5®
i#]
11
H A(vi|vp, vj, vk, V1, U). (4.46)
r#£j£k#l#m
Eq.[4.43 and Eq¢.46) shows thatg§ o p = § o 8. O

4.7. Geometry for Any Weight N. As defined in [17], two morphismg; and g7 are
generalized as follows

Gn1a(3) —> Gn3(3) (K)

Pk

Gr13(2) — > Gny2(2) ——= By(F) @ AN 2 F~

Pk

90

Gr4a(1) = Grsr (1) — > AN (N >2)
where,
N N
90 (vo, yon) — > (=1 \ A(v;) (mod N +1). (4.47)
i=j+1 J#i
and
1 N+1 '
g{v(vo,...,UNJrl) = T@(—l)N Z (—1)2[7“(’[}0,...,’01‘0,1}%‘1,...,
10=0

i1=1t0+1

in_3=ig+N—3
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N+1
@iNfgv sty ’UN+1)}2 Y H A(Uimvj)/\
J#io
N+1
H A(’Uil,vj)/\
J#i1
N+1
A H A(viy_4,v5) (mod N +2). (4.48)
JAIN -3
Theorem 4.8. The above diagrarilis commutative.
Proof. For proof see [17]. |

4.8.1. Generalized Extension in Geometry for Weight For generalized extension in
geometry, connect the two generalized chain complexes Goncharov and Grassmannian
complexes to obtain

Gant1(n) Gan(n)

p p 0

B, (F) L)

Gon(n—1) — % Gop_y(n— 1)~ B,,_\(F) @ F*

p p §

n
In—3

ng,l(n - 2) $ GQn,Q(TL - 2) — Bn_Q(F) ® /\21‘7><

p p 8

p P 5
Grpa(1) — = G (1) —2 ATF
such that
1 2n—2 }
Gn_3(V0, ooy V2p_3) = (—1)2”*271(71773)02 Z (=1)"Altgy—4 [r(vo, ey Ui, Uy ooy
i=0 -
’Ugn_g)} % H A(Vigs Viyy Vigs ooy Vi)

loFi1Fl2F . Flin—2



Generalized Extension in the Geometry of Goncharov Motivic and Grassmannian Configuration Chain Complexes 15

2n—2

A 11 A(Vjo, Vjy s Vigyeons Vg, ). (4.49)
JoFEj1#J2F - FJn—2
1 2n—2 .
Gr_o(V0y ey Vop—2) = (—1)2"_1W Z (—1)'Alto,—o [r(vo, ey Uigy ooy V2 —2) ni(?
=0
2n—2
H A(Ui07v’i17rui27"'7U'in,72)
Go A1 £l F . Flin—2
(4.50)
n 2n 1
g1 (00, Vano1) = (1) sy Al [r(vo,...,v%,l)] (4.51)
2 n
Theorem 4.9. gn_sop =000, 5.
Proof. Let (vo, ..., v2n—2) € Gan—1(n), apply morphismp
2n—2 )
p(Uo, ceey ’Ugn_g) = Z (71)2(’L}i|1)07 ceey ’LA)i, ceey ’Ugn_g). (452)
i=0
Now apply morphisny!_., which yields:
1 2n—2 .
92—2 op= (—1)2n72W Z: (_1)1Alt2n_4 [7’(1}0, ey Vg, U;O,UE-O, ey ’Ugn_g) ni®2
2n—2
H A(Ui|’l}i0,vil,’l]7;2,...,Uiniz)/\
G0 A1 £I2F . Fin—2
2n—2
H Ailvjes Vjis Vjas oy Vs ) (4.53)

JoFj1FJ2F - FIn—2
Let us take(vy, ..., van—2) € Ga,—1(n) again, apply morphism?’_, followed byd, then

2n—2
1 ; R
gz_2(1)07 ey UQTL—Q) — (_1)2n—1 WZ (—1)1Alt2n_2 |:’I"(UQ7 cees Uigy ey Ugn_g)] ni®1
=0
2n—2
H A('Uimvilavig;~~~7'Uin,2)~ (454)

loFi1FM2F . Flin—2

now by applying morphism, then
2n—2
®

_ 1 i .
5 o 92_2(1}07 ey 'UQn_Q) :(_1)277, IW)C,Z(;_I) Athn—Q |:T(UO7 eeey Uioa ceey U2n—2):| et

2n—2
7(V0, eey Uiy ooy U2n—2) /\HA(UiO7Ui1,Ui2, oy Vi ). (4.55)
i0F#i1 Fl2F ... Fin—2
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By using Siegel, wedge, tensor and odd cycle properties/£E&GL)(becomes

2n—2
n n— 1 '3 A ~ A~
009, o= (—1)2 2W ; (1) Altoy—a|7(vo, ..., Ui, Vg, Vo, ~~~7U2n72)1|ni®2
2n—2
H A(’l}i|vio,’l}i1,1}i2,...,1)%72)/\
loFi1Fl2F . Fin—2
2n—2
H A(injovvjuvjzv"'7’an72)' (456)
JoFEJ1#J2F - FTn—2
From Eq.¢.55 and Eql{.56) it is observed thay” _;op =3dog2_,. g

Theorem 4.10. The following upper right square of the generalized diagi@is com-
mutative.

n
In—-1

Gan(n) B, (F) (M)

In—2

ng,l(n— 1) HBn(F) ® F*

Proof. Supposé&uy, ..., v2,—1) denote®n pointse G, (n), apply morphisnp

2n—1

P00, oo V2n—1) = Y (1) (vilvo, .oy Biy oy V20 1). (4.57)
=0

Now by applying morphisms;:_,, to obtain

2n—2

_ 1 i I
9272 op= (_1)2n 1n(71772)02 Z (—1) Alto,_a {T(Ui\vo, ey Uig s Vg ...,Uznfz)} ni®1
=0
2n—2
H A(’Uih}io,’l}il,viz,...,’Ui”72). (458)

loFt1 Fl2F . Fin—2

Let us take(vy, ..., v2n—1) € Gapn(n) again, apply morphism?_, followed by the mor-
phismé,

n n 1
Gp_1 - (Uo, ...,Ugn_l) = (71)2 WAlt27l |:T(U07 ~-'7v2n—1)}n- (459)
(50 gn : (’Uo (%) 1) = (—1)21171 Altz |:’I“(U0 (%) 1):| X ’f‘(’UO (%) 1)
n—1 - s eees U2pp— ”(n_l)CQ n v Van—1)| O s s V2n—1)-

(4.60)
Simplifying it by using Siegel, wedge, tensor and odd cycle properties Z6() becomes

2n—2

Z (—1)iAlt2n_2 [T’(’Ui"vo, vesy ’UAZ'O, ’UAI', veoy 1}2“_2):| (24

1
i=0 "

1

00gp_1= (‘UQHAW
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2n—2
H A(vi|vi0,vil,vi2, ~-~7Uin72)~ (461)
loFi1 Fl2F . Fin—2
From Eq.4.58 and Eq.4.61), the upper right square of the generalized diagkaimcom-
mutative. 0

5. CONCLUSION

In this paper, a generalized extension of geometry between configuration and Goncharov
motivic chain complexes is proposed to produce a generalized commutative diagram. Pre-
vious researches were based on generalizing morphisms between Goncharov motivic and
configuration chain complexes of weight and g}* only, but this work generalized all
morphisms between Goncharov motivic and configuration chain complexes. After general-
izing the geometry of Grassmannian configuration and Goncharov classical polylog chain
complexes, this topic is replete for delightful details. The generalizations presented in this
paper will help future researchers discover the geometry of different modern form of chain
complexes.
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