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Abstract.: In this paper, we introduce the idea of permuting tri-(α, β)-
derivation on ADL’s and proved some results by using this notion. Leth
be the trace of permuting tri(α, β)-derivationH on ADL G, if α ≥ H
andβ ≥ H, thenh(x ∧ y) = (α(y) ∧ h(x)) ∨H(x, x, z) ∨H(y, y, z) ∨
(β(x) ∧ h(y)).
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1. INTRODUCTION

In 1975, Szasz initiated the idea of derivation in Lattices [11]. Xin studied this concept
and proved some important results on derivations of lattices [12]. After these studies the
idea off -derivation and symmetricf bi-derivation and permuting f-tri-derivation of lattices
were introduced in [1, 2, 4, 9]. In 2012, Khan et. al. generalized this idea by introducing
new concept of(α, β)-generalized derivation of lattices [3].

The concept of ADL’s was initiated by Rao and Swamy in 1981 [10]. They gave the new
idea of Almost Distributive Lattices by relaxing some conditions of lattices. In 2016, Rao
and Babu introduced the concept of symmetric bi-derivation on ADL’s and in 2017, Rao
et. al. introduced the idea of permuting tri-derivation in ADL’s [6, 8]. They generalized
this concept by using the notion of permuting trif - derivation on ADL’s [7]. In this paper,
by generalizing the derivation defined in [5] and [7], we initiate the concept of permuting
tri-(α, β)-derivation on ADL’s.
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2. PRELIMINARIES

Definition 2.1. [8] An algebra(G,∨,∧) of type(2, 2) is called an Almost Distributive
Lattice if it satisfy the following axioms:
G1 : (x ∨ y) ∧z = (x ∧ z) ∨ (y ∧ z)
G2 : x∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)
G3 : (x ∨ y) ∧ y = y
G4 : (x ∨ y) ∧ x = x
G5 : x∨ (x ∧ y) = x, for all x, y, z ∈ G.

Lemma 2.2. [8] For anyx, y ∈ G, we have:
(1) x ∧ x = x
(2) x ∨ x = x
(3) (x ∧ y) ∨ y = y
(4) x ∧ (x ∨ y) = x
(5) x ∨ (y ∧ x) = x
(6) x ∨ y = x if and only ifx ∧ y = y
(7) x ∨ y = y if and only ifx ∧ y = x.

Definition 2.3. [8] An element0 ∈ G is called zero element ofG, if 0 ∧ x = 0, for all
x ∈ G.

Lemma 2.4. [8] If G has0, then for anyx, y ∈ G, we have:
(1) x ∨ 0 = x
(2) 0 ∨ x = x
(3) x ∧ 0 = 0
(4) x ∧ y = 0 if and only if y ∧ x = 0.

Definition 2.5. [8] For anyx, y ∈ G, we say thatx is less than or equal toy and write
x ≤ y, if x ∧ y = x or, equivalently,x ∨ y = y.

Definition 2.6. [8] An elementx ∈ G is called maximal if, for anyy ∈ G, x ≤ y implies
x = y.

Lemma 2.7. [8] For anyu ∈ G the following are equivalent:
(1) u is maximal
(2) u ∨ x = u
(3) u ∧ x = x, for all x ∈ G.

Definition 2.8. [10] For anyx, y ∈ G, x is said to be compatible withy (written x ∼ y )
if x ∧ y = y ∧ x or equivalently,x ∨ y = y ∨ x. A subsetS of G is said to b compatible if
x ∼ y for all x, y ∈ S.

Definition 2.9. [8] A functionα : G −→ G is said to be an ADL homomorphism if it
satisfy the following:
(i) α(x ∧ y) = α(x) ∧ α(y)
(ii) α(x ∨ y) = α(x) ∨ α(y) for all x, y ∈ G.

Definition 2.10. [8] A functionh : G −→ G is called an isotone, ifh(x) ≤ h(y) for any
x, y ∈ G with x ≤ y.
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Definition 2.11. [8] A mapH : G×G×G −→ G is called permuting map, ifH(x, y, z) =
H(x, z, y) = H(y, z, x) = H(y, x, z) = H(z, x, y) = H(z, y, x), for all x, y, z,∈ G.

Definition 2.12. [8] A mapH : G × G × G −→ G is called an isotone map if, for any
x, y, z, w ∈ G with x ≤ w, H(x, y, z) ≤ H(w, y, z).

Definition 2.13. [8] A mappingh : G −→ G defined byh(x) = H(x, x, x), for all
x ∈ G, is called trace ofH.

Definition 2.14. [8] A permuting mapH : G × G × G −→ G is called a permuting tri-
derivation on G, if
H(x ∧ w, y, z) = [w ∧H(x, y, z)] ∨ [x ∧H(w, y, z)], for all x, y, w, z ∈ G.

3. PERMUTING TRI (α, β)-DERIVATION ON ALMOST DISTRIBUTIVE LATTICES

In this section, we proved some results by using the notion of permuting tri(α, β)-
derivation on Almost Distributive Lattices.

Definition 3.1. A permuting mapH : G×G×G −→ G is called a permuting tri(α, β)-
derivation, if there exist functionsα, β : G −→ G such that
H(x ∧ w, y, z) = [α(w) ∧H(x, y, z)] ∨ [β(x) ∧H(w, y, z)], for all x, y, z, w ∈ G.
A permuting tri(α, β)-derivationH onG also satisfies
H(x, y ∧ w, z) = [α(w) ∧H(x, y, z)] ∨ [β(y) ∧H(x, w, z)] and
H(x, y, z ∧ w) = [α(w) ∧H(x, y, z)] ∨ [β(z) ∧H(x, y, w)], for all x, y, z, w ∈ G.

Example 3.2. LetG be an ADL with0 anda 6= 0 ∈ G. If we define a mapH : G×G×
G −→ G by H(x, y, z) = a, for all x, y, z ∈ G andα : G −→ G by α(w) = a and
β : G −→ G byβ(x) = x ∨ a, for all x ∈ G, thenH is a permuting tri(α, β)-derivation
onG butH is not permuting tri-derivation onG.

Proposition 3.3. LetG be an Almost Distributive Lattice andH be a Permuting tri(α, β)-
derivation onG, then
H(x, y, z) ≤ α(x) ∨ β(x), ∀ x, y ∈ G.

Proof. SinceH(x, y, z) ∧ α(x) ≤ α(x) andβ(x) ∧ H(x, y, z) ≤ β(x)
H(x, y, z) = H(x∧x, y, z) = [α(x)∧H(x, y, z)] ∨ [β(x)∧H(x, y, z)] = (α(x)∨β(x))∧
H(x, y, z). HenceH(x, y, z) ≤ α(x) ∨ β(x). ¤

Proposition 3.4. Let H be a permuting tri-(α, β)-derivation on an ADLG andx is com-
patible toy, for x, y ∈ G, thenH(x, y, z) ∧H(y, y, z) ≤ H(x ∧ y, y, z).

Proof. H(x ∧ y, y, z) = [α(y) ∧H(x, y, z)] ∨ [β(x) ∧H(y, y, z)].
It implies

α(y) ∧H(x, y, z) ≤ H(x ∧ y, y, z) and β(x) ∧H(y, y, z) ≤ H(x ∧ y, y, z) (3. 1)

By definition (2.8), we have
H(x ∧ y, y, z) = H(y ∧ x, y, z) = [α(x) ∧H(y, y, z)] ∨ [β(y) ∧H(x, y, z)].
This gives

α(x) ∧H(y, y, z) ≤ H(x ∧ y, y, z) and β(y) ∧H(x, y, z) ≤ H(x ∧ y, y, z) (3. 2)
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Combining equation ( 3. 1 ) and ( 3. 2 ), we obtain

[α(x) ∧H(y, y, z)] ∨ [β(x) ∧H(y, y, z)] ≤ H(x ∧ y, y, z) (3. 3)

Now by Proposition (3.3), we get
H(x, y, z) ∧ H(y, y, z) ≤ (α(x) ∨ β(x)) ∧ H(y, y, z) ≤ [α(x) ∧ H(y, y, z)] ∨ [β(x) ∧
H(y, y, z)]. HenceH(x, y, z) ∧H(y, y, z) ≤ H(x ∧ y, y, z).

¤

Proposition 3.5. Let H be a permuting tri(α, β)-derivation on an ADLG, thenH(x ∧
y, y, z) ≤ H(x, y, z) ∨H(y, y, z)

Proof. Let x, y, z ∈ G.
α(y) ∧H(x, y, z) ≤ H(x, y, z) (3. 4)

and

β(x) ∧H(y, y, z) ≤ H(y, y, z) (3. 5)

H(x ∧ y, y, z) = [α(y) ∧H(x, y, z)] ∨ [β(x) ∧H(y, y, z)].
By equation ( 3. 4 ) and ( 3. 5 ), we have
H(x ∧ y, y, z) ≤H(x, y, z) ∨ H(y, y, z). ¤

Proposition 3.6. Let h be a trace of permuting tri(α, β)-derivation on an ADLG. If G
has least element0 such thatα(0) = 0 andβ(0) = 0, thenh(0) = 0.

Proof. By Proposition (3.3), we have
H(x, y, z) ≤ α(x) ∨ β(x). Since0 is the least element therefore,0 ≤H(0, 0, 0) ≤ α(0) ∨
β(0) = 0 ∨ 0 = 0. Thus0 ≤ H(0, 0, 0) ≤ 0. From this we getH(0, 0, 0) = 0. Hence
h(0) = 0. ¤

Proposition 3.7. LetG be an ADL with greatest element1 and1 is compatible tox, H be
a permuting tri(α, β)-derivation onG andα(1) = β(1) = 1, then following hold:
(1) If α(x) ≤ H(1, y, z) andβ(x) ≤ H(1, y, z), thenH(x, y, z) = α(x) ∨ β(x)
(2) If β(x) ≥ H(1, y, z), thenH(x, y, z) ≥ H(1, y, z).

Proof. Let x, y, z ∈ G.
(1) H(x, y, z) = H(x∧1, y, z) = [α(1)∧H(x, y, z)]∨ [β(x)∧H(1, y, z)] = [1∧H(x, y, z)]
∨ β(x) = H(x, y, z) ∨ β(x). It implies

H(x, y, z) ≥ β(x) (3. 6)

SimilarlyH(x, y, z) = H(1∧x, y, z) = [α(x)∧H(1, y, z)] ∨ [β(1)∧H(x, y, z)] = [α(x)∨
H(x, y, z)]. This gives

H(x, y, z) ≥ α(x) (3. 7)

By combining ( 3. 6 ) and ( 3. 7 ), we have

α(x) ∨ β(x) ≤ H(x, y, z) (3. 8)

By Proposition (3.3), we obtain

H(x, y, z) ≤ α(x) ∨ β(x) (3. 9)
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Thus by equation ( 3. 8 ) and ( 3. 9 ), we haveH(x, y, z) = α(x) ∨ β(x).

(2) H(x, y, z) = H(x ∧ 1, y, z) = [α(1) ∧H(x, y, z)] ∨ [β(x) ∧H(1, y, z)] = H(x, y, z)
∨ H(1, y, z). We haveH(x, y, z) ≥ H(1,y,z). ¤
Theorem 3.8. Let G be an ADL with greatest element1 andH be an isotone permuting
tri (α, β)-derivation onG. Letα(1) = β(1) = 1 and eitherα(x) ≥ β(x) or α(x) ≤ β(x),
for all x ∈ G, thenH(x, y, z) = (α(x) ∨ β(x)) ∧ H(1, y, z).

Proof. Since H is an isotone permuting tri(α, β)-derivation onG therefore,H(x, y, z) ≤
H(1, y, z).
Case 1:α(x) ≥ β(x)
H(x, y, z) ≤ α(x) ∨ β(x) = α(x). It implies

H(x, y, z) ≤ α(x) ∧H(1, y, z) (3. 10)

H(x, y, z) = H((x∨1)∧x, y, z) = [α(x)∧H(x∨1, y, z)] ∨ [β(x∨1)∧H(x, y, z)]. Since1
is greatest element of ADL therefore,H(x, y, z) = [α(x)∧H(1, y, z)] ∨ [β(1)∧H(x, y, z)]
= [α(x) ∧ H(1, y, z)] ∨ [1 ∧ H(x, y, z)] = [α(x) ∧ H(1, y, z)] ∨ H(x, y, z). Thus by
equation ( 3. 10 ), we haveH(x, y, z) = [α(x) ∧H(1, y, z)]. Sinceα(x) ≥ β(x), so we
can writeH(x, y, z) = α(x) ∨ β(x) ∧ H(1, y, z).
Case 2:β(x) ≥ α(x)
H(x, y, z) ≤ α(x) ∨ β(x) = β(x) from this we get

H(x, y, z) ≤ β(x) ∧H(1, y, z) (3. 11)

H(x, y, z) = H(x∧(x∨1), y, z) = [α(x∨1)∧H(x, y, z)] ∨ [β(x)∧H(x∨1, y, z)]. Since1
is greatest element of ADL therefore,H(x, y, z) = [α(1)∧H(x, y, z)]∨ [β(x)∧H(x, y, z)]
= [1 ∧ H(x, y, z)] ∨ [β(x) ∧ H(1, y, z)] = H(x, y, z) ∨ [β(x) ∧ H(1, y, z)]. Now by
equation ( 3. 11 ), we haveH(x, y, z) = [β(x)∧H(1, y, z)]. Sinceβ(x) ≥ α(x) therefore,
H(x, y, z) = (α(x) ∨ β(x)) ∧ H(1, y, z). ¤
Theorem 3.9. Let h be the trace of permuting tri(α, β)-derivation on an ADLG, then
(α(x) ∨ β(x)) ∧ h(x) = h(x).

Proof. By our hypothesish(x) = H(x, x, x) = H(x ∧ x, x, x) = [α(x) ∧ H(x, x, x)] ∨
[β(x) ∧H(x, x, x)]. By left distribution of meet over join, we haveh(x) = (α(x) ∨ β(x))
∧H(x, x, x) = (α(x) ∨ β(x)) ∧ h(x). ¤
Theorem 3.10. Let H be a permuting tri(α, β)-derivation onG andα(x) ≥ H(u, y, z),
u andβ(u) are maximal inG, thenH(x, y, z) ≥ H(u, y, z).

Proof. H(x, y, z) = H(u∧x, y, z) = [α(x)∧H(u, y, z)] ∨ [β(u)∧H(x, y, z)]. Sinceβ(u)
is maximal therefore,H(x, y, z) = [α(x) ∧ H(u, y, z)] ∨ H(x, y, z). By our hypothesis,
we obtainH(x, y, z) = H(u, y, z) ∨H(x, y, z). ThusH(x, y, z) ≥ H(u, y, z).

¤
Lemma 3.11. Let H be a permuting tri(α, β)-derivation onG if α ≤ β, thenH(x, y, z)
= β(x) ∧ H(x, y, z).

Proof. H(x, y, z) = H(x∧x, y, z) = [α(x)∧H(x, y, z)] ∨ [β(x)∧H(x, y, z)] = [α(x)∨
β(x)] ∧ H(x, y, z). It impliesH(x, y, z) = β(x) ∧ H(x, y, z). ¤
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Theorem 3.12. LetH be a permuting tri(α, β)-derivation onG, then for anyx, y, z, w ∈
G, following hold:
(1) If H is an isotone map onG with α ≥ β, thenH(x, y, z) = α(x) ∧H(x ∨ w, y, z)
(2) If β is an increasing function onG withα ≤ β, thenH(x, y, z) ≥ α(x)∧H(x∨w, y, z).

Proof. (1) Since H is an isotone map onG, thereforeH(x, y, z) ≤ H(x ∨ w, y, z). Also
H(x, y, z) = H((x ∨ w) ∧ x, y, z) = [α(x) ∧H(x ∨ w, y, z)] ∨ [β(x ∨ w) ∧H(x, y, z)].
By definition of isotone map, we haveH(x, y, z) = [α(x) ∧ H(x ∨ w, y, z)] ∨ [β(x ∨
w) ∧H(x, y, z) ∧H(x ∨ w, y, z)] = [α(x) ∨ (β(x ∨ w) ∧H(x, y, z))] ∧ H(x ∨ w, y, z)
= [(α(x) ∨ β(x ∨ w)) ∧ (α(x) ∨ H(x, y, z))] ∧ H(x ∨ w, y, z). Sinceα ≥ β, therefore
H(x, y, z) = [α(x) ∧ (α(x) ∨H(x, y, z))] ∧ H(x ∨ w, y, z). Now by left absorption law,
we getH(x, y, z) = α(x) ∧ H(x ∨ w, y, z).

(2) Supposeβ is an increasing function on G, thenα(x) ≤ β(x ∨ w). Now H(x, y, z)
= H((x ∨w) ∧ x, y, z) = [α(x) ∧H(x ∨w, y, z)] ∨ [β(x ∨w) ∧H(x, y, z)]. By Lemma
3.11, we haveH(x, y, z) = [α(x)∧H(x∨w, y, z)] ∨ [β(x∨w)∧ (β(x)∧H(x, y, z))] =
[α(x) ∧H(x ∨ w, y, z)] ∨ [(β(x ∨ w) ∧ β(x)) ∧H(x, y, z)]. Sinceβ(x) ≤ β(x ∨ w), so
H(x, y, z) = [α(x) ∧H(x ∨ w, y, z)] ∨ [β(x) ∧H(x, y, z)]. By Lemma 3.11, we obtain
H(x, y, z) = [α(x)∧H(x∨w, y, z)] ∨H(x, y, z) = [α(x)∧H(x∨w, y, z)] ∨H(x, y, z).
ThusH(x, y, z) ≥ α(x) ∧ H(x ∨ w, y, z). ¤

Theorem 3.13. Let H be a permuting tri(α, β)-derivation onG with u and α(u) are
maximal elements ofG and α and β are homomorphisms onG, then the following are
equivalent:
(1) H is an isotone map onG
(2) If α(x) ≤ β(x), thenH(x, y, z) = β(x) ∧ H(u, y, z)
(3) H is a join preserving map onG
(4) H is a meet preserving map onG.

Proof. (1)⇒ (2)
Let H is an isotone map onG, H(x, y, z) = H(x ∧ u, y, z) = [α(u) ∧ H(x, y, z)] ∨
[β(x) ∧H(u, y, z)].

H(x, y, z) ≥ α(u) ∧H(x, y, z) (3. 12)

and
H(x, y, z) ≥ β(x) ∧H(u, y, z) (3. 13)

On the other hand,β(x)∧H(x∧u, y, z) = β(x)∧ [[α(u)∧H(x, y, z)]∨ [β(x)∧H(u, y, z)]]
= [(β(x) ∧ α(u)) ∧H(x, y, z)] ∨ [β(x) ∧H(u, y, z)]. Sinceα(u) is maximal so,β(x) ∧
H(x∧ u, y, z) = [β(x)∧H(x, y, z)] ∨ [β(x)∧H(u, y, z)]. Sinceα(x) ≤ β(x), therefore
by Lemma 3.11, we haveβ(x) ∧ H(x ∧ u, y, z) = H(x, y, z) ∨ [β(x) ∧ H(u, y, z)]. By
equation ( 3. 13 ), we get

β(x) ∧H(x ∧ u, y, z) = H(x, y, z) (3. 14)

SinceH is an isotone map onG, therefore

H(x ∧ u, y, z) ≤ H(u, y, z) (3. 15)
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By equation ( 3. 14 ), we haveβ(x)∧H(x∧u, y, z) = H(x, y, z). This alongwith equation
( 3. 15 ) gives

H(x, y, z) ≤ β(x) ∧H(u, y, z) (3. 16)

By equation ( 3. 13 ) and ( 3. 16 ), we getH(x, y, z) = β(x) ∧H(u, y, z).
(2)⇒ (3)
Let H(x, y, z) = β(x)∧H(u, y, z). ThenH(x∨w, y, z) = β(x∨w) ∧H(u, y, z). Sinceα
andβ are Homomorphism onG, therefore,H(x∨w, y, z) = (β(x)∨ β(w)) ∧H(u, y, z).
This implies
H(x∨w, y, z) = [β(x)∧H(u, y, z)] ∨ [β(w)∧H(u, y, z)]. By using(2) we have,H(x∨
w, y, z) = H(x, y, z) ∨ H(w, y, z). HenceH is a join preserving maps onG.
(2)⇒ (4)
H(x ∧ w, y, z) = β(x ∧ w) ∧ H(u, y, z). Sinceα andβ Homomorphism onG, we have
H(x∧w, y, z) = (β(x)∧β(w)) ∧H(u, y, z) = [β(x)∧H(u, y, z)] ∧ [β(w)∧H(u, y, z)]
= H(x, y, z) ∧H(w, y, z). HenceH is a meet preserving maps onG. ¤

Theorem 3.14.Leth be the trace of permuting tri(α, β)-derivationH on ADLG if α ≥ H
andβ ≥ H, thenh(x ∧ y) = (α(y) ∧ h(x)) ∨ H(x, x, z) ∨ H(y, y, z) ∨ (β(x) ∧ h(y)).

Proof. Sinceα(y) ∧ H(x, x ∧ y, x ∧ y) = α(y) ∧ [(α(y) ∧ H(x, x, x ∧ y) ∨ (β(x) ∧
H(x, y, x ∧ y)))]. This givesα(y) ∧ H(x, x ∧ y, x ∧ y) = [(α(y) ∧ H(x, x, x ∧ y)) ∨
(α(y) ∧ (β(x) ∧H(x, y, x ∧ y)))]. Sinceβ ≥ H, thereforeα(y) ∧ H(x, x ∧ y, x ∧ y) =
[(α(y) ∧ H(x, x, x ∧ y)) ∨ (α(y) ∧ H(x, y, x ∧ y))]. Also α ≥ H, soα(y) ∧ H(x, x ∧
y, x ∧ y) = [(α(y) ∧ H(x, x, x ∧ y)) ∨ H(x, y, x ∧ y)]. Now by definition of permuting
tri (α, β)-derivation, we haveα(y) ∧H(x, x ∧ y, x ∧ y) = α(y) ∧ [(α(y) ∧H(x, x, x)) ∨
(β(x) ∧ H(x, x, y))] ∨ [α(y) ∧ H(x, y, x) ∨ (β(x) ∧ H(x, y, y))]. This impliesα(y) ∧
H(x, x∧ y, x∧ y) = (α(y)∧h(x)) ∨H(x, x, y) ∨H(x, y, x) ∨H(x, y, y). From this we
get

α(y) ∧H(x, x ∧ y, x ∧ y) = (α(y) ∧ h(x)) ∨H(x, x, y) ∨H(x, y, y) (3. 17)

This impliesβ(x) ∧ H(y, x ∧ y, x ∧ y) = β(x) ∧ [(α(y) ∧ H(y, x, x ∧ y)) ∨ (β(x) ∧
H(y, y, x ∧ y))]. Sinceα ≥ H andβ ≥ H, thereforeβ(x) ∧ H(y, x ∧ y, x ∧ y) =
H(y, x, x ∧ y) ∨ (β(x) ∧ H(y, y, x ∧ y)). Now by definition of permuting tri(α, β)-
derivation, we obtainβ(x)∧H(y, x∧y, x∧y) = [(α(y)∧H(y, x, x))∨(β(x)∧H(y, x, y))]
∨ [β(x)∧[(α(y)∧H(y, y, x))∨(β(x)∧H(y, y, y))]. This impliesβ(x) ∧H(y, x∧y, x∧y)
= H(y, x, x) ∨ H(y, x, y) ∨ H(y, y, x) ∨ β(x) ∧ H(y, y, y). From this we have

β(x) ∧H(y, x ∧ y, x ∧ y) = H(y, p, p) ∨H(y, y, x) ∨ (β(x) ∧ h(y)) (3. 18)

This givesh(x ∧ y) = H(x ∧ y, x ∧ y, x ∧ y). This impliesh(x ∧ y) = (α(y) ∧H(x, x ∧
y, x ∧ y)) ∨ (β(x) ∧ H(y, x ∧ y, x ∧ y)). By equation ( 3. 17 ) and ( 3. 18 ), we have
h(x ∧ y) = (α(y) ∧ h(x)) ∨ H(x, x, y) ∨ H(x, y, y) ∨ (β(x) ∧ h(y)). ¤

Conclusions:In this paper, we have initiated the idea of permuting tri(α, β)-derivation
on Amost Distributive Lattices and by using this notion we have proved significant results
in ADL’s.
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