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Abstract.: In this paper, we introduce the idea of permuting(tri-5)-
derivation on ADL's and proved some results by using this notion.iLet
be the trace of permuting t(i, 3)-derivationH on ADL G, if « > H
andg > H, thenh(z Ay) = (a(y) A h(z)) V H(z,z,2) V H(y,y,2) V
(B(x) A h(y))-
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1. INTRODUCTION

In 1975, Szasz initiated the idea of derivation in Lattices [11]. Xin studied this concept
and proved some important results on derivations of lattices [12]. After these studies the
idea of f-derivation and symmetri¢ bi-derivation and permuting f-tri-derivation of lattices
were introduced in [1, 2, 4, 9]. In 2012, Khan et. al. generalized this idea by introducing
new concept ofa, 3)-generalized derivation of lattices [3].

The concept of ADL's was initiated by Rao and Swamy in 1981 [10]. They gave the new
idea of Almost Distributive Lattices by relaxing some conditions of lattices. In 2016, Rao
and Babu introduced the concept of symmetric bi-derivation on ADL’s and in 2017, Rao
et. al. introduced the idea of permuting tri-derivation in ADL's [6, 8]. They generalized
this concept by using the notion of permuting friderivation on ADL's [7]. In this paper,
by generalizing the derivation defined in [5] and [7], we initiate the concept of permuting
tri- (v, 3)-derivation on ADL’s.
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2. PRELIMINARIES

Definition 2.1. [8] An algebra(G, Vv, A) of type(2,2) is called an Almost Distributive
Lattice if it satisfy the following axioms:

Gi:(xzVy)Nz=(xN2)V(yAz)

Go:azAN(yVz)=(zxAy)V(xAz)

Gz:(zVy)Ny=y

Gy:(xVy) Nz =z

Gs:aV (zANy)=ux,foral z,y,z € G.

Lemma 2.2. [8] Foranyz,y € GG, we have:

DaxAx=zx

2zVr=x

B)(zAy)Vy=y

Q) zNn(xzVy)=2x
B)zV(yrnz)==x
(6)xvy==cxifandonlyifr Ay =y
(Mzxvy=yifandonlyifzr Ay = x.

Definition 2.3. [8] An elemend € G is called zero element @, if 0 A z = 0, for all
r €.

Lemma 2.4. [8] If G hasO, then for anyz, y € G, we have:

Hzv0o==z
(2)0vVze ==z
(3)zA0=0

(4)xAy=0 ifandonlyif yAz=0.

Definition 2.5. [8] For anyz,y € G, we say thatr is less than or equal tg and write
x <y, ifx Ay =z or, equivalentlyx V y = y.

Definition 2.6. [8] An element: € G is called maximal if, for any € G, z < y implies
r=1y.

Lemma 2.7. [8] For anyu € G the following are equivalent:

(1) w is maximal

2uVvr=u

B)unz=uzforalzedG.

Definition 2.8. [10] For anyz,y € G, z is said to be compatible with (writtenz ~ 1)
if x Ay =y Axorequivalentlyz vy =y VvV x. AsubsefS of G is said to b compatible if
x~y forall z,yeS.

Definition 2.9. [8] A functiona : G — G is said to be an ADL homomorphism if it
satisfy the following:

(1) a(z ANy) = afz) Aey)

(i) alx Vy) = a(z) Valy) forallz,y € G.

Definition 2.10. [8] A functionh : G — G is called an isotone, ik (z) < h(y) for any
z,y € Gwithx <y.
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Definition 2.11. [8] AmapH : Gx Gx G — G is called permuting map, il (z,y, z) =
H(z,z,y) = H(y, 2,2) = H(y,v,2) = H(z,2,y) = H(z,y,z),forall z,y,z,€G.

Definition 2.12. [8] AmapH : G x G x G — G is called an isotone map if, for any
x,y,z,w € Gwithz < w, H(x,y,z) < H(w,y, z).

Definition 2.13. [8] A mappingh : G — G defined byh(x) = H(z,x,x), forall
x € G, is called trace ofH.

Definition 2.14. [8] A permuting map : G x G x G — (G is called a permuting tri-
derivation on G, if
H(xzAw,y,z)=[wAH(z,y,2)] VA H(w,y,z)|, forall z,y,w,z€G.

3. PERMUTING TRI (a, 3)-DERIVATION ON ALMOST DISTRIBUTIVE LATTICES

In this section, we proved some results by using the notion of permutirigtf)-
derivation on Almost Distributive Lattices.

Definition 3.1. A permuting mag : G x G x G — G is called a permuting tr{«, 3)-
derivation, if there exist functions, 5 : G — G such that

H(zAw,y,z) = [a(w) N H(z,y,2)] V[B(x) N H(w,y,2)], foral z,y,z,wedG.

A permuting tri(a, 3)-derivation H on G also satisfies

H(z,y ANw,z) = [a(w) A H(z,y,2)] V[B(y) A H(xz,w, z)] and

H(xz,y,z Aw) = [a(w) AN H(z,y,2)] V [B(2) A H(z,y,w)], forall z,y,z,weG.

Example 3.2. Let G be an ADL with0 anda # 0 € G. If we defineamapi : G x G x
G — GbyH(z,y,z) = a, forall z,y,z € Ganda : G — G by o(w) = a and
8:G— Gbyp(z) =xVa,foralz € G, thenH is a permuting tri(a, 3)-derivation
on G but H is not permuting tri-derivation ods.

Proposition 3.3. LetG be an Almost Distributive Lattice and be a Permuting tr{«, 5)-
derivation onG, then
H(xz,y,2) <a(z)Vp(x),Vz,yeG.

Proof. SinceH(x,y, z) A a(x) < a(x) andf(z) A H(z,y,2) < B(x)
H(z,y,z) = H(zAz,y,2) = [a(x) NH(2,y,2)] V [B(2) NH (2,9, 2)] = (@) V B(2)) A
H(z,y,z). HenceH (z,y, z) < a(z) V B(x). d
Proposition 3.4. Let H be a permuting trite, 5)-derivation on an ADLG andz is com-
patible toy, for z, y € G, thenH (z,y,2) N H(y,y,2) < H(x ANy, y, 2).
Proof. H(z Ay,y,z) = [a(y) N H(z,y,2)] vV [B(z) A H(y,y, 2)].
It implies

a(y) NH(z,y,2) < H(z ANy,y,2) and B(x) NH(y,y,2) < H(z Ay, y,2z) (3.1)
By definition (2.8), we have

H(zANy,y,z) = H(y Aw,y,2) = [a(z) ANH(y,y,2)| V [B(y) A H(z,y,2)].
This gives

a(x) NH(y,y,2) < H(x ANy,y,z) and B(y) NH(z,y,z) < H(x Ay,y,z) (3.2)
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Combining equation (3. 1) and ( 3. 2), we obtain

la(z) NH(y,y,2)] V [B(z) NH(y,y,2)] < H(z ANy,y,z) (3.3)
Now by Proposition (3.3), we get
H(z,y,2) N H(y,y,2) < (a(z) V B(2) A H(y,y,2) < [a(z) A H(y,y,2)] V [B(z) A
H(y,y,z)]. HenceH (z,y,2) AN H(y,y,z) < H(x Ay, y, 2). -

Proposition 3.5. Let H be a permuting tri(c, 5)-derivation on an ADLG, thenH (z A
Y.y, 2) < H(z,y,2) vV H(y,y, 2)

Proof. Letx,y,z € G.
a(y) NH(z,y,2) < H(z,y, 2) (3.4)
and

B(z) N H(y,y,2) < H(y,y, 2) (3.5)
H(z Ny,y,2) = la(y) NH(z,y,2)] V [B(z) N H(y,y,2)].
By equation (3. 4)and (3. 5), we have
H(x Ny,y,z) < H(z,y,2) V H(y,y, 2). O

Proposition 3.6. Let h be a trace of permuting tfi, 5)-derivation on an ADLG. If G
has least elemeritsuch thatx(0) = 0 and 3(0) = 0, thenh(0) = 0.

Proof. By Proposition (3.3), we have

H(x,y,z) < a(z)V B(x). Sinceld is the least element therefofe< H(0,0,0) < «(0) vV
B(0) =0Vv 0 =0. ThusO < H(0,0,0) < 0. From this we getZ(0,0,0) = 0. Hence
h(0) = 0. O

Proposition 3.7. Let G be an ADL with greatest elemehtind1 is compatible tac, H be
a permuting tri(«, 3)-derivation onG and«(1) = 8(1) = 1, then following hold:

(1) If a(z) < H(1l,y,z) andB(x) < H(1,y, z), thenH (z,y, z) = a(z) V B(x)

(2) If B(x) > H(1,y,2), thenH (z,y,z) > H(1,y, 2).

Proof. Letx,y, 2z € G.
(1) H(z,y,z) = H(zAl,y, z) = [a(1)A\H (2, y,2)] V [B(@)\H(1,y, 2)] = [1AH (2, y, 2)]
V B(x) = H(z,y,2) V B(x). Itimplies

H(x,y,z) > B(z) (3. 6)

Similarly H(x,y,z) = H(1Az,y,2) = [a(z) NH(1,y, 2)] V [B(L)AH (z,y, 2)] = [a(x)V
H(z,y, z)]. This gives

H(z,y,z) > ax) (3.7
By combining (3. 6) and (3. 7), we have
a(z) v B(z) < H(z,y,2) (3.98)

By Proposition (3.3), we obtain
H(z,y,2) < o(z) V B(x) (3.9
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Thus by equation (3. 8)and (3. 9), we haféz, y, z) = a(x) V B(x).

(2) H(z,y,2) = H(x AN 1,y,2) = [a(1) A H(z,y,2)] V [B(x) AN H(L,y,2)] = H(z,y,2)
V H(1,y,z). We haveH (z,y, z) > H(1,y,2). O

Theorem 3.8. Let G be an ADL with greatest elemehtand H be an isotone permuting
tri (a, B)-derivation onG. Leta(1) = (1) = 1 and eithera(x) > B(x) or a(z) < B(x),
forall =z € G,thenH(z,y,2) = (a(z) vV B(x)) AN H(1,y, 2).

Proof. Since H is an isotone permuting i, 3)-derivation onG therefore,H (z,y, z) <
H(1,y,z).
Case 1:a(z) > f(x)
H(z,y,2z) <a(z)V p(z) =alx). Itimplies

H(z,y,2z) <a(z) NH(l,y,z) (3. 10)
H(z,y,z)=H((xV1)Az,y,z) = [a(x)NH(zV1,y,2)] V [B(xVI)ANH (z,y, z)]. Sincel
is greatest element of ADL thereforH(x, y, z) = [a(z) ANH (1, y,2)] V [B(V)AH (x,y, 2)]
= [a(x) N H(1,y,2)] V [1 A H(z,y,2)] = [a(x) N H(1,y,2)] V H(x,y,z). Thus by
equation ( 3. 10 ), we havH (z,y, z) = [a(x) A H(l,y,z)] Sincea(z) > fB(x), so we
canwriteH (x,y,z) = a(z) V f(x) AN H(1,y, 2).
Case 2:4(z) > a(x)
H(z,y,z) < a(z) Vv B(x) = B(z) from this we get

H(z,y,2) < B(x) ANH(L,y, 2) (3.11)
H(z,y,z) = H(zA(2V1),y,2) = [a(xVI) AH (2,y, 2)] V [B(z) AH(2V1,y, 2)]. Sincel
is greatest element of ADL therefor(z, y, z) = [a(1)AH (2, y, 2)] V [B(x) ANH (x, y, 2)]
— (LA H(r,y,2)] V [B(@) A H(L,y,2)] = H(z.y.2) V [3(x) A H(L,y,2)]. Now by
equation (3. 11), we haw# (z,y, z) = [B(x) AH(1,y, z)]. Sincef(z) > «a(z) therefore,
H(z,y,2) = (a(x) V B(x)) A H(1,y,2). 0
Theorem 3.9. Let i be the trace of permuting tiic, 5)-derivation on an ADLG, then
(az) v B(z)) A h(x) = h(z).
Proof. By our hypothesig(z) = H(z,z,2) = H(z A x,2,2) = [a(z) A H(z, 2, 2))
[B(x) A H(x,z,z)]. By left distribution of meet over join, we havéx) = (a(z) V f(z
ANH (z,z,z) = (a(z) V B(x)) A h(z).
Theorem 3.10. Let H be a permuting tri«, 3)-derivation onG anda(x) > H(u,y, 2
u and (u) are maximal inG, thenH (z,y, z) > H(u,y, 2).
Proof. H(z,y,z) = H(uAx,y,z) = [a(z)NH (u,y, 2)] V [B(u) NH (2, y, z)]. Sinces(u)
is maximal thereforeH (z,y, z) = [a(z) A H(u,y,2)] V H(x,y,z). By our hypothesis,
we obtainH (z,y, z) = H(u,y,2) vV H(x,y,z). ThusH (z,y,z) > H(u,y, 2).

o= <

\/

O

Lemma 3.11. Let H be a permuting tr{«, §)-derivation onG if o < 3, thenH (z,y, 2)
= ﬂ(l’) A H({E7y7 Z)

Proof. H(x,y,2) = H(x Ax,y,2) = [a(z) NH(z,y,2)] V [B(z) NH(x,y, 2)] = [a(z) V
B(x)] A H(x,y, z). Itimplies H(z,y, z) = 8(x) A H(x,y, 2). O
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Theorem 3.12. Let H be a permuting tr{«, 8)-derivation onG, then for anyz, y, z,w €
G, following hold:

(1) If H is an isotone map of¥ with « > 3, thenH (x,y, z) = a(x) A H(z V w, y, 2)
(2) If gis anincreasing function o0& with« < 3, thenH (x,y, z) > a(zx)AH (zVw, y, 2).

Proof. (1) Since H is an isotone map @®, thereforeH (x,y,z) < H(x V w,y, z). Also
H(z,y,z) =H(zVw)Az,y,2z) =[a(z) N H(x Vw,y,2)] V[BxVw)AH(z,y,z2).
By definition of isotone map, we hawl (z,y, z) = [a(z) A H(z V w,y,2)] V [B(z V
w) AN H(z,y,z) NH(zVw,y,z)] =la(@)V (B(xVw)AH(z,y,2)]AH@EVwy,z)
= [(a(z) V Bz Vw)) A (a(z) V H(x,y,2))] AN H(z V w,y, z). Sincea > 3, therefore
H(x,y,z) = [a(z) A (a(z) V H(x,y,2))] AN H(z Vw,y, z). Now by left absorption law,
we getH (z,y,z) = a(z) A H(x Vw,y, 2).

(2) Suppose’ is an increasing function on G, therfz) < g(z V w). Now H(z,y, z)
=H((zVw)Az,y,z)=[a(z)NH(xVw,y,z2)]V|[BxVw)AH(zy,z)]. By Lemma
3.11, we have (z,y, z) = [a(z) AH(x Vw,y,2)] V [B(xzVw) A (B(x) NH(z,y,2))] =
[a(x) N H(zVw,y,2)] VI[(BEVw)ApBx)ANH(z,y,z)]. Sinces(z) < f(zV w), SO
H(z,y,z) =[a(x) NH(x V w,y,2)] V [B(z) AN H(z,y, z)]. By Lemma 3.11, we obtain
H(z,y,z) = [a(x)/\H(wia y,Z)] V H(x,y,2)= [O[(ZL')/\H(LC\/U},:[/,Z)] V H(z,y,z2).
ThusH (z,y,2) > a(x) A H(x V w,y, z). O

Theorem 3.13. Let H be a permuting tri«, 3)-derivation onG with v and a(u) are
maximal elements af and o and 5 are homomorphisms o, then the following are
equivalent:
(1) H is an isotone map ofr
(2) If a(x) < B(x), thenH (z,y, z) = B(z) A H(u,y, 2)
(3) H is a join preserving map ot
(4) H is a meet preserving map @n
Proof. (1)= (2)
Let H is an isotone map o, H(z,y,z) = H(z A u,y,2) = [a(u) A H(z,y,2)] V
[6(z) A H(u,y, 2)].

H(z,y,z) > a(u) N H(z,y, 2) (3.12)
and

H(z,y,z) > B(x) N H(u,y, 2) (3.13)
Onthe other hangi(z)AH (zAu, y, 2) = B(x) A [[a(u)ANH (z,y, 2)| V [B(z)AH (u, y, 2)]]
=[(B(z) A a(w)) AN H(z,y,2)] V [B(x) A H(u,y, z)]. Sincea(u) is maximal soj3(z) A
H(z Au,y,z) =[B(x) NH(z,y,2)] V [B(z) A H(u,y, z)]. Sincea(z) < 5(x), therefore
by Lemma 3.11, we havg(z) A H(x A u,y,z) = H(z,y,z) V [B(z) A H(u,y, 2z)]. By
equation ( 3. 13), we get

B(x) NH(z Au,y,z) = H(z,y, 2) (3.14)

SinceH is an isotone map ofy, therefore
H(x Au,y,2) < H(u,y,2) (3. 15)
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By equation (3. 14 ), we hav&x) A H (z Au, y, z) = H(x,y, z). This alongwith equation
(3.15) gives

H(:v,y,z) < ﬁ((E) N H(u,y7z) (3 16)

By equation ( 3. 13 ) and (3. 16 ), we g8t(z, y, z) = () A H(u,y, 2).

(2= (3)

LetH(z,y,z) = p(z)NH(u,y, z). ThenH (xVw,y,z) = (zVw) A H(u,y, z). Sincex
andg are Homomorphism o6, therefore H (x V w, y, z) = (B(x) V B(w)) A H(u,y, z).
This implies

H(zVw,y,z)=[B(z)ANH(u,y,2)] V[B(w)AH(u,y, z)]. By using(2) we have H (z Vv
w,y,z) = H(x,y,z) V H(w,y, z). HenceH is a join preserving maps d#.

@)= 4

H(x ANw,y,2) = p(x Aw) A H(u,y, z). Sincea and Homomorphism orGG, we have
H(zAw,y, z) = (B(z) AB(w)) A H(u,y, z) = [B(z) ANH (u,y, 2)] A [B(w) A H (u,y, 2)]
= H(x,y,2z) N H(w,y, z). HenceH is a meet preserving maps 6h O

Theorem 3.14.Leth be the trace of permuting tfiv, 3)-derivationd on ADLG if « > H
and > H, thenh(x Ay) = (a(y) A h(x)) V H(z,z,2) V H(y,y,z) vV (B(x) A h(y)

)-
Proof. Sincea(y) A H(z,x Ay,x Ay) = a(y) A [(aly) AN H(x,z,x Ay) V (B(x) A
H(z,y,z Ay)))]. This givesa(y) AN H(z,z ANy,x A y) = [(a(y) A H(z,z,x Ay)) V
(a(y) A (B(z) AN H(z,y,z Ay)))]. Sinces > H, thereforen(y) A H(x,x ANy, xz Ay) =
[(a(y) NH(z,z,x2 Ay)) V (a(y) AN H(z,y,z Ay))]. Alsoa > H, soa(y) A H(x,z A
yy,x ANy) = [(a(y) AN H(z,z,z Ay)) V H(z,y,z A y)]. Now by definition of permuting
tri («, 8)-derivation, we haver(y) A H(z,z Ay, Ay) = a(y) A [(a(y) A H(z,z,2z)) V
(B(z) A H(z,2,y))] V [(y) A H(z,y,2) V (B(z) A H(z,y,y))]. This impliesa(y) A
H(z,z A Ny,zNy) = (a(y) ANh(x)) VvV H(z,z,y) V H(x,y,z) V H(x,y,y). From this we
get

aly) NH(z,z Ay,z Ay) = (aly) ANh(z))V H(z,z,y) V H(z,y,y) (3.17)

This implies3(z) A H(y,z A y,x Ay) = B(x) A [(aly) A H(y,z,2 Ay)) vV (B(z) A
H(y,y,x A y))]. Sincea > H andf > H, thereforeg(x) A H(y,z A y,z Ny) =
H(y,z,z Ny) VvV (B(x) AN H(y,y,x A y)). Now by definition of permuting tri«, 3)-
derivation, we obtai(x) A H (y, zAy, xAy) = [(a(y)AH (y, z, 2))V(B(z)NH (y, x,y))]
Vv [B(z)A[((y) ANH (y, y, 2))V (B(z) AH (y,y,y))]. Thisimpliess(z) A H(y, Ay, xA\y)
=H(y,z,z)V H(y,z,y) V H(y,y,z) V B(z) N H(y,y,y). From this we have

) =

B(z) NH(y,x Ay, x Ny) = H(y,p,p) vV H(y,y,z) V (B(x) A h(y)) (3.18)

This givesh(z Ay) = H(z Ay, z Ay, x Ay). Thisimpliesh(z Ay) = (a(y) A H(z,z A
y,x Ay)) V (B(x) AN H(y,z Ay,x Ay)). By equation (3. 17 ) and ( 3. 18 ), we have
h(z Ny) = (ay) ANh(@) vV H(z,2,y) V H(z,y,y) V (B(x) A h(y)). O

Conclusions:In this paper, we have initiated the idea of permutingdzi/3)-derivation
on Amost Distributive Lattices and by using this notion we have proved significant results
in ADL’s.
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