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Abstract.: The objective of this paper is to consider new generalized sys-
tems of nonlinear mixed variational inequalities includBigdistinct nonlin-

ear relaxed cocoercive operators. We propdssteps explicit iterative meth-

ods including projection operators for this considered system and present the
equivalent fixed point problem of this new generalized systems of variational
inequalities. This equivalent fixed point problem suggest th-ageps explicit
iterative algorithms to obtain an approximate solution of the considered sys-
tem. Convergence results bfstep explicit iterative algorithms are obtained.
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1 Introduction and Preliminaries

The field of variational inequalities has appealed a lot of consideration. Since a number of
real-world problems in optimal control, decision theory, game theory, physics, economics,
management sciences, engineering problems can be formulated as nonlinear variational
inequalities, see for example [1]. In this paper, we consider and study the generalized
system of nonlinear mixed variational inequalities.

There are several techniques to solved variation inequality problems. The projection
technique is one of the iterative methods to solve variational inequalities. Many heuristics
widely used projection technigues to solve variational inequalities and systems of varia-
tional inequalities. Recently Noor et. al [8, 13], Verma [15, 16, 17], Hao et. al [5], Kim [6]
and Zhang [19] obtained the approximate solution of the system of nonlinear variational
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inequalitiesby using two or three steps iterative methods involving projection operator. For
further details, please see [2, 3, 4,5, 6, 8, 12, 13, 15, 16, 17, 19].

This present work is impelled by the research going on this field. The aim is to perusal
the new generalized system of nonlinear variational inequalities connectinginttistinct
nonlinear relaxedr, s)-cocoercive operators. First, we give the fixed point problem equiv-
alent to the variational considered system. By this equivalent formulations, we propose
k-steps explicit algorithms with projection operators. Utilization of projection approach,
we attempt to obtain an approximate solution of the generalized system of nonlinear vari-
ational inequalities. The consider conditions guaranteed the convergence of iterative se-
quences dstobtained by tlesteps explicit algorithms. This work extends and improves
the well-known results in the literature [5, 8, 9, 15, 16, 17, 19].

Throughout the manuscrigt{ is a real Hilbert space endowed with a ngjril and an
inner product.,.). LetD C H be a closed and convex set#f

Let us given that nonlinear operatas: D — H, f,g : D — D, then generalized
mixed variational inequality problem (GMVIP) is to find € D such that

(AA@P") +9(*) = f(p*);p—9(*)) 20, VpeD, A>0. (1. 1)
Lemma 1.1 [7] For giveng* € H, p* € D satisfies the inequality
(" —qp—p") 20, peD
if and only ifp* = Pp(¢*) wherePp is the projection front ontoD.

By Lemma (1.1), it can be showed thatis a solution of GMVIP (1.1) if and only ip* is
a fixed point ofl — g + Pp[f — M\A], wherel is identity mapping.
If f=g,thenthe GMVIP (1.1) is equivalent to find € D such that

(A(p*),p—g(p*)) >0, VpeD. 1.2

If f =g =1,thenthe GMVIP (1.1) is equivalent to find € D such that
(A(®*),p—p") 20,VpeD, (1.3)

known as classical variational inequality, proposed by Stampacchia [14].
fD*={peHH:(p q) >0, Vqe D}isa polar cone of convex core in . Then
Problem (1.2) is equivalent to general nonlinear complementarity problem tp*fiadD
such that

A(p") € D" and (A(p*),9(p")) = 0. (1.4

Definition 1.2 [16] A mappingA : D — H
(i) is monotone if
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(ii) is p-strongly monotone # a constanj. > 0 such that

(A(pY) — A™),p* —p™*) > plp' — p™ |12, vp',p'* € D;

(iii) is relaxedr-cocoercive i a constant® > 0 such that

(A(p") — A7) p' —p") = —FIlAR") — A@™)]?, p'.p™ € D;

(iv) is relaxed(7, 5)-cocoercive i constants:, s > 0 such that

(A(p") — Ap"),p" = p"*) > =7l A(P") — AP")II” + slp" — p™ |17, Vp',p"* € D;

(v) ist-Lipschitz continuous i a constant > 0 such that
IA@PY) = A@"™)| < tllp' = p™[l, vp',p* € D.

(vi) is nonexpansive
A" = A@™)|l < llp* = p™|, Vp',p'* € D.
Here,K(.A) represent the set of all fixed point of mappidg

Definition 1.3 [10, 11]LetD C H be a convex subset i and A : D — H, then
(): Disl-convex ifd a function/ : D — D such that

I(p) +A(g —1(p)) € D, Vp,q € D, where A € (0,1);

.(ii) A is[-convex ifd a function/ : D — D such that
A(l(p) + Mg —1(p))) < (1 = M) A(I(p)) + AA(q), Vp,q € D, where A € (0,1).

LetA; : D xDx..xD— Handf;,g; : D — D be3k-distinct nonlinear operators for
~— —m—
(k times)
eachi € {1,2,...,k}. Then generalized system of nonlinear mixed variational inequalities
problem (GSNMVIP) is to findp*, p?, ...p¥) € D x D x ... x D suchthat
~—_———

(k times)

MAL P, 2, 0" ") + (") — (0P, — 1 (p")) =0, Vp € D,

(Mo A2(p?,p*, ..p" P?) + 92(P?) — fo(P?),p — 92(p%)) > 0, Vp € D,

: (1. 5)
Me—1Ak—1 (0", P, 0" 2051 + g1 (0 71) = fem1 (0),p — g1 (P1)) > 0, Vp € D,

M Ae(", 0%, 0" 0F) + gk (0F) — fr(0),p — g1 (®*)) > 0, Vp € D,

foreach \; > 0,i € {1,2,...,k}
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Let Dy (# 0) is the solutionset of GSNMVIP (1.5). Lemma (1.1) permits us to write
GSNMVIP (1.5) equivalently to fixed point problem as follows:

91(p") = Pplf1(p*) — MAL(p?, %, ..p", p")],
92(p*) = Polfa(p®) — XaA2(p*, %, ...0", p)],

: (1. 6)
gr—1(p*71) = PD[fk 1(P%) = M I-Ak 1(pF,pt, pF 2 ),

9:(P*) = Po[fr(p') — MeAr(p®, %, ..0" 1, p")],

foreach A; > 0,i € {1,2,...,k}.

The parameters;, i € {1,2, ..., k} have very important role in the convergence analysis of
k-steps explicit iterative methods. Here, we given some special cases of GSNMVIP (1.5).

() If f; = [ foreachi € {1,2,...,
D x D x ... x D suchthat

(k times)

k} then GSNMVIP (1.5) reduces to findirig*, p?, ...p*) €

(AMAL (P2, D2, ", pY) + g1 (p") — PP
(Ao Ao (p?, p*, ...p%, p?) + g2 (p?

(1. 7)
gk*l(pk_1)> Z 07 VP € D7
, VpeD,

(Ap—1 Ap—1 (P8, pt, . pF =2, pF 1) + gi 1( ) —pkp—
AeAr(pt, %, 0" L 0% + ge(p*) — pLp — gk (P*)) > 0
foreach A\; > 0,7 € {1,2,...,k}.

Let D, (# 0) is the solution set of GSNMVIP (1.7). Problem (1.7) is equivalent to fixed
point problem as follows:

91(p") = Pplp* — M AL (p?, p®, ..p", Y],
92(p%) = Pop® — XA (p?, p*, ..p%, p?)],

: (1. 8)
k— 1(P 1) =PplpF — Mo A1 (P, p, L pP T2 PR,

gk(p") = Polp' — MeAr(p', p?, .05, ")),

foreach A; > 0,7 € {1,2,...,k}.

(I If g; = I'foreachi € {1,2,...,
D x D x ... x D suchthat

(k times)

k} then GSNMVIP (1.5) reduces to findirig*, p?, ...p*) €

M1 Ar—1 (pF, p*, . pF 2
M Ar(p', p?
foreach A\; > 0,7 € {1,2,...,k}.

(AMAL (P2, P2, R, pY) + pt = f1(0?),p —
(Moo (p?,p*, .0 p?) + p* — fa(p?),p —

L)
PR R+ pF — f(pY),p

pt) >0, Vp € D,
p*) >,0Vp e D,

(1. 9)

fk 1( ), p—p"1) >0, Vpe D,
S

p
p*) >0 Vp e D,
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Let D5 (# 0) is the solution set of GSNMVIP (1.9). Problem (1.9) is equivalent to fixed
point problem as follows:

P! =Polfi(p?) = MAL(P?, PP, 0", 0",
p® = Polfa(p?) — XaA2(p*, %, ..0", p?)],

(1. 10)
1 =Ppfrm1(P®) — M1 Ap—1 (pF, pt, pF 2 pR ),
p" =Polfrp") — MeAr(p',p?, .0, ")),
foreach \; > 0,7 € {1,2, ..., k}.

(my f; = g; = I foreach i € {1,2,...,k} then GSNMVIP (1.5) reduces to finding
(p',p?,..p") € D x D x ... x D such that
—_———

(k times)

(MAL (% P, R ph) + ot —pPp—p') >0, Vp e D,
(A A2 (%, p*, .pt,p?) +p? —p*,p—p?) >0, Vp e D,

: (1. 11)
M1 Ak (P, p*, . p 2 P ) + P —pF = ph 1) >0, Vp € D,

(A At p?, .p" L pF) + pF —ptp— ) >0, Vp € D,

for each A; > 0,7 € {1,2,...,k}.

Let Dy (# 0) is the solution set of GSNMVIP (1.11). Problem (1.11) is equivalent to fixed
point problem as follows:

pl - PD[PQ - )\1./41(]?27]73, “'pkvpl)]v
p? = Pop® — AaA2(p%, p*, ..0%, p?)],

: (1. 12)
Pt =Polp? — M1 A (08, 01, P2 )],

pk = PD[PI - )\kAk(p1>p27 "'pk_lapk)L

for each A; > 0,7 € {1,2,...,k}.

(IV) If A;, for eachi € {1,2,...,k} is univariate mappings, then GSNMVIP (1.5) reduces
to finding (p!, p?, ...p*) € D x D x ... x D such that
—_— —————

(k times)

(AMALP?) + g1(pY) = f1(P?*).p — 91 (p")) > 0, Vp € D,
(M2 A2(p*) + g2(p*) — f2(p®),p — g»?)) > 0, Vp € D,

: (1. 13)
M1 A1 (P%) + gr1 (P~ 1) fre1 (), p — gea(p"1)) > 0, Vp € D,

MeAi (") + g1 (%) = fr(0"),p — g1 (P*)) > 0, Vp € D,

for each A\; > 0,7 € {1,2,...,k}.
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Let D5 (# 0) is thesolution set of GSNMVIP (1.13). Problem (1.13) is equivalent to fixed
point problem as follows:

91(p") = Po[f1(p?) — A AL(p?)],
92(p?) = Pp[f2(p®) — AaA2(p?)],

: (1. 14)
gk—1(P* 1) = Po[fr—1(p") — Ae—1.Ak—1(p")],

9:(P*) = Po[fp(p*) — AeAr(ph)],

for each A; > 0,7 € {1,2,...,k}.

(V): If D is closed convex cone @i, then GSNMVIP (1.5) reduces to complementarity
problem (1.14) to findingp!, p?, ...p*) € D x D x ... x D suchthat
—_—

(k times)

?7p37 "'pk’pl) e D*
AQ(p37p47"‘p1ap2) €D~

Ar—1(pF,p',..pF 2, pF 1) € D
Ar(p*, p?,..pF 1 p*) € D*

and

MAL (P, P3, " ) + 91 (") — fi(p
(M2 A2(p®,p", .Y, D) + 92(p?) — fa(p?

(1. 15)

[V
~—
Q@ o
N =
—~
=S
~—
~
[
(=]

N1 Ak—1 (0%, pY 2P + g1 (PPN — fema (0F), g1 (PFY)) = 0,

A Ak (P, p?, 0" pF) + g1 (P*) = f(®Y), g (P¥)) = 0,
foreach A\; > 0,7 € {1,2,...,k},

whereD* = {g € H: (g, ¢) > 0, ¥ ¢ € D} is polar cone td. Let Ds is the solution set
of GSNMVIP (1.15).

Remark 1.4 If k¥ = 1 andg; = I, then problem (1.5) reduces to variational inequalities
problem discussed by Noor in [9]. ¥ = 1,2, A;, = Aandf; = g; = I, then problem
(1.5) reduces to system of variational inequalities problem discussed by Verma in [16].
In addition, 4; is univariate mapping then problem (1.5) reduces to system of variational
inequalities problem discussed by Verma in [15, 17k ¥ 1,2, andf; = I, then problem

(1.5) reduces to system of variational inequalities problem discussed by Noor in [8]. If
k = 1,2, and f; = g;, then problem (1.5) reduces to system of variational inequalities
problem discussed by Hao in [5]. A = 1,2, 3, then problem (1.5) reduces to system of
variational inequalities problem discussed by Zhangs in [19].

2 Explicit k-Steps Iterative Algorithms

Here, we put forward the k-steps explicit iterative algorithms to find the approximate solu-
tion of GSNMVIP (1.5) by using its alternative equivalent fixed point formulations (1.6).
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LetD; (# 0) is the solution set of GSNMVIP (1.5) ant} : D — D, ¢ € {1,2,...,k}
be nonexpansive mapping. LEI(L;) # 0 be the set of all fixed points of;. Letp’ €
K(L;) and(p', p?,...p" 1, p¥) € Dy. The fixed point problem (1.6) can be written as

p' =Ly [p' — 91(p") + Polfi(p?) — M AL (0%, p°, .p" Y]],
p* = Ls [p* — 92(0*) + Pplf2(p®) — X A2 (p?, 0, ..p", p?)]]

: (2. 16)
PPl =L PP = g (0P 4 Polfro1(0F) — Memi Ae—1 (08, 01, pF 2 pE )]
p* = Ly [pF — 9k (®*) + Po[fe(p") — MeAc(p®, %, 0" 1, pP)]]
foreach A\; > 0,i € {1,2,...,k}.
Algorithm 2.1 Forany(pg,p3,...p§) € D x D x ... x D, compute the sequencgs. }, {p?2 }, ...
—_—
(k times)
{p}} by
Ppi1 = (L= en)ph +enlalpy, — 91(py) + Polfi(ph) — MALDL, P3P 23],
P2y = Lo [p21 — 92(P2i1) + Polfa (03 11) — AaA2(pd 1,02, .0k p2)]]
: 2. 17)

Pyt = Lot [prin = gio1(prin) + Polfia @) = MeaAiea (Pl oo, ph 00D
pn+1 = Ek [pn+1 - gk?<pn+1> + P’D[fk(pn+1) - /\kAk(pn+1’pn7 pn_ 7pn>]] ’

where);, i € {1,2,...,k} and sequence, € [0, 1] forall n > 0.
If fi=1,1€{1,2,...,k}then Algorithm (2.1) reduces to Algorithm (2.2) as follows:

Algorithm 2.2 Forany(pg,p3,...p§) € D x D x ... x D, compute the sequencgs. }, {p2 }, ...
~—_———

(k times)
{p};} by
P = (L= en)py +enlalpy, — 91(py) + Polph — MAi (95, 2y, -0 2],
p?L+1 =Ly [P%H - 92(?%“) + PD[P%H - )\2A2(P§L+17pi> P}wP%)H )
: (2. 18)
k—1 .y [ k—1 _ ( k—l)_|_73 [ k Y A ( k 1 k—2 kfl)”
pn-l,-l k—1 pn+1 9k—1 pn+1 D pn-i,-l k—1Ak—1 pn+,17pn7 Py Ty DPp )
pfiﬂ = Lg [pfiﬂ - gk(pfﬂrl) +Pp [pvlz+1 - AkAk(p’}L+17p1%,7 ~--p§1_17p1ki)]] )
where);, i € {1,2,...,k} and sequence, € [0, 1] for all n > 0.
If g; =1, i€ {1,2,..., k} then Algorithm (2.1) reduces to Algorithm (2.3) as follows:

Algorithm 2.3 Forany(p}, p3,...pk) € D x D x ... x D, compute the sequencgs, }, {p2 }, ...
~—_———

(k times)
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{p)} by
Ppi1 = (1= en)ph +nLiPolfi(p}) — MAi (D7, D5 10 )]s
p%+1 - ‘CQP'D[fQ(pEAJ) - AQAQ(p?l-i,-lapfw p}l)p%)]a
f (2. 19)
Pﬁﬂ = Lr1Polfe—1(PE 1) — M1 Aw1(PE 1 ph, oph=2 pE =),
pﬁ,-i-l = EkPD[fk(p}v,-H) - )\kAk(p}z-&-lvp%-&-la ---Plfflapfl)}v
where);, i € {1,2,...,k} and sequence, € [0, 1] for all n > 0.

If fi = ¢ = 1,1 € {1,2,...,k} then Algorithm (2.1) reduces to Algorithm (2.4) as
follows:

Algorithm 2.4 Forany(pg,p3,...p§) € D x D x ... x D, compute the sequencgs., }, {p?2 }, ...
~—_———

(k times)

{pj} by
phi1 = (1 —en)ph + e L1Ppp2 — MAL (P2, P2, .0k, ph)],
p%-i,—l - ‘CQPD[prJ,-l - )\2-/42(ng+17pr7 p}z’p%)L
j (2. 20)
pﬁﬁ = Lr1Pp[pk 1 — M1 Ak—1(pF (1, pL, pE 2 ph 1),
P’ﬁ-s-l = »Ck,PD[p}H-l - AkAk(p711+17p72m LR ph)],
where);, i € {1,2,...,k} and sequence, € [0, 1] for all n > 0.

If 4;, ¢ € {1,2,...,k}, is univariate, then Algorithm (2.1) reduces to Algorithm (2.5) as
follows:

Algorithm 2.5 Forany(pg,p3,...p§) € D x D x ... x D, compute the sequencgs, }, {p2}, ...
~—_———

k times

{pk} by

Pr1 = (1= en)ph +enlalpy, — 91(py) + Polfr(ps) — MAi(p])]],
pfz+1 = Lo [p%-u - 92(p%+1) + PD[f2(pi+1) - /\2-'42(17%4-1)” )

(2. 21)

Pl = Lot [PEL) — 9o (0EL) + Polfeci (08 1) — M1 Ae—1 (05 0)]]
pE =L [PE 0 — gk(F 1) + Polfrphir) — MeA(Pli)]]

where);, i € {1,2,...,k} and sequence, € [0, 1] for all n > 0.

Definition 2.6 A i :DxDx..D—
efinition mappingA X D x H

k times

(i) is relaxed(«, 3)-cocoercive in the first componengfconstantsy, 3 > 0 such that

<A1(plap2a "'apk) - Al(pl*JPQ*a "'ka*)ﬂpl - p1*>
> —all A (pt, p?, o pF) — AL, 0% PP P+ Bl - 012, Yt p't € Dy
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(i) is k-Lipschitz continuous & a constant > 0 such that

1AL (p", P, .., p7) — AL (™, p**

Lemma 2.7 [18] Let us consider nonnegative sequergg }, satisfy the following in-

equality:

Pl < Ep* ~

Pn+1 < (175n)pn+Qm Vn>0,

withe, € [0,1], > e, =00, andg, = o(e,). Then lim,_.cop, = 0.

3 Convergence of k-Steps Iterative Algorithms

pl*Ha Vpl,pl* e D.

(2. 22)

Theorem 3.1 Leti € {1,2,...,k}. Assume thaD C H is a closed convex subsetkhand
A; : DxDx..D — H be relaxed(«;, 3;)-cocoercive ands;-Lipschitzian in the first
~—_—————

k times

component. Leg; : D — D be relaxed(r;,

s;)-cocoercive and;-Lipschitzian, andf; :

D — D be relaxed;, 5;)-cocoercive and;-Lipschitzian. LetZ; : D — D be nonexpan-

sive mapping an®; # 0, K(
and(p'*,p*,...,p**) € D1. If

where
k, =
L =

ande, € [0,1], Z e, = oo, then iterative sequencesl }, {p2}, ..

ko < 1,k3
k

[[a-k) >

i=1

L;) # 0. Letp'* € K(L1), p** € K(L2), ...

<1l,..,kg<1

E

i=1

H(k/ + k//)

(1 + 2rt? —2sZ + 22,

1 + 2Nk
[1 + 27t

i—2$,‘

=2\ +

)‘12"%
4]1/2,

Algorithm (2.1), strongly converges to the solutigi*, p*

Proof. Let (p'*, p?*,

P =Ly [P — g (™) +

pl* _ (1 _ gn)pl* + En»Cl [pl ‘
p** = Lo [p** — g2(p**) + Polf2(**) —

foreach \; > 0,i € {1,2, ...,

Ao Ao (p?

p(k 1)* ﬁk 1[p(k 1)*—gk 1(p(k 1)*)
+Pp[fu—1 (™) —

Polfr(p™) —
k}, n>0.

Me—1 A1 (pF

e Ay (pt

A%

g ..

P

2]1/2.

(3. 23)

(3. 24)

(3. 25)
(3. 26)
(3. 27)

., {pF} generated by

., p**) of GSNMVIP (1.5).

)\IAI (p2*7p3
™, p?)]]

1*, ”.p(k72)*’p(k71)*m
pZ*’ mp(kfl)*’pk*)u ,

,p**) be the solution of GSNMVIP (1.5). By (2.1), we have

*—g1(p") + Pplf1(p*) — * P pt)]]

)

(3. 28)
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UsingAlgorithm (2.1) and nonexpansive property®ffor i = 1 to evaluate the following

Iphr =2 = (1= en)ph + el [pr — 91(pn) + Polfi(ph) — MAL(D7, P s P )]

—(1—en)p™ —enly [P — 1 (0™) + Polf1(P™) — M AL (0™, p™, ..., 0™ p™)]] |

< (T—en)llpy, =™ + lenlpy — 91(p1) + Polfr(ph) — MAL(D5, D)5 s s 2]
—enlp" — 1(p") + Polf1(0°*) — AL (™, %, . M, p" )]

< (1 —en)lpn — i +enlpn — 2™ — (91(p2) — 92 ("))
tenllf1(ph) = AL, DY Pk o) — (1) = AL AL(p™* p™, 0 p')|

< (1 —en)llpn =Pl +enlpn — 2" = (91(p)) — 91 (@)l
+enllfi(PE) — F1(0%*) = M(ALPE, DY, o Pl ) — AL (™ 0% ™ ")

< (@ =en)lpn =Pl +enlph = p°* = M (AL (DL, 13 oo Pl ) — AL (™ 9™, 0 p )|
+enllpn, — " = (01(p) — 1 @) + enllph — p** = (1(P7) = L))

(3. 29)

Using relaxed «;, 3;)-cocoercivity ands;-Lipschitz continuity on4; in the first compo-
nent fori = 1, we have

Ip7 — P = M (AL(P5. PYs oo Pl on) — AL (07, 03 Dl ™)1
= Ip2 — ™ |I* = 22 (AL (P2, P2 - DL o) — AL (0%, 0%, P ), Pl —
+ A AR PYs s Pl h) — AL (07, D™, M )|
< |lps = p**1* = 271 [—ea [l AL (05, P) s - Pl oh) — AL (07, P™, s ™ ™) 1P
+81llps = p**1P] + AT 1AL (p2, P3Pl o) — AL (P p™ M ™)
< |lph — v 11 + 20 eawilph — p*|1? — 2\ B llps, — p** |17 + Aikillps — p**I1°
= [1 + 2Maik] =206 + ARfllph — PP

2*>

= ki 2|lp2 — p**||?, where k| given by (3.4) fori = 1. (3. 30)

Similarly, by relaxedr;, s;)-cocoercivity and;-Lipschitz continuity org; for ¢ = 1, we
have,

P — " = (91(ph) — g1 (P™))|| < k1|l — p**||, where ky given by (3.3) fori = 1(3. 31)

Similarly, by relaxed(7;, 5;)-cocoercivity and;-Lipschitz continuity onf; for i = 1, we
have,

5, = ** = (f1(p7) = F1(P*)] < K [lp, — p**|l, where k{ given by (3.5) for i = 1(3. 32)
Using (3.8)-(3.10) in (3.7), we have

[pryr — Pl < [1= (1= k)ealllpn — ™| + enlkl +E)|p2 —p*|.  (3.33)
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By relaxed(«;, 3;)-cocoercivity ands,;-Lipschitz continuity onA; in the first component
for i = 2, we obtain

P31 = P** = Aa( Ao (D41, Dy oo Do PR) — A2 (™", p™, 0™, 7)) ||
= [Ip% 1 = PP = 202 A2 (P51, D s P 02) — AP, ™, 0 D), Py — D)

A3 (| A2 (D51, Py s P PR) — A2 (¥, 0% 0 PP

< |Ip8 1 — p* P — 202 [—ao | A2 (P2 1. Ph D D) — Ao (¥, ™, 0™ )|
+3201p3 11— P14+ A3 A2 (D) 1,0 s o 1) — A2 (™, 0™, ™, 07|

= P51 = ** 17 + 22002l A2 (P} 1, P - P P5) — A2 (0, ™, ™ p7)|1P
—2X22/|p} 1 — P12+ A3 1A2(0) 15 P oo Do 1) — A2 (0, 0™, 0", 07|

< lppsr = 2717 + 20 0aak3|Iph 11 — P12 = 20 Ballp) 1 — PP

+A3k5 D5 41 — P>

[1+2X02k5 — 20282 + A3k3][IPD 1 — P** P

A

A

= Ky?|p2 1 — p**||?, where k} given by (3.4) fori = 2. (3. 34)

Similarly, by relaxedr;, s;)-cocoercivity and;-Lipschitz continuity org; for i = 2, we
have,

1741 = 2*" = (92 1) = 92(0*"))I| < k2llpf sy — "], 2 given by (3.3) for i = 2.(3. 35)

Similarly, by relaxedr;, 5;)-cocoercivity and;-Lipschitz continuity onf; for i = 2, we
have,

P51 = 2™ = (fa(Phin) = 2(0° DI < K5llpha — 0™, k5 given by (3.5) for i = 2(3. 36)
Using Algorithm (2.1) and nonexpansive property®ffor i = 2 to evaluate the following

P21 — ™| = L2 [Phyy — 92(PE41) + Polfa(pdq) — AaA2(pd 11,00, .01, P2)]]

—Ls [p** = g2(p™) + Polf2(p**) — XA (p**, ™, ..p™, p*)]] |

< | [Pr1 = 92011) + Polfa(0i11) — Ao A2(Drir s -0 23]
—[p* = g2(p™) + Pplf2(p®*) — A A2(p**, p*, ... p", ™)

<phr = 2°* = (920 11) — 2(0*) + Pl fa (1) — A2 A2 (D) 15 Py P D))
—Polf2(p®*) — Ao A2 (p™, p*, ... p™, 0]

<phr —0°* = (9202 11) — @) + 1 [f2(0341) — A2 A2 (D) 41, s Py )]
—[f2(p**) = AaA2 (@™, p™, ... 0", 0]l

< Py = p* = Ma(Aa(P) g1, s s s 1) — A2(p®*, 0™, ™ 7)) |

HlIpd sy — p* = (f2(0211) — 20D+ IPhs 1 — P — (92(p1 1) — 92(0°))

(3. 37)
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Using(3.12)-(3.14)in (3.15), we have

Hpi-ﬁ-l - p2*|| < {ké + ké’]’”ﬁiﬂ - pg*” + k2\|pi+1 - p2*||
(k3 + k3)
1— ko

A

Ipa iy —p*| < P31 — p**||, where ks < 1 by (3.1),

that is

(K + k3), 3

22— 07, where ky < 1by (3.1). (3. 38)
— h2

2 2
pn — ™| <
Through this similar process, we can evaluate

(ks + kg) 4

1% llps — p**||, where k3 < 1 by (3.1). (3.39)
— K3

Ip2 —p*| <

(Fr—1 + k1)

Ipk=t — pk=D*)| < Pk — p**||, where ky_1 < 1by (3.1), (3. 40)

1— k1 "
k/ k//
s -l < PR e ek < 1by 30, (3.4)
- hE

Using (3.11), (3.16)-(3.19), we get

(Kb + k) (ks + k) (ki_y + kY1) (K + k)

lPnr =2l < (1 — ¢ (1 — k= (K, + k)

1— ko 1—ks 71—k 1 — kg
*lpy — ™.
kR
I =Pl < (e (1= k= R+ B [T 5= ) | llon — 211 3.-42)
i=2 ¢
Since .
K, + kY
<1—k:1 —(I<:’1+I<:’1’)H7( fk?>> €0, 1]
i=2 g
and 3" &, = oo, from Lemma 2.7, we have lim..|[p. — p'*|| = 0. This completes

n=0
the proof.
Corollary 3.2 Leti € {1,2,...,k}. Assume thaD C H is a closed convex subseth

andA; : D x D x ..D — H be relaxed(«;, 8;)-cocoercive andk;-Lipschitzian in the
~——

k times

first component, and; : D — D be relaxed(r;, s;)-cocoercive and;-Lipschitzian. Let

))
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L; : D — D be nonexpansive mapping afd # 0, K(L;) # 0. Letp'* € K(£,1), p** €
K(L), ..., p** € K(Ly) and (p'*, p?*, ..., p**) € Dy. If

ko <1 ks <1,.. kp<1; (3. 43)
k k
[Ta=%) =] *. (3. 44)
=1 =1
where
ki = [1 + 2rt? — 2s; + t2]V/2, (3. 45)
K= [1 4+ 2Nask? — 200; + A2k2]Y2; (3. 46)

ande, € [0,1], 3 &, = oo, then iterative sequencdp’ }, {p2}, ..., {p"} generated by
n=0

Algorithm (2.2), strongly converges to the solutign*, p?*, ..., p**) of GSNMVIP (1.7).

Corollary 3.3 Leti € {1,2,...,k}. Assume thaD C H is a closed convex subseth

and A; : D x D x ..D — 'H be relaxed(«;, 3;)-cocoercive ands;-Lipschitzian in the
k times

first component, angl; : D — D be relaxed(r;, 5;)-cocoercive and;-Lipschitzian. Let

L; : D — D be nonexpansive mapping afy # 0, K(L;) # 0. Letp'* € K(£,1), p** €

K(Ls), ..., p** € K(Ly) and (p**, p?*, ..., p**) € Ds. If

k

[T+ k) <1 (3. 47)
=1
where
Keo= [+ 2\ain] — 208, + APRi]Y% (3. 48)
K = [1 + 2mt? — 25, + £)/% (3. 49)

ande,, € [0,1], Y &, = oo, then iterative sequencgs.}, {p2}, ..., {p*} generated by
n=0

Algorithm (2.3), strongly converges to the solutign*, p?*, ..., p**) of GSNMVIP (1.9).

Corollary 3.4 Leti € {1,2,...,k}. Assume thaD C H is a closed convex subset
and A; : D x D x ..D — 'H be relaxed(«;, §;)-cocoercive ands;-Lipschitzian in the
~————

k times

first component. Lef; : D — D be nonexpansive mapping afd # 0, K(L;) # 0. Let
pl* € K(Ly), p** € K(Ls), ..., p&* € K(L) and (p**, p?*, ..., p**) € Dy. If

k
[1% <1 (3. 50)
=1

where

K= [1 + 2Nask? — 200; + A2R2]Y2 (3. 51)

K2
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ande,, € [0,1], Y &, = oo, then iteative sequencespl}, {p2}, ..., {p*} generated by
n=0
Algorithm (2.4), strongly converges to the solutign*, p>*, ..., p**) of GSNMVIP (1.11).

Corollary 3.5 Leti € {1,2,...,k}. Assume thaD C H is a closed convex subsett
and univariate mappingsgl; : D — H be relaxed «;, 5;)-cocoercive and;-Lipschitzian.
Letg; : D — D be relaxed(r;, s;)-cocoercive and;-Lipschitz, andf; : D — D be
relaxed(r,, ;)-cocoercive and;-Lipschitz. LetZ; : D — D be nonexpansive mapping
andD; # 0, K(L;) # 0. Letp'™ € K(L1), p 2 ¢ K(Ls), ..., p** € K(L:) and
(pl*ap2*a apk*) € D5- If

ko < 1,ks <1,.. kp<1,; (3. 52)
k k
[T =k =TT+ &), (3. 53)
1=1 3=1
where
ki = [1 + 2rit? —232 + 212, (3. 54)
K = [1 + 2Mais? — 200 + A2R2)Y2; (3. 55)
ko= [+ 2/t? — 25 + 1Y% (3. 56)

ande,, € [0,1], Y &, = oo, then iterative sequencgs.}, {p2}, ..., {p*} generated by
n=0
Algorithm (2.5), strongly converges to the solutigr*, p?*, ..., p**) of GSNMVIP (1.13).

Remark 3.6 If k = 1 andg; = £; = I;, then Theorem 3.1 reduces to Noor’s result
discussed in [9]. Ik = 1,2, A, = Aandf; = g; = L; = I, then Theorem 3.1 reduces
to Verma'’s result discussed in [16]. In additiod; is univariate mapping then Theorem
3.1 reduces to Verma’s result discussed in in [15, 17k # 1,2, andf; = £; = I, then
Theorem 3.1 reduces to Noor’s result discussed in [8k # 1,2, f; = g; andL; = I,
then Theorem 3.1 reduces to Hao’s result discussed in [&]4f1,2,3 andL; = I, then
Theorem 3.1 reduces to Zhang's result discussed in [19].

4 Conclusion

In this paper, we suggest and analyzsteps iterative method for finding the approximate
solution of generalized systems of nonlinear mixed variational inequalities including 3k-
distinct nonlinear relaxed cocoercive operators in real Hilbert space, which can be viewed
as a refinement and improvement of some existing results on solving many systems of vari-
ational inequality problems (e.g. [5, 8, 9, 15, 16, 17, 19]). Some of them existing results
can be viewed as special cases of Algorithm 2.1. Therefore, the new algorithm is expected
to be widely applicable.
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