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Abstract.: Soft set theory is considered as one of the best effective tool
which provides parameterization approach to tackle the inadequacy of
fuzzy set. So far, it has been applied to different mathematical concepts
such as set operations, algebraic structure (e.g., group and ring theory)
and topological spaces. Many researchers have studied classical concept
of convex and concave set under fuzzy-like, soft-like and fuzzy soft-like
environments. In this paper, new notions of(m,n)-convex and(m,n)-
concave fuzzy soft sets are developed first and then their versions for first
and second senses are established. Further some known classical results
and properties are generalized under fuzzy soft set environment. More-
over, special cases of(m,n)-convexity on fuzzy soft sets are established.
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1. INTRODUCTION

In 1965, Zadeh [34] conceptualized the theory of fuzzy sets. The theories like theory of
probability, theory of fuzzy sets, and the interval mathematics, are considered as mathemat-
ical means to tackle many intricate problems involving various uncertainties, in different
fields of mathematical sciences. These theories have their own complexities which restrain
them to solve these problems successfully. The reason for these hurdles is, possibly, the
inadequacy of the parameterization tool. A mathematical tool is needed for dealing with
uncertainties which should be free of all such impediments.
In 1999, Molodtsov [21] introduced such mathematical tool called soft sets in literature as
a new parameterized family of subsets of the universe of discourse. Later, Maji et al. [19],
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[20] extended the concept and introduced some fundamental terminologies and operations
like equality of two soft sets, subset and super set of a soft set, complement of a soft set,
null soft set, absolute soft set, AND, OR and also the operations of union and intersection.
They also verified De Morgan’s laws and a number of other results. They also defined fuzzy
soft set and successfully applied it in decision making. Many researchers [24]-[9] extended
the concept and successfully applied it in decision making and other different branches of
mathematical sciences. Chaudhuri [10] studied concave fuzzy sets (converse of Zadeh’s
convex fuzzy set) and discussed its different properties. Many authors [14]-[25] applied
this concept to other fuzzy-like environments and discussed their properties.
Deli [11] developed the concept of convexity under soft sets environment and discussed
some of its properties and aggregation operations. Later, he [12] extended his concept to
fuzzy soft set environment with more generalized properties. Rahman et al. [26] extended
the concept to more generalized form of soft set i.e. hypersoft set and presented its impor-
tant results and properties.
Convexity has an essential function in optimization and control, pattern classification and
recognition, image processing and many other relating topics in different fields of mathe-
matical sciences like operation research, numerical analysis etc. The fuzzy soft set is that
effective hybrid structure which not only minimizes the complexities of fuzzy set for deal-
ing uncertainties but also fulfills all the parameterization requirements of soft sets. This
feature makes it a completely new mathematical tool for solving problems dealing with
uncertainties.
Having motivation from the work of [34], [10], [11] and [12],(m,n)-convexity and(m,n)-
concavity are conceptualized along with some of its generalized results and properties.
Moreover, this concept is applied to different senses i.e. First and Second Senses.
The rest of the paper is organized as:
Section 2 recalls some basic terminologies and definitions from literature. Section 3 presents
the basic notions of(m,n)-convexity and(m,n)-concavity on fuzzy soft sets with their
properties. Section 4 discusses the application of this concept to first and second senses
and then section 5 concludes the paper.

2. PRELIMINARIES

Here some fundamental terms and results of soft set and fuzzy soft set are presented.

Definition 1. [34] Let Z̆ be the universe. Then, a fuzzy setĞ over Z̆ is defined by a set
of ordered pairĞ = {(ζĞ(ω)/ω) : ω ∈ Z̆} whereζĞ : Z̆ → [0, 1] is called membership
function of G. The valueζĞ(ω) is called the membership value or the grade of membership
of ω ∈ Z̆. The membership value represents the degree ofω belonging to the fuzzy set̆G.

Definition 2. [10] A fuzzy setĞ in Rn is said to be convex if

ζ(γ) ≥ min{ζ(α), ζ(β)}
whereα, β ∈ Rn andγ on the line segmentαβ. Similarly it is called concave if

ζ(γ) ≤ min{ζ(α), ζ(β)}
Definition 3. [21] Let P̆ (Ŭ) be the power set of̆U (universe of discourse) and̆L be a set
of parameters defininğU . A soft setM̆ overŬ is a set defined by a set valued function̆M
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representing a mapping
h̆M̆ : L̆ → P (Ŭ)

Definition 4. [19] If h̆M̆ (ω) ⊆ h̆N̆ (ω) for all ω ∈ L̆, thenM̆ is a soft subset of̆N ,
denoted byM̆⊆̃N̆

Definition 5. [19] Union of setsM̆ andN̆ (MŨN ) is defined as

h̆M̆ eUN̆ (ω) = h̆M̆ (ω) ∪ h̆N̆ (ω) ∀ω ∈ L̆

Definition 6. [19] Intersection of set̆M andN̆ (M̆ ∩̃N̆ ) is defined as

h̆M̆e∩N̆ (ω) = h̆M̆ (ω) ∩ h̆N̆ (ω)∀ω ∈ L̆

Definition 7. [11] The δ̆ − inclusion of a soft setM̆ (whereδ̆⊆̃Ŭ ) is defined by

M̆ δ̆ =
{

ω ∈ L̆ : h̆M̆ (ω) ⊇ δ̆
}

Definition 8. [11]
The soft setM̆ on L̆ is called a convex soft set if

h̆M̆ (εω + (1− ε) µ) ⊇ h̆M̆ (ω) ∩ h̆M̆ (µ)

for everyω, µ ∈ L̆ andε ∈ J̆ .

Definition 9. [11]
The soft setM̆ on L̆ is called a concave soft set if

h̆M̆ (εω + (1− ε) µ) ⊆ h̆M̆ (ω) ∪ h̆M̆ (µ)

for everyω, µ ∈ L̆ andε ∈ J̆ .

Definition 10. [20] Let Z̆ be an initial universe,̆G(Z̆) be all fuzzy sets over̆Z. H̆ be the
set of all parameters and̆J ⊆ H̆. An fuzzy soft setΓJ̆ on the universĕZ is defined by the
set of ordered pairs as follows,

ΓJ̆ = {(ω, γJ̆ (ω)) : ω ∈ H̆, γJ̆ (ω) ∈ Ğ(Z̆)}
whereγJ̆(ω) : H̆ → Ğ(Z̆) such thatγJ̆ (ω) = ∅ if ω /∈ J̆ , and for allω ∈ H̆

ΓJ̆ = {µΓJ̆
(σ)/σ : σ ∈ Z̆, µΓJ̆

(σ) ∈ [0, 1]}
is a fuzzy set overZ.

Definition 11. [12]
The fuzzy soft setΓM̆ on L̆ is called a convex Fuzzy soft set if

γ̆M̆ (εω + (1− ε) µ) ⊇ γ̆M̆ (ω) ∩ γ̆M̆ (µ)

for everyω, µ ∈ L̆ andε ∈ J̆ .

Definition 12. [12]
The fuzzy soft setΓM̆ on L̆ is called a concave Fuzzy soft set if

γ̆M̆ (εω + (1− ε) µ) ⊆ γ̆M̆ (ω) ∪ γ̆M̆ (µ)

for everyω, µ ∈ L̆ andε ∈ J̆ .
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3. (m,n)-CONVEX AND (m,n)-CONCAVE FUZZY SOFT SETS

In this section,(m, n)-Convex and(m,n)-Concave Fuzzy soft sets are defined and then
some desired results are proved. In this paper,L̆ will play the role ofRn andŬ denotes the
arbitrary set.

Definition 13. The fuzzy soft setΓĂ on L̆ is called(m,n)-convex FSS if

γĂ (nω1 + m(1− n)ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2) (3. 1)

for ω1, ω2 ∈ L̆, m ∈ J̆ andn ∈ (0, 1].

Example 3.1.Consider a set of mobiles as a universe of discourseŬ = {M1,M2,M3, ...,M10}.
The attributes of mobiles under consideration form the setĂ = {ω1, ω2, ω3, ω4}, where
ω1 = Size
ω2 = Camera Resolution
ω3 = RAM
ω4 = Colour
Now the fuzzy soft set(γĂ, Ă) is a function defined by the mappingγĂ : Ă → F̆ (Ŭ)
whereF̆ (Ŭ) is a collection of all fuzzy subsets overŬ . Consider

γĂ(ω1) = {0.01/M1, 0.05/M5}

γĂ(ω2) = {0.01/M1, 0.03/M3, 0.04/M4}

γĂ(ω3) = {0.02/M2, 0.03/M3, 0.06/M6}

γĂ(ω3) = {0.03/M3, 0.07/M7, 0.09/M9}

Now
γĂ (ω1) ∩ γĂ (ω2) = {0.01/M1, 0.05/M5} ∩ {0.01/M1, 0.03/M3, 0.04/M4}

γĂ (ω1) ∩ γĂ (ω2) = {0.01/M1} (3. 2)

If we taken = 0.1 ∈ (0, 1] andm = 1.0 ∈ J̆ , then

γĂ (nω1 + m(1− n)ω2) = γĂ (0.1ω1 + 1.0(1− 0.1)ω2)

γĂ (nω1 + m(1− n)ω2) = γĂ (0.1ω1 + 1.0(0.9)ω2)

γĂ (nω1 + m(1− n)ω2) = γĂ (0.1ω1 + 0.9ω2)
Consider the weight values assigned to each attribute are:ω1 = 1.0, ω2 = 2.0, ω3 =
3.0, ω4 = 4.0, then

γĂ (nω1 + m(1− n)ω2) = γĂ (0.1(1) + 0.9(2))
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γĂ (nω1 + m(1− n)ω2) = γĂ (0.1 + 1.8)
γĂ (nω1 + m(1− n)ω2) = γĂ (1.9 ≈ 2.0 = ω2)

γĂ (nω1 + m(1− n)ω2) = {0.01/M1, 0.03/M3, 0.04/M4} (3. 3)

From equations ( 3. 2 ) and ( 3. 3 ), we have

γĂ (nω1 + m(1− n)ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2)

FIGURE 1. Convex Fuzzy soft Set

Theorem 3.2. ΓM̆ ∩ ΓN̆ is (m, n)-convex FSS when bothΓM̆ andΓN̆ are (m,n)-convex
FSS.

Proof. Suppose that forω1, ω2 ∈ L̆, andΓW̆ = ΓM̆ ∩ ΓN̆ , Then,

γW̆ (nω1 + m(1− n)ω2) = γM̆ (nω1 + m(1− n)ω2) ∩ γN̆ (nω1 + m(1− n)ω2)
(3. 4)

As ΓM̆ andΓN̆ are(m, n)-convex,

γM̆ (nω1 + m(1− n)ω2) ⊇ γM̆ (ω1) ∩ γM̆ (ω2) (3. 5)
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γN̆ (nω1 + m(1− n)ω2) ⊇ γN̆ (ω1) ∩ γN̆ (ω2) (3. 6)

which implies

γW̆ (nω1 + m(1− n)ω2) ⊇ (γM̆ (ω1) ∩ γM̆ (ω2)) ∩ (γN̆ (ω1) ∩ γN̆ (ω2)) (3. 7)

and thus

γW̆ (nω1 + m(1− n)ω2) ⊇ γW̆ (ω) ∩ γW̆ (ω2) (3. 8)

¤

Theorem 3.3. ΓĂ is (m,n)-convex FSS on̆L iff for everyn ∈ [0, 1] and δ̆ ∈ P̆
(
Ŭ

)
, Γδ̆

Ă

is (m, n)-convex FSS on̆L.

Proof. SupposeΓĂ is (m,n)-convex FSS. Ifω1, ω2 ∈ L̆ andδ̆ ∈ P̆
(
Ŭ

)
, thenγĂ (ω1) ⊇

δ̆ and γĂ (ω2) ⊇ δ̆ which means

γĂ (ω1) ∩ γĂ (ω2) ⊇ δ̆

γĂ (nω1 + m (1− n)ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2) ⊇ δ̆

γĂ (nω1 + m (1− n)ω2) ⊇ δ̆

and thusΓδ̆
Ă

is (m,n)-convex FSS.

Conversely suppose thatΓδ̆
Ă

is (m, n)-convex FSS for everyn ∈ [0, 1]. Forω1, ω2 ∈ L̆ ,

Γδ̆
Ă

is (m,n)-convex withδ̆ = γĂ (ω1) ∩ γĂ (ω2). SinceγĂ (ω1) ⊇ δ̆ and γĂ (ω2) ⊇ δ̆,

we haveω1 ∈ Γδ̆
Ă

andω2 ∈ Γδ̆
Ă

,

⇒ nω1 + m (1− n) ω2 ∈ Γδ̆
Ă

.
Therefore,

γĂ (nω1 + m (1− n)ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2) ,

which proves the(m,n)-convexity ofΓĂ on L̆. ¤

Definition 14. The fuzzy soft setΓĂ on L̆ is called(m,n)-concave FSS if

γĂ (nω1 + m(1− n)ω2) ⊆ γĂ (ω1) ∪ γĂ (ω2) (3. 9)

for ω1, ω2 ∈ L̆, m ∈ J̆ andn ∈ (0, 1].

Example 3.4. Consider the data given in example (3.1), we have
γĂ (ω1) ∪ γĂ (ω2) = {0.01/M1, 0.05/M5} ∪ {0.01/M1, 0.03/M3, 0.04/M4}

γĂ (ω1) ∪ γĂ (ω2) = {0.01/M1, 0.03/M3, 0.04/M4, 0.05/M5} (3. 10)

From equations ( 3. 3 ) and ( 3. 10 ), we have

γĂ (nω1 + m(1− n)ω2) ⊆ γĂ (ω1) ∪ γĂ (ω2)

Theorem 3.5.ΓM̆∪ΓN̆ is (m,n)-concave FSS when bothΓM̆ andΓN̆ are(m,n)-concave
FSSs.
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FIGURE 2. Concave Fuzzy soft Set

Proof. Suppose that forω1, ω2 ∈ L̆, andn ∈ J̆ andΓW̆ = ΓM̆ ∪ ΓN̆ . Then,

γW̆ (nω1 + m(1− n)ω2) = γM̆ (nω1 + m(1− n)ω2) ∪ γN̆ (nω1 + m(1− n)ω2)
(3. 11)

Now, sinceΓM̆ andΓN̆ are(m,n)-concave,

γM̆ (nω1 + m(1− n)ω2) ⊆ γM̆ (ω1) ∪ γM̆ (ω2) (3. 12)

γN̆ (nω1 + m(1− n)ω2) ⊆ γN̆ (ω1) ∪ γN̆ (ω2) (3. 13)

and hence,

γW̆ (nω1 + m(1− n)ω2) ⊆
(
γM̆ (ω1) ∪ γM̆ (ω2)

) ∪ (
γN̆ (ω1) ∪ γN̆ (ω2)

)
(3. 14)

and thus
γW̆ (nω1 + m(1− n)ω2) ⊆ γW̆ (ω1) ∪ γW̆ (ω2) (3. 15)

¤

Theorem 3.6.ΓM̆∩ΓN̆ is (m,n)-concave FSS when bothΓM̆ andΓN̆ are(m,n)-concave
FSSs.
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Proof. Suppose that forω1, ω2 ∈ L̆, andn ∈ J̆ andΓW̆ = ΓM̆ ∩ ΓN̆ . Then,

γW̆ (nω1 + m(1− n)ω2) = γM̆ (nω1 + m(1− n)ω2) ∩ γN̆ (nω1 + m(1− n)ω2)
(3. 16)

Now, sinceΓM̆ andΓN̆ are(m,n)-concave,

γM̆ (nω1 + m(1− n)ω2) ⊆ γM̆ (ω1) ∪ γM̆ (ω2) (3. 17)

γN̆ (nω1 + m(1− n)ω2) ⊆ γN̆ (ω1) ∪ γN̆ (ω2) (3. 18)

and hence,

γW̆ (nω1 + m(1− n)ω2) ⊆
(
γM̆ (ω1) ∪ γM̆ (ω2)

) ∩ (
γN̆ (ω1) ∪ γN̆ (ω2)

)
(3. 19)

and thus
γW̆ (nω1 + m(1− n)ω2) ⊆ γW̆ (ω1) ∩ γW̆ (ω2) (3. 20)

¤

Theorem 3.7. Γc
Ă

is (m,n)-concave FSS whenΓĂ is (m,n)-convex FSS.

Proof. Suppose that forω1, ω2 ∈ L̆, n ∈ J̆ , andΓĂ be(m,n)-convex FSS.
SinceΓĂ is (m,n)-convex,

γĂ (nω1 + m(1− n)ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2) (3. 21)

or
Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊆ Ŭ\{

γĂ (ω1) ∩ γĂ (ω2)
}

(3. 22)

If γĂ (ω1) ⊃ γĂ (ω2) then γĂ (ω1) ∩ γĂ (ω2) = γĂ (ω2)
then,

Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊆ Ŭ\ γĂ (ω2)
If γĂ (ω1) ⊂ γĂ (ω2) then γĂ (ω1) ∩ γĂ (ω2) = γĂ (ω1)
then we may write

Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊆ Ŭ\ γĂ (ω1) (3. 23)

so we have

Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊆
{

Ŭ\γĂ (ω1) ∪ Ŭ\γĂ (ω2)
}

. (3. 24)

which shows thatΓc
Ă

is (m,n)-concave FSS. ¤

Theorem 3.8. Γc
Ă

is (m,n)-convex FSS whenΓĂ is (m,n)-concave FSS.

Proof. Suppose that forω1, ω2 ∈ L̆, n ∈ J̆ , andΓĂ be(m,n)-concave FSS.
SinceΓĂ is (m,n)-concave,

γĂ (nω1 + m(1− n)ω2) ⊆ γĂ (ω1) ∪ γĂ (ω2) (3. 25)

or
Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊇ Ŭ\{

γĂ (ω1) ∪ γĂ (ω2)
}

(3. 26)

If γĂ (ω1) ⊃ γĂ (ω2) then γĂ (ω1) ∪ γĂ (ω2) = γĂ (ω1)
then,

Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊇ Ŭ\ γĂ (ω1)
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If γĂ (ω1) ⊂ γĂ (ω2) then γĂ (ω1) ∪ γĂ (ω2) = γĂ (ω2)
then we may write

Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊇ Ŭ\ γĂ (ω2) (3. 27)

so we have

Ŭ\ γĂ (nω1 + m(1− n)ω2) ⊆
{

Ŭ\γĂ (ω1) ∪ Ŭ\γĂ (ω2)
}

. (3. 28)

So,Γc
Ă

is (m, n)-convex FSS. ¤

Theorem 3.9. ΓĂ is (m,n)-concave FSS on̆L iff for everyn ∈ [0, 1] and δ̆ ∈ P̆
(
Ŭ

)
,

Γδ̆
Ă

is (m,n)-concave FSS on̆L.

Proof. Suppose thatΓĂ is (m,n)-concave FSS.Ifω1, ω2 ∈ L̆ and δ̆ ∈ P̆
(
Ŭ

)
, then

γĂ (ω1) ⊇ δ̆ and γĂ (ω2) ⊇ δ̆ thenγĂ (ω1) ∪ γĂ (ω2) ⊇ δ̆. It follows from (m,n)-
concavity ofΓĂ that

δ̆ ⊆ γĂ (ω1) ∩ γĂ (ω2) ⊆ γĂ (nω1 + m (1− n)ω2) ⊆ γĂ (ω1) ∪ γĂ (ω2)

so

δ̆ ⊆ γĂ (nω1 + m (1− n) ω2)

therefore
Γδ̆

Ă
is a concave FSS.

Conversely suppose thatΓδ̆
Ă

is (m,n)-concave FSS for everyn ∈ [0, 1]. Forω1, ω2 ∈ L̆ ,

Γδ̆
Ă

is concave with̆δ = γĂ (ω1) ∪ γĂ (ω2). SinceγĂ (ω1) ⊆ δ̆ and γĂ (ω2) ⊆ δ̆, we have

ω1 ∈ Γδ̆
Ă

andω2 ∈ Γδ̆
Ă

, sonω1 + m (1− n)ω2 ∈ Γδ̆
Ă

.
implies

γĂ (nω1 + m (1− n)ω2) ⊆ Γδ̆
Ă

therefore,γĂ (nω1 + m (1− n)ω2) ⊆ γĂ (ω1) ∪ γĂ (ω2) , which proves the(m,n)-
concavity ofΓĂ on L̆. ¤

4. (m,n)-CONVEX AND (m,n)-CONCAVE FUZZY SOFT SETS IN FIRST AND SECOND

SENSE

In this section,(m,n)-Convex and(m,n)-concave FSSs are defined in1st and 2nd

sense and then some desired results are proved.

Definition 15. The fuzzy soft setΓĂ on L̆ is called a(m,n)-convex FSS in1st sense if

γĂ (nω1 + m(1− nη)ω2) ⊇ γĂ (ω1) ∩̃ γĂ (ω2) (4. 29)

for ω1, ω2 ∈ L̆, m ∈ J̆ andη, n ∈ (0, 1].



28 A.U.Rahman, M.Saeed, M.Arshad, M.Ihsan, M.R.Ahmad

Definition 16. The fuzzy soft setΓĂ on L̆ is called a(m,n)-convex FSS in2nd sense if

γĂ (nω1 + m(1− n)ηω2) ⊇ γĂ (ω1) ∩̃ γĂ (ω2) (4. 30)

for ω1, ω2 ∈ L̆, m ∈ J̆ andη, n ∈ (0, 1].

Theorem 4.1. ΓM̆ ∩ΓN̆ is a(m,n)-convex FSS when bothΓM̆ andΓN̆ are(m,n)-convex
FSSs in the1st sense.

Proof. Suppose that forω1, ω2 ∈ L̆, andΓW̆ = ΓM̆ ∩ ΓN̆ , Then,

γW̆ (nω1 + m(1− nη)ω2) = γM̆ (nω1 + m(1− nη)ω2) ∩ γN̆ (nω1 + m(1− nη)ω2)
(4. 31)

Now, sinceΓM̆ andΓN̆ are(m,n)-convex in the1st sense,

γM̆ (nω1 + m(1− nη)ω2) ⊇ γM̆ (ω1) ∩ γM̆ (ω2) (4. 32)

γN̆ (nω1 + m(1− nη)ω2) ⊇ γN̆ (ω1) ∩ γN̆ (ω2) (4. 33)

which implies

γW̆ (nω1 + m(1− nη)ω2) ⊇ (γM̆ (ω1) ∩ γM̆ (ω2)) ∩ (γN̆ (ω1) ∩ γN̆ (ω2)) (4. 34)

and thus

γW̆ (nω1 + m(1− nη)ω2) ⊇ γW̆ (ω) ∩ γW̆ (ω2) (4. 35)

¤

Theorem 4.2. ΓM̆ ∩ ΓN̆ is a (m,n)-convex FSS in the2nd sense when bothΓM̆ andΓN̆

are (m,n)-convex FSSs in the2nd sense.

Proof. Suppose that forω1, ω2 ∈ L̆, andΓW̆ = ΓM̆ ∩ ΓN̆ , Then,

γW̆ (nω1 + m(1− n)ηω2) = γM̆ (nω1 + m(1− n)ηω2) ∩ γN̆ (nω1 + m(1− n)ηω2)
(4. 36)

Now, sinceΓM̆ andΓN̆ are(m,n)-convex in the2nd sense,

γM̆ (nω1 + m(1− n)ηω2) ⊇ γM̆ (ω1) ∩ γM̆ (ω2) (4. 37)

γN̆ (nω1 + m(1− n)ηω2) ⊇ γN̆ (ω1) ∩ γN̆ (ω2) (4. 38)

which implies

γW̆ (nω1 + m(1− n)ηω2) ⊇ (γM̆ (ω1) ∩ γM̆ (ω2)) ∩ (γN̆ (ω1) ∩ γN̆ (ω2)) (4. 39)

and thus

γW̆ (nω1 + m(1− n)ηω2) ⊇ γW̆ (ω) ∩ γW̆ (ω2) (4. 40)

¤
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Theorem 4.3. ΓĂ is a (m,n)-convex FSS in the1st sense on̆L iff for everyn ∈ [0, 1] and

δ̆ ∈ P̆
(
Ŭ

)
, Γδ̆

Ă
is a (m,n)-convex FSS in the1st sense on̆L.

Proof. SupposeΓĂ is a (m,n)-convex FSS in the1st sense. Ifω1, ω2 ∈ L̆, and δ̆ ∈
P̆

(
Ŭ

)
, thenγĂ (ω1) ⊇ δ̆ and γĂ (ω2) ⊇ δ̆. It follows from (m,n)-convexity ofΓĂ that

γĂ (nω1 + m (1− nη)ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2) (4. 41)

and thusΓδ̆
Ă

is a(m,n)-convex FSS in the1st sense.

Conversely suppose thatΓδ̆
Ă

is a (m,n)-convex FSS in the1st sense for everyn ∈ [0, 1].

For ω1, ω2 ∈ L̆ , Γδ̆
Ă

is (m,n)-convex forδ̆ = γĂ (ω1) ∩ γĂ (ω2). SinceγĂ (ω1) ⊇ δ̆

and γĂ (ω2) ⊇ δ̆, we haveω1 ∈ Γδ̆
Ă

andω2 ∈ Γδ̆
Ă

, hencenω1 + m (1− nη)ω2 ∈
Γδ̆

Ă
.Therefore,γĂ (nω1 + m (1− nη) ω2) ⊇ γĂ (ω1)∩ γĂ (ω2) , which indicatesΓM̆ is a

(m,n)-convex FSS in the1st sense on̆L. ¤

Theorem 4.4. ΓĂ is a (m,n)-convex FSS in the2nd sense on̆L iff for everyn ∈ [0, 1] and

δ̆ ∈ P̆
(
Ŭ

)
, Γδ̆

Ă
is a (m,n)-convex FSS in the2nd sense on̆L.

Proof. SupposeΓĂ is a (m,n)-convex FSS in the2nd sense. Ifω1, ω2 ∈ L̆ and δ̆ ∈
P̆

(
Ŭ

)
,thenγĂ (ω1) ⊇ δ̆ and γĂ (ω2) ⊇ δ̆. It follows from the(m,n)-convexity ofΓĂ

that

γĂ (nω1 + m (1− n)η
ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2) (4. 42)

and thusΓδ̆
Ă

is a(m,n)-convex FSS in the2nd sense.

Conversly suppose thatΓδ̆
Ă

is a (m,n)-convex FSS in the2nd sense for everyρ ∈ [0, 1].

For ω1, ω2 ∈ L̆ , Γδ̆
Ă

is (m,n)-convex forδ̆ = γĂ (ω1) ∩ γĂ (ω2). SinceγĂ (ω1) ⊇ δ̆

and γĂ (ω2) ⊇ δ̆, we haveω1 ∈ Ăδ̆ andω2 ∈ Γδ̆
Ă

, hencenω1 + m (1− n)η
ω2 ∈ Γδ̆

Ă
.

Therefore,γĂ (nω1 + m (1− n)η
ω2) ⊇ γĂ (ω1) ∩ γĂ (ω2) , which indicatesΓĂ is a

(m,n)-convex FSS in the2nd sense on̆L. ¤

Definition 17. The fuzzy soft setΓĂ onL̆ is called a(m,n)-concave FSS in the1st sense if

γĂ (nω1 + m(1− nη)ω2) ⊆ γĂ (ω1) ∪ γĂ (ω2) (4. 43)

for everyω1, ω2 ∈ L̆, n ∈ J̆ .

Definition 18. The fuzzy soft setΓĂ on L̆ is called a(m,n)-concave FSS in the2nd sense
if

γĂ (nω1 + m(1− n)ηω2) ⊆ γĂ (ω1) ∪ γĂ (ω2) (4. 44)

for everyω1, ω2 ∈ L̆, n ∈ J̆ .
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Theorem 4.5. ΓM̆ ∩ ΓN̆ is a (m,n)-concave FSS in the1st sense when bothΓM̆ andΓN̆

are (m,n)-concave FSSs in the1st sense.

Proof. Suppose that forω1, ω2 ∈ L̆, andn ∈ J̆ andΓW̆ = ΓM̆ ∩ ΓN̆ . Then,

γW̆ (nω1 + m(1− nη)ω2) = γM̆ (nω1 + m(1− nη)ω2) ∩ γN̆ (nω1 + m(1− nη)ω2)
(4. 45)

Now, sinceΓM̆ andΓN̆ are(m,n)-concave in the1st sense,

γM̆ (nω1 + m(1− nη)ω2) ⊆ γM̆ (ω1) ∪ γM̆ (ω2) (4. 46)

γN̆ (nω1 + m(1− nη)ω2) ⊆ γN̆ (ω1) ∪ γN̆ (ω2) (4. 47)

and hence,

γW̆ (nω1 + m(1− nη)ω2) ⊆
(
γM̆ (ω1) ∪ γM̆ (ω2)

) ∩ (
γN̆ (ω1) ∪ γN̆ (ω2)

)
(4. 48)

and thus
γW̆ (nω1 + m(1− nη)ω2) ⊆ γW̆ (ω1) ∪ γW̆ (ω2) (4. 49)

¤
Theorem 4.6. ΓM̆ ∩ΓN̆ is a (m,n)-concave FSS in the2nd sense when bothΓM̆ andΓN̆

are (m,n)-concave FSSs in the2nd sense.

Proof. Suppose that forω1, ω2 ∈ L̆, andn ∈ J̆ andΓW̆ = ΓM̆ ∩ ΓN̆ . Then,

γW̆ (nω1 + m(1− n)ηω2) = γM̆ (nω1 + m(1− n)ηω2) ∩ γN̆ (nω1 + m(1− n)ηω2)
(4. 50)

Now, sinceΓM̆ andΓN̆ are(m,n)-concave in the2nd sense,

γM̆ (nω1 + m(1− n)ηω2) ⊆ γM̆ (ω1) ∪ γM̆ (ω2) (4. 51)

γN̆ (nω1 + m(1− n)ηω2) ⊆ γN̆ (ω1) ∪ γN̆ (ω2) (4. 52)

and hence,

γW̆ (nω1 + m(1− n)ηω2) ⊆
(
γM̆ (ω1) ∪ γM̆ (ω2)

) ∩ (
γN̆ (ω1) ∪ γN̆ (ω2)

)
(4. 53)

and thus
γW̆ (nω1 + m(1− n)ηω2) ⊆ γW̆ (ω1) ∪ γW̆ (ω2) (4. 54)

¤
Theorem 4.7. Γc

M̆
is a (m,n)-concave FSS in the2nd sense whenΓM̆ is a (m,n)-convex

FSS in the2nd sense.

Proof. Suppose that forω1, ω2 ∈ L̆, n ∈ J̆ , andΓM̆ be a(m,n)-convex FSS in the2nd

sense.
then, sinceΓM̆ is (m,n)-convex in the2nd sense,

γM̆ (nω1 + m(1− n)ηω2) ⊇ γM̆ (ω1) ∩ γM̆ (ω2) (4. 55)

or
Ŭ\ γM̆ (nω1 + m(1− n)ηω2) ⊆ Ŭ\{

γM̆ (ω1) ∩ γM̆ (ω2)
}

(4. 56)
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If γM̆ (ω1) ⊃ γM̆ (ω2) then we may write

Ŭ\ γM̆ (nω1 + m(1− n)ηω2) ⊆ Ŭ\ γM̆ (ω2) (4. 57)

If γM̆ (ω1) ⊂ γM̆ (ω2) then we may write

Ŭ\ γM̆ (nω1 + m(1− n)ηω2) ⊆ U\ γM̆ (ω1) (4. 58)

From the above equations, we have

Ŭ\ γM̆ (nω1 + m(1− n)ηω2) ⊆ (U\γM̆ (ω1)) ∪ (Ŭ\γM̆ (ω2)). (4. 59)

So,Γc
M̆

is a(m,n)-concave FSS in the2nd sense. ¤

Theorem 4.8. Γc
M̆

is a (m,n)-convex FSS in the1st sense whenΓM̆ is a (m,n)-concave
FSS in the1st sense.

Proof. Suppose that there existω1, ω2 ∈ L̆, n ∈ J̆ andΓM̆ be a(m,n)-concave FSS in
the1st sense.
then, sinceΓM̆ is (m,n)-concave in the1st sense,

γM̆ (nω1 + m(1− nη)ω2) ⊆ γM̆ (ω1) ∪ γM̆ (ω2) (4. 60)

or
Ŭ\ γM̆ (nω1 + m(1− nη)ω2) ⊇ U\{

γM̆ (ω1) ∪ γM̆ (ω2)
}

(4. 61)

If γM̆ (ω1) ⊃ γM̆ (ω2) then we may write

Ŭ\ γM̆ (nω1 + m(1− nη)ω2) ⊇ U\ γM̆ (ω1) . (4. 62)

If γM̆ (ω1) ⊂ γM̆ (ω2) then we may write

Ŭ\ γM̆ (nω1 + m(1− nη)ω2) ⊇ U\ γM̆ (ω2) . (4. 63)

From(24) and (25), we have

Ŭ\ γM̆ (nω1 + m(1− nη)ω2) ⊇ (U\γM̆ (ω1)) ∩ (U\γM̆ (ω2) ). (4. 64)

So,Γc
M̆

is a(m,n)-convex FSS in the1st sense. ¤

Theorem 4.9. ΓM̆ is a (m, n)-concave FSS in the1st sense on̆L if and only if for every

n ∈ [0, 1] and δ̆ ∈ P̆
(
Ŭ

)
,Γδ̆

M̆
is a (m, n)-concave FSS in the1st sense on̆L.

Proof. SupposeΓM̆ is a (m,n)-concave FSS in the1st sense. Ifω1, ω2 ∈ L̆ and δ̆ ∈
P̆

(
Ŭ

)
,thenγM̆ (ω1) ⊇ δ̆ and γM̆ (ω2) ⊇ δ̆. It follows from the(m,n)-concavity ofΓM̆

in the1st sense that

γM̆ (nω1 + m (1− nη)ω2) ⊆ γM̆ (ω1) ∪ γM̆ (ω2) (4. 65)

and thusΓδ̆
M̆

is a(m,n)-concave FSS in the1st sense.

Conversely suppose thatΓδ̆
M̆

is a(m,n)-concave FSS in the1st sense for everyρ ∈ [0, 1].

Forω1, ω2 ∈ L̆ , Γδ̆
M̆

is (m, n)-concave FSS for̆δ = γM̆ (ω1)∪γM̆ (ω2). SinceγM̆ (ω1) ⊆
δ̆ and γM̆ (ω2) ⊆ δ̆, we haveω1 ∈ Γδ̆

M̆
andω2 ∈ Γδ̆

M̆
, hencenω1 + m (1− nη)ω2 ∈
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Γδ̆
M̆

.Therefore,γM̆ (nω1 + m (1− nη)ω2) ⊆ δ̆ = γM̆ (ω1) ∪ γM̆ (ω2) , which indicates

ΓM̆ is a(m,n)-concave FSS in the1st sense on̆L. ¤

Theorem 4.10. ΓM̆ is a (m,n)-concave FSS in the2nd sense on̆L if and only if for every

n ∈ [0, 1] and δ̆ ∈ P̆
(
Ŭ

)
,Γδ̆

M̆
is a (m, n)-concave FSS in the2nd sense on̆L.

Proof. Suppose thatΓM̆ is a (m,n)-concave FSS in the2nd sense. Ifω1, ω2 ∈ L̆ and

δ̆ ∈ P̆
(
Ŭ

)
,thenγM̆ (ω1) ⊇ δ̆ and γM̆ (ω2) ⊇ δ̆. It follows from the(m,n)-concavity of

ΓM̆ that

γM̆ (nω1 + m (1− n)η
ω2) ⊆ γM̆ (ω1) ∪ γM̆ (ω2) (4. 66)

and thusΓδ̆
M̆

is a(m,n)-concave FSS in the2nd sense.

Conversely suppose thatΓδ̆
M̆

is a(m,n)-concave FSS in the2nd sense for everyn ∈ [0, 1].

Forω1, ω2 ∈ L̆ , Γδ̆
M̆

is (m, n)-concave FSS in the2nd sense for̆δ = γM̆ (ω1)∪ γM̆ (ω2).

SinceγM̆ (ω1) ⊆ δ̆ and γM̆ (ω2) ⊆ δ̆, we haveω1 ∈ Γδ̆
M̆

andω2 ∈ Γδ̆
M̆

, hencenω1 +

m (1− n)η
ω2 ∈ Γδ̆

M̆
.Therefore,γM̆ (nω1 + m (1− n)η

ω2) ⊆ δ̆ = γM̆ (ω1)∪ γM̆ (ω2) ,

which indicatesΓM̆ is a(m,n)-concave FSS in the2nd sense on̆L. ¤

5. CONCLUSION

In this study,(m,n)-convexity and(m,n)-concavity are introduced under fuzzy soft en-
vironment, which is the extension of existing relative concepts. Moreover, some theoretic
operations i.e. union, intersection and classical properties i.e. complement,δ̆−inclusion,
are generalized. Some useful results are explored through different senses (known as 1st
and 2nd sense in literature) on(m, n)-soft convexity in this research work. Future work
may include the extension of this concept to Interval-valued fuzzy soft sets, Intuitionistic
fuzzy soft set, Pythagorean fuzzy soft set and many other fuzzy soft-like environments.
This work will help the researchers to introduce certain types of convexity i.e Quasi,
Pseudo, Graded, Triangular etc. under such environments.
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